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ON AN ABSTRACT NONLINEAR VOLTERRA INTEGRODIFFERENTIAL 
EQUATION WITH NONLOCAL CONDITION 
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*Department of Mathematics, 
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Abstract. In this paper we prove the existence, uniqueness and other properties of mild solutions of a 
nonlinear Volterra integrodifferential equation with nonlocal condition in Banach space. Our analysis is 
based on Co— semigroup theory, Banach fixed point theorem and the integral inequality established by 
B. G. Pachpatte. 

Key words: Volterra integrodifferential, fixed point theorem, continuous dependence, Pachpatte's in- 
equality, Nonlocal condition. 
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1. Introduction 

Let X be a Banach space with norm || • ||. Let B = C([to,b]; X) be Banach space of all continuous 
functions from [to,b] into X, endowed with the norm 

\\x\\ B = sup{||x(t)|| : x G B}, < t < t < b. 

In the present paper, we study the existence, uniqueness and other properties of mild solutions of a 
nonlocal problem of the form: 

x (t) + Ax(t) = f(t,x(t), [ a(t,s)k(s,x(s))ds), te[t ,b], (1.1) 

Jt 

x(t ) +g{x) = x , (1.2) 

where —A is the infinitesimal generator of a Co— semigroup T(t), t > 0, on a Banach space X and 

functions / : [to, b] x X x X — > X, g : B ^ X, k : [to, b] x X — » X , a : [to, b] x [to, b] — > R are continuous 

and xo is a given element of X. 

The nonlocal condition, which is a generalization of the classical initial, was motivated by physical 

problems. The pioneering work on nonlocal conditions is due to Byszewski [4 . Existence of mild, strong 

and classical solutions for differential and integrodifferential equations in abstract spaces with nonlocal 

conditions has received much attention in recent years. We refer to the papers of Byszewski j^l [5], 

13 i 



2 HARIBHAU. L. TIDKE AND RUPESH T. MORE* 

Balachandran and Chandrasekaran [I], K. Balachandran|2 , S. Karunanithi and S. Chandrasekaran 
[15] . Y. Lin and J. H. Liu |T7] and Zuomao Yan [27] . 

The equation of these type or their special forms commonly come across in almost all phases of 
physics and other areas od applied mathematics, see, for example [61 [IT] [191 [201 123] and the references 
listed therein. The problems of existence, uniqueness and other properties of solutions of various special 



forms of ( 1.1 )-( 1.2 ) have been studied by using different techniques during last few years see, [21 |9j [T2l 
[T3| HU [TBI EB1 [221 [23j GS ES] and the references given therein. Our general formulation of (1.1 )-( |1.2| is 
an attempt to generalize the results of [21 [3 El [TOj [IH [22l [2U [26J . 

The paper is organized as follows. In section 2, we present the preliminaries and hypotheses. Section 
3 deals with main results and in Section 4, we discuss the continuous dependence and other properties 
of the solutions. Finally, in Section 5, we study the boundedness, asymptotic behaviour and growth of 
solutions. 

2. Preliminaries and Hypotheses 

Before proceeding to the main results, we shall set forth some preliminaries and hypotheses that will 
be used in our subsequent discussion. 

Let X be a Banach space with norm || • || and —A is the infinitesimal generator of a Co— semigroup 
T(t), t > 0, on a Banach space X. The set of bounded linear operators T(t), t £ R + = [0, oo) is a 
Co— semigroup on X if 

(i) . T(t + s) = T(t)T(s) = T(s)T(t), t, s > 0, 

(ii) . T(0) = / the identity operator, 

(iii) . T(-) is strongly continuous in t € 

(iv) . \\T(t)\\ < Me wt for some M > 1 and real w and t £ R + 
(see, Martin [IS], p.276). 

Definition 2.1. Let —A is the infinitesimal generator of a Co— semigroup T(t), t > 0, on a Banach 
space X. The function x S B given by 

x(t) = T(t-t )[x -g(x)}+ I T(t- s)f(s,x(s), f o(a,r)fc(r,ar(r))dr)ds, te[t ,b], (2.1) 

J to J to 



is called the mild solution of the problem (1.1 )— ( 1.2 ). 



We require the following Lemma known as the Pachpatte's inequality in our further discussion. 

Lemma 2.2. (see, [21], p. 758) Let u(t),p(t) and q(t) be real valued nonnegative continuous functions 
defined on R + , for which the inequality 

ft r fS 

ds, 



ds, 



u(t) <uq+ p(s) u(s) + / q{T)u(T)dr 
Jo L Jo 

holds for all t £ R + , where uq is a nonnegative constant, then 



u(t) < u 1 + J p(s) exp ( J (p(r) + q{r))dT^ 

holds for all t £ R + . 
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Let us denote 

L x = max 11/(^0,0)11, 
to<t<b 

Ki= max ||fc(*,0)||, 

to<s, t<b 

G = max ||g(x)||. 

We list the following hypotheses for our convenience. 

(Hi) g : B — > X and there exists a constant G\ > such that 

\\g{xi) -g(x 2 )\\ < Gi\\ Xl {t) -x 2 (t)\\ 

for xi, x 2 G B. 

(H2) f : [to, b] x I x X -* I is continuous and there exist constants L > such that 
\\f(t,xi,yi) - f(t,x 2 , 2/2)|| < L(||xi - x 2 || + ||yi - J/2II), 

for t G [to, 6] and Xj, yi £ X, i = 1, 2. 
(#3) : [to) x X ^ X is continuous and there exists constant X > such that 

[|A;(t,xi)-fc(t,x 2 )[| <X([|xi-x 2 [|), 

for t G [to, 6] and Xj G X, i = 1, 2. 
(H4) a : [ioj &] x [^0) 6] — > -R is continuous and there exists constant N > such that 

|a(t,s)|<iV, for t,s>0. 



3. EXISTENCE AND UNIQUENESS 

Now we first prove the result of existence and uniqueness of mild solutions. 



Theorem 3.1. Assume that the hypotheses (Hi) — (H4) hold. Then problem ( 1.1 ) — ( 1.2 ) has a unique 
mild solution on [to,b]. 

Proof. We use the Banach contraction principle to prove the existence and uniqueness of the mild 
solution to (Ol-Ob. Let E r = {x G B : \\x\\ < r}, where r > [1 - (MLb + MLKNb 2 ))- l [M(\\x \\ + 



G) + MLNKib 2 + ML\b] with [MG\ + MLb + MLNKb 2 < 1, and define an operator on the Banach 
space B by 

(Fx)(t) = T(t-t )[x -g(x)}+ [ T(t - s)f(s,x(s), [ a(s,T)k(r, x(T))dr)ds, te[t ,b]. (3.1) 

Jto v Jt ' 

Firstly, we show that the operator F maps E r into itself. For this by using assumptions, we have 
||(Fx)(t)|| <M[||x || + G]+ f M\\f(s,x(s), f a(s, r)k(r, x(r))dr) \\ds 

Jt V Jto J 

<M[||x || + G] + M f [||/(s,x( S ), f S a(s,r)k(T,x(r))dr) - f(s,0, 0) ][ + [|/(s, 0, 0) [| d* 



to 



to 



<M[[|x || + G] 



+ M 



L\\x(s)\\+L / \a(s,r)\\\k(T,x(T))-k(T,0) + k(T,0)\\dT + L 1 
to L Jto 
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t . 



< M[\\x Q \\ + G] + M Lr + LNKr{s - t ) + LNK x (s - t ) + L x 

< M[\\x \\ + G] + M \lrb + LNKrb 2 + LNK x b 2 + L x b 
= [M(||x || + G) + M LNK^ 2 + ML x b) + (MLb + M LN Kb 2 )r 

< [1 - [MLb + MLNKb 2 )]r + (MLb + M LN Kb 2 )r = r, 



(is 



for i£B. The equation (3.2) shows that the operator F maps B into itself. 



Now for every x x , X2 £ E and t £ [to, b], we obtain 
\\(Fx x )(t) - (Fx 2 )(t)\\ 

< \\T(t-to)\\\\g(x x )-g(x 2 )\\+ [ \\T(t - s) \f(s, x x (s), f a(s,r)k(r,x x (r))dT) 

J to J U) 



-f(s,x 2 (s), a(s,T)k(T,x 2 (T))d 
J t 

< MG x \\x x - x 2 \\ B + M l 

Jto 



T 



Ids 



< MG x \\z x - z 2 \\ B + M 



L\\x x - x 2 \\b + LNK\\x x - x 2 \\ B (s - to) 

2 



ds 



< 



L(t - t ) + LNKb 
1 '\x x - X 2 \\ B - 



\x x - x 2 \\ B 



(3.2) 



(3.3) 



MG X + MLb + MLNKb 

If we take q = MG X + MLb + MLNKb 2 , then 

||Fxi - Fx 2 \\b < q\\x x - x 2 \\b 

with < q < 1. This shows that the the operator F is a contraction on the complete metric space B. 
By the Banach fixed point theorem, the function B has a unique fixed point in the space B and this 



point is the mild solution of problem (1.1 )-(1.2) on [to, b]. 



□ 



The following theorem shows the uniqueness of solutions to (1.1 )— { 1.2 ) without the existence part. 



Theorem 3.2. Suppose that the hypotheses (H x ) — (Ha) hold. Then the (1.1) -(1.2) has at most one 
solution on [to, b] . 



Proof. Let x x (t) and x 2 (t) be two solutions of (1.1 )— ( 1.2 ) and u(t) = \\x x (t) — x 2 (t)\\, t £ [to,b]. Then 
by hypotheses, we have 

u(t)<\\T(t-to)\\\\g(x 1 )-g(x 2 )\\+ [ \\T(t - s)\f(s,x x (s), [ a(s,T)k(r, Xl (r))dT) 

rs 



to 



to 



f(s,x 2 (s), / a(s,T)k(T,x 2 (T))dr) 

Jto 



Ids 



< MG x \[x x (t) -x 2 (t)\\ + / ML \\x x (s) -x 2 (s)\\ + / NK\[x x (t) - x 2 (r)\\dr 

Jto Jto 

< MG x u(t) + I ML u(s) + f NKu(r)dr ds, 

Jto Jto 
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which implies 



u(t) < 



ML 



1 — MG\ 



u(s) + / NKu(r)dT 
to 



ds. 



(3.4) 



Now a suitable application of Lemma 2.2 with uq = to (3.5) yields 

r-t 

\xi(t) -x 2 (t)\\ <0 

1 1 ■>- ~ 1V1 ^1 K J t 



/"* ML f t", ML . , i 



ds 



1 + 



ML 



ML + iVif (1 - MGi 



exp 



( ML + NKjl-Md) X 



(3.5) 



From (3.5), we have xi(t) = X2(t) for t E [to,&]- Thus there is at most one solution to (1.1 )— { 1.2 ) on 
[to, b). □ 

4. Continuous Dependence 



In this section we study the continuous dependence of solutions to ( 1.1 ) on the given initial data, and 



the function / involved therein. Also we show the continuous dependence of solutions of equations of 



the form (1.1) on certain parameters. 



The following theorem concerning the continuous dependence of solutions to ( 1.1 )— ( 1.2 ) on the given 
initial conditions. 

Theorem 4.1. Suppose that the hypotheses (Hi) — (H4) hold. Suppose that the functions x\ and X2 



satisfy the equation (1.1 ) for to < t < b with xi(to) + g(x±) = Xq and X2{to) + g(x2) = Xq* respectively, 
and xi(t),X2(t) E B. Then 



\xi(t) -x 2 (t)\\ < 



M 



1 - MGi 



\X — Xq 



1 + 



ML 



ML + NK(1 — MG\) 



exp 



ML + NK(1 — MG{) . 
. 1 - MG\ 



1 



Proof. The details of the proof of Theorem 4.1 follow by by similar arguments as in the proof of Theorem 
13.21 with suitable modification. Hence we omit the details. □ 



Now we consider the initial value problem (1.1 )— ( 1.2 ) and the corresponding initial-value problem 

(4.1) 
(4.2) 



y(t)+Ax(t) = f(t,y(t), a(t,s)k(s,y(s))ds), t € [t ,b], 

Jt 

y(to) +g(y) = 2/0, 



where / : [to, b] x X x X ^ X, g : B ^ X, k : [to, b] x X — > X, a : [to, b] x [to, b] — > R are continuous 
and yo is a given element of X. 



The following theorem deals with the closeness of solutions of the initial value problem ( 1.1 )— { 1.2 ) 



and initial value problem (4.1)-(4.2). 



Theorem 4.2. Suppose that the hypotheses (Hi) — (H±) hold and there exist constants ei > 0, <5i > 
0, 62 > such that 



\\f(t,u,v) - f(t,u,v)\\ < ei, 
17 
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\\x - yo\\ < Si, \\g(u) -g(u)\\ < 6 2 , 



(4.4) 



where Xo,g,f and yo,g,f are as in ( 1.1 ) — ( 1.2 ) and (4.1)-(4.2). Let x{t) and y(t) be respectively 



solutions of ( 1.1 ) — ( 1.2 ) and (4.1)-(4.2) on [to,b]. Then the solution x{t) of the initial value problem 



( 1.1 )-( |1.2[ ) depends continuously on the functions involved therein. 

Proof. Let u{t) = \\x{t) — y{t)\\ for t G [ioi&]- From the hypotheses, we have 
u{t) < M\\x - y \\ + M\\g{y) - g(y)\\ + M\\g(x) - g{y)\\ 

+ M\\f(s,x(s), a(s,T)k(r,x(T))dT)- f(s,y(s), a(s,T)k(T,y(r))dT)\\ds 

J to J t() J to 

+ [ M\\f(s,y(s), [ S a(s,T)k(r,y(T))dr) -J(s,y(s), f a(s,T)k(T,y(r))dr)\\ds 

J t() J tQ J to 

< M{5x + 8 2 ) + MG x u(t) + I ML u{s) + / NKu{r)dT 



t 



t 



ds -1- [ Meids 

Jto 







[ ML 


u(s)+ [ 


'to 


1 Jt 



which implies 



M(6 1 +5 2 + e 1 b) 

U(t) < TT^ h 



1 - MG\ 
Now an application of Lemma 



ML 



to 



1 - MGi V 



ds. 



u{s) + / NKu{r)dr 
to 



ds, 



(4.5) 



2.2 



(4.5[), yields that for t < t < b, 

M(Sx +S 2 + eib) 



(with no = — ^ 1 2 ~^ 1 - ) , known as Pachpatte's inequality, to 



1 - MG\ 



\x(t)-y(t)\\ < 



< 



1 - MG\ 
M(6i +5 2 + eib) 
1 - MGi 



, * ML 



ds 



1 + 



ML 



ML + NK(1 - MGi) 



exp 



ML + NK(1 - MGi) 
1 - MGi 



(4.6) 



This shows that the solution x{t) of the initial value problem (1.1 )— ( 1 .2 ) depends continuously on the 
functions involved therein. □ 



Remark 4.3. The result given in Theorem 4.2 relates the solutions of the initial value problem (1.1 ) 



(1.2) and of initial value problem (4.1)-(4.2) in the sense that if / is close to /, xq is close to yo, and 



g is close to g, then not only the solutions of the initial value problem (1.1 )— ( 1 .2 ) and of initial value 



problem (4.1)-(4.2) are close to each other, but also depend continuously on the functions involved 
therein. 



Next, consider the initial value problem ( |l.l[ )-( 1.2 1 together with 

y'(t) + Ay(t) = f k (t, y(t), [ a(t, s)k(s, y(s)))ds, (4.7) 

Jto 

y(*o) +9k(y) = a k, (4.8) 

for A; = 1,2, • • • , where f h G C([t ,b] x X x X,X), g k G C(B, X), k G C([t ,b] x X,X), a G C([t ,b] x 
[tQ, b], R) and is a sequence in X. 
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As an immediate consequence of Theorem 4.2 we have the following corollary. 



Corollary 4.4. Suppose that the hypotheses (Hi) — (H4) hold and there exist nonnegative constants 
£k, 5 k , 5k (k = 1,2, •••) such that 

\\f(t,u,v)-J k (t,u,v)\\<e k , (4.9) 
\\x - a k \\ < 6 k , \\g(u) -g k (u)\\ < 6 k , (4.10) 

with e k — * and 5 k , 5 k — > as k — » 00. If x(t) and yk{t) (k = 1, 2, • • • ) are respectively the solutions of 



(1.1 )-(1.2 ) and (4.7)-(4.8) on [t ,b], then y k (t) -> x(t) as k -> 00 on [t ,b]. 



Proof. For k = 1,2, ■ ■ ■ , the conditions of of Theorem 4.2 hold. As an application of Theorem 4.2 and 
Lemma |2.2| yields 



\Vk(t) - x(t)\\ < 



M(5 k + 5 k + e k b) 
l-Md 



1 + 



ML 



ML + NK(1 - MG\ 



exp 



(ML + NK{1 - MGi) 1 

I l-MGi J ~ 1 

(4.11 



for every t$ <t <b. As k — > 00, the required result follows from (4.11 ). 



□ 



Remark 4.5. The result obtained in Corollary 4.4 provide sufficient conditions to ensure that the 



solutions of initial value problem ( 4.7 1— ( 4.8 ) will converge to the solutions of initial value problem 



(1.1M1.2). 



Now, we consider the integrodifferential equations: 



x (t) + Ax(t) = f(t,x(t), I a(t, s)k(s,x(s))ds, [ii), 

Jt 

x (t) + Ax(t) = f(t,x(i), I a(t, s)k(s,x(s))ds, ^2), 

Jt 



(4.12) 
(4.13) 



for t G [to>&]) where / G C([to,b] x X x X x R,X), and with the initial condition given by (1.2). 



The following theorem states the continuous dependence of solutions to (4.12 )-( 1.2) and (4.13 )-( 1.2) 
on parameters. 

Theorem 4.6. Assume that hypotheses (Hi), (H3) and (H4) hold and there exists positive constant Li 
such that 



\\f(t,x,y, m) - f(t,x,y,fi 2 )\\ < Li 



\x - x\\ + \\y - y\\ + \m - fj, 2 \ 



Let x(t) and y(t) be the solutions of (4.12) with (1.2) and (4.13) with (1.2) respectively. Then 



\\x(t) - y(t)\\ < 
for t <t<b. 



MLib\m-ii2\ 
1 - MGi 



ML / ( 1V1L + 1 

1 + ML + NK(l-MGi)V V \ 1 



ML + NK(1 — MGi) 



MGi 
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Proof. Let u(t) = \\x(t) — y(t)\\ for t £ [to,b]. Now, by using the hypotheses, we have 
u(t) < MGi\\x(t) - y{t)\\ + I M\\ J(s,x(s), f a(s,T)k(T,x(r))dT, yUi) 

J to J to 

-f(s,y{s), / a(s,r)k(T,y(T))d,T,fj, 2 ) \\ds 
<MG x u{t) + f ML 1 hx{s)-y{s)\\+ f NK \\x(t) - y(r)\\dr + \m - ii 2 1 

J tg J to 

<MG x u{t) + j MLi u(s)+ j NKu(r)dT+\nx- /x 2 | ds 

J to Jto 

<ML 1 b\ii 1 -ii2\ + MG 1 u{t)+ j ML\ u(s) + / NKu(r)dT 

J to J to 



ds 



ds, 



which implies 



MLi%!-/i 2 | /•* ML 

U(t) < TT^. h 



1 - MG\ 
Now an application of Lemma 2.2 



to 



1 - MGi 



u(s) + / NKu(r)dT 
to 



ds. 



(4.14) 



(4.14), yields 



(with uq = — -1 1 ^TTFi ^ )) known as Pachpatte's inequality, to 



1 - MGi 



ML x b\[i x -/i 2 | 
1 - MGi 



1 + 



ML 



ML + NK(1 — MG\) 



exp 



ML + NK(1 — MGi] 



I 1 



MGi 



6 -1 



(4.15) 

□ 



A slight variant of Theorem 4.2 is given the following theorem. 
Theorem 4.7. Assume that hypotheses (Hi), (H3) and (H4) hold and there exists constant L such that 



\\f(t,x,y)-f(t,x,y)\\<L 



\x — x\\ + \\y — y\ 



where L > 0, and that the condition (4.4) hold. Let x(t) and y(t) be the solutions of ( 1.1 ) — ( 1.2 ) and 

ML + NK(1 — MG\ 



(4.1 )-( |4.2[ ) respectively. Then 
M(5i + S 2 



\x(t)-y(t)\\ < 



1 - MGi 



1 + 



ML 

ML + NK(1- Md 



exp 



f ML + 1\K{1 - MUi) /I 
I 1 - MGi J 



1 



for t <t<b. 

Proof. Let u[t) = \\x(t) — y[t)\\ for t £ [to,b]. Now, by using the hypotheses, we have 
u(t) < M\\x -y \\+M\\g(y)-g(y)\\+M\\g(x)-g{ 



t 

-!- / M| 
'to 



f(s,x(s), a(s,T)k(r,x(T))dr) - f(s,y(s), a(s,T)k(T,y(r))dT 



lo 



to 



Ids 







[ ML 


u(s) + f 


Jt 


1 Jt 



which implies 



M{5 l + 5 2 ) 

U{t) < — TT^ h 



1 - MGi ho 1 " M Gi 



ML 



ds, 



u(s) + / NKu(r)dT 
to 



ds. 



(4.16) 
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M(5i + 8 2 



Now an application of Lemma 
yields 

M{Si + <5 2 ) 



2.2 



(with uq 



1 - MG\ 



known as Pachpatte's inequality, to (4.16) 



\x(t)-y(t)\\ < 



1 - MGi 



1 + 



ML 



ML + NK(1 - MG\ 



r ML + NK(1 — MG 
eXP l l^MG 



\ b \ 



• (4-17) 
□ 



5. BOUNDEDNESS AND GROWTH OF SOLUTIONS 

In this section the boundedness, asymptotic behaviour and growth of the solutions of equations 



(1.1 )— ( 1.2 ) are investigated. 



We need the following definitions in our subsequent discussion. 



Definition 5.1. The solution x(t) of equations ( 1.1 )— ( 1.2 ) is said to be exponentially asymptotically 
stable, if there exist positive constants M and a such that the inequality 

\\x(t)\\ <M(||x ||+G) e - Q (*-* \ t>to, 

holds for (||xo|| + G) sufficiently small. 



Definition 5.2. The solution x(t) of equations (1.1 )-( 1.2 ) is said to be uniformly slowly growing if, and 
only if, for every a > there exists a constant M, possibly depending on a, such that the inequality 

||x(t)|| <M(\\x \\ + G)e a ^- t0 \ t>t , 

holds for (||xo|| + G) < 00. 



The following theorem contains the estimate on the solution of the initial value problem ( 1.1 )-( 1.2 ). 

Theorem 5.3. Assume that the hypothesis {H4) holds. Let k and f satisfy 

\\k(t,x(t))\\< Pl (t)\\x(t)\\, (5.1) 

and 

\\f(t,x(t),y(t))\\ <P2(t)[Mt) + \\y(t)\\], (5.2) 



for all t G [to, 00), x,y G B, where p\{t) and P2(t) are real valued nonnegative continuous functions 
defined on [to, 00) such that 



pi(t)dt < 00, 



to 



P2{t)dt < 00, 



to 



then all solutions of the initial value problem (1.1) -(1.2) are bounded on 

Proof. Let x(t) = T(t — to)[xo — g(x)] + / T(t — s)fis,x(s), / a(s,T)k(T,x(T))dTj 

Jtn ^ Jtn ' 



(5.3) 



ds be a solution of 



(1.1 )— ( 1.2 ) on R+. Using conditions ( |5.1[ ), (5.2), and hypothesis, we have 

\\x(t)\\ < M[\\xq\\ + G] + j M\\f(s,x{s), I a{s,T)k{T,x{T))dT^\\ds 



to 



to 
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< M[\\x \\ + G] + M f p 2 (s)\\\x(s)\\ + f \a(s,T)\\\k(T,x(r))\\dr 

J to Jto 

ft 

ds. 



ds 



< M[\\x \\ + G] + M p 2 (s) \\x{s)\\+ / jVpi(r)||x(r)||dr 

J to J to 

Applying Lemma [23] with u{t) = \\x(t)\\, and uq = M[||xo|| + G], we get 



|ar(t)|| <M[||x ||+G] 



1 + 



to 



Mp 2 (s)exp{ (m P2 (t) + Np^rfjdr^ds 



(5.4) 



Thus, in view of condition (5.3), the boundedness of the solution x(t) follows. This completes the proof 
of the theorem. □ 



Remark 5.4. It is important to note that the Theorem 5.3 proves not only the boundedness, but also 
the stability of x(t), if ||xo|| + G is small enough. 



Next theorem deals the asymptotic behaviour of solution of the initial value problem (1.1)— (1.2). 



Theorem 5.5. Assume that the hypothesis (H4) holds and \\T(t — s)\\ < C\e a ^ a \ where C\ is a 
nonnegative constant.. Let k and f satisfy 

\\k(t,x(t))\\< Pl (t)\\x(t)\\, (5.5) 

and 

\\f(t,x(t),y(t))\\<P2(t)e- at l\\x(t) + \\y(t)\\], (5-6) 



for all t € [to, 00), a > is a constant, where pi(t) and p 2 (t) are as in Theorem 5.3 with condition 



(5.3). Then all solutions of ( 1. 1 >— ( 1.2 ) approach to zero as t — > 00. 
Proof. Let x(t) = T(t - t ) [x - g(x)} + j T(t - s)f(s,x(s), f a(s,T)k(T,x(T))drj 



to 



I (is be a solution of 



(1.1 )— ( 1.2 ) on Using conditions (|5.5[), (5.6), and hypothesis (H±), we obtain 



to 



ds 



\\x(t)\\ < Cie-^-*°)[|N| + G] + / C ie - a ('- s )||/( S ,x( S ), f S a(s,r)k(T,x(T))dT)\\ds 

ho v Jto ' 

< de-^-^III^oll + G] + f de-^e-^p^hxis)]] + f N Pl (r)\\x(T)\\dr 

Jto Jto 

<C 1 e- at e at0 [\\x \\+G}+ I C x e~ at e as e- as p 2 {s) V\x(s) || + f N Pi (t) \\x(t) ||dr] ds. (5.7) 

Jto Jto 

Multiplying both sides of (5.7) by e at and using fact e~ at < 1, we obtain 
\\x{t)\\e at < de^iWxoW + G] + I C lP2 {s)e as \\x{s)\\ds + f C lP2 {s) f N Pl {r)e aT \\x(T) \\drds. (5.8) 

Jto Jto Jto 



Applying Lemma 2.2 with u{t) = ||x(t)||e a *, and no = Cie ai °[||j;o|| + G], we get 

\\x(t)\\e at < C ie Q '°[|ko|| +G][l + £ C lP2 (s)ex V {J° (c lP2 (r) + Np^dr^ds] . (5.9) 
Using the condition (5.3), we get 



\x(t)\\e at < L 2 , 
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where L2 > is a constant. Thus, as t — > 00, the solution of ( 1.1 )— ( 1.2 ) approaches to zero. This 
completes the proof of the theorem. □ 



Theorem 5.6. Assume that the hypothesis (H4) holds and \\T(t — s)\\ < Cie a ^ s \ where C\ is a 
nonnegative constant. Let k and f satisfy 

\\k(t,x(t))\\ <Pi(t)e- at \\x(t)\\, (5.10) 

and 

\\f(t,x(t),y(t))\\<P2(t)e- at [Mt) + \\y(t)\\], (5.11) 



for all t £ [to, 00), a > is a constant, where p\(t) and P2{t) are as in Theorem 5.3 with condition 



(5.3). Then all solutions of ( 1.1 ) — ( 1.2 ) are slowly growing. 

t 



Proof. Let x(t) = T(t — to)[xo — g(x)] + / T(t — s)f(s,x(s), / a(s, r)k(r, x(r))dr jds be a solution of 

A} V Jto ' 

(1.1 )— ( 1.2 ) on Using conditions ( |5.10| ), ( 5.11| ), and hypothesis (H4), we obtain 

< de^-^WxoW + G] + f de^-^Wf^xis), f a(s,T)k(r,x(r))dr)\\ds 



< Cie a (*-*°)[||xo|| +G] + / C 1 e a{t -^e- as p 2 {s) \\x{s)\\ + / N Pl (T)e~ aT \\x(T)\\dr 

Jto Jto 

<C 1 e at e- at0 [\\x \\ + G}+ [ Cie at e- as e- as p 2 {s) \\\x{s) \\ + f Np^e^ \\x(t) \\dr 



ds 



to 



to 



ds. 

(5.12) 



Multiplying both sides of (5.12) by e and using fact e < 1, we obtain 



ct rt 
\.rm\\e- at <C 1 e- ato [\\x \\+G}+ I C 1 p2(s)e- as \\x(s)\\ds + C lP2 {s) I N Pl (T)e' aT \\x(T)\\dTds. 



to 



to 



(5.13) 



Applying Lemma 2.2 with u{t) = ||x(t)||e at , and uq = C±e a *°[||xo|| + G], we get 
\x(t)\\e- at <C ie - at °[\\xo\ 



+ G) [l + jf C lP2 (s) exp { jT (c iP2 (t) + Npx^dT^dsj . (5.14) 



Using the condition (5.3) in (5.14), we get 



-at 



<L 3 , 



where L3 > is a constant. Thus, as t — > 00, the solutions of ( 1.1 )— { 1.2 ) are slowly growing. This 
completes the proof of the theorem. □ 
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FIXED POINTS AND ORTHOGONAL STABILITY OF 
FUNCTIONAL EQUATIONS IN NON-ARCHIMEDEAN SPACES 

CHOONKIL PARK, YEOL JE CHO*, PRASIT CHOLAMJIAK, AND SUTHEP SUANTAI 

Abstract. In this paper, by using the fixed point method, we investigate the or- 
thogonal stability of orthogonally Jensen additive functional equation, the orthogo- 
nally cubic functional equation and the orthogonally quartic functional equation in 
non- Archimedean normcd spaces. 



1. Introduction and preliminaries 

Assume that X is a real inner product space and / : X — > R is a solution of the 
orthogonal Cauchy functional equation f(x + y) — f(x) + f(y), where (x,y) = 0. 
By the Pythagorean theorem, f(x) = \\ solution of the conditional equation. 

Of course, this function does not satisfy the additivity equation everywhere. Thus 
orthogonal Cauchy equation is not equivalent to the classic Cauchy equation on the 
whole inner product space. 

Pinsker [52] characterized orthogonally additive functionals on an inner product 
space when the orthogonality is the ordinary one in such spaces. Sundaresan [63] 
generalized this result to arbitrary Banach spaces equipped with the Birkhoff- James 
orthogonality. The orthogonal Cauchy functional equation 

f(x + y) = f(x) + f(y), x±y, 

in which _L is an abstract orthogonality relation, was first investigated by Gudder and 
Strawther [25]. They defined _L by a system consisting of five axioms and described 
the general semi-continuous real- valued solution of conditional Cauchy functional equa- 
tion. In 1985, Ratz [59] introduced a new definition of orthogonality by using more 
restrictive axioms than of Gudder and Strawther. Moreover, he investigated the struc- 
ture of orthogonally additive mappings. Ratz and Szabo [60] investigated the problem 
in a rather more general framework. 

Let us recall the orthogonality in the sense of Ratz ([59]). 

Suppose that X is a real vector space with dim X > 2 and _L is a binary relation on 
X with the following properties: 

2010 Mathematics Subject Classification. Primary 39B55, 46S10, 47H10, 39B52, 47S10, 30G06, 
46H25, 12J25. 

Key words and phrases. Hycrs-Ulam stability, orthogonally (Jensen additive, Jensen quadratic, 
cubic, quartic) functional equation, fixed point, non- Archimedean normed space, orthogonality space. 
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(01) totality of _L for zero: x J_ and _L x for all x G X; 

(02) independence: if x, y G X — {0} and x _L y, then x and y are linearly indepen- 
dent; 

(03) homogeneity: if x, y G X and il?/, then ax _L f3y for all a,/5el; 

(04) Thalesian property: if P is a 2-dimensional subspace of X, x G P and A G R+, 
which is the set of nonnegative real numbers, then there exists yo G P such that x _L y 
and x + yo _L Ax — y . 

The pair (X, _L) is called an orthogonality space. By an orthogonality normed space 
we mean an orthogonality space having a normed structure. 

Some interesting examples are as follows: 

(1) The trivial orthogonality on a vector space X defined by (Oi) and, for any 
non-zero elements x, y G X, x _L y if and only if x and y are linearly independent. 

(2) The ordinary orthogonality on an inner product space (X, (•,•)) given by x _L y 
if and only if (x, y) = 0. 

(3) The Birkhoff- James orthogonality on a normed space (X, || • ||) defined by x J_ y 
if and only if ||x + Ay|| > ||x|| for all A G R. 

The relation _L is called symmetric if x _L y implies that y _L x for all x, y G 
X. Clearly, Examples (1) and (2) are symmetric, but Example (3) is not. It is 
remarkable to note, however, that a real normed space of dimension greater than 2 is 
an inner product space if and only if the Birkhoff- James orthogonality is symmetric. 
There are several orthogonality notions on a real normed space such as Birkhoff- James, 
Boussouis, Singer, Carlsson, unitary-Boussouis, Roberts, Phythagorean, isosceles and 
Diminnie (see [l]-[4], [9, 8, 21, 31]). 

The stability problem of functional equations was originated from the following 
question of Ulam [65]: 

Under what condition does there is an additive mapping near an approximately ad- 
ditive mapping? 

In 1941, Hyers [27] gave a partial affirmative answer to the question of Ulam in the 
context of Banach spaces. In 1978, Th.M. Rassias [54] extended the theorem of Hyers 
by considering the unbounded Cauchy difference 

||/(x + y) - /(x) - f(y)\\ < edlxH* + \\y\n (e > 0, p G [0, 1)). 

During the last decades several stability problems of functional equations have been 
investigated in the spirit of Hyers-Ulam-Rassias. Refer to [18, 28, 33, 45, 58] and 
references therein for detailed information on stability of functional equations. 

Ger and Sikorska [24] investigated the orthogonal stability of the Cauchy functional 
equation f(x + y) = f(x) + f(y), namely, they showed that, if / is a mapping from an 
orthogonality space X into a real Banach space Y and \\f(x + y) — f(x) — f(y)\\ < e for 
all x, y G X with x _L y and for some e > 0, then there exists exactly one orthogonally 
additive mapping g : X — >■ Y such that \\f(x) — <?(x)|| < y£ for all x G X. 
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The first author treating the stability of the quadratic equation was Skof [62] by 
proving that, if / is a mapping from a normed space X into a Banach space Y satisfying 

\\f(x + y) + f(x -y)- 2f(x) - 2f(y)\\ < e 

for some e > 0, then there is a unique quadratic mapping g : X — > Y such that \\f(x) — 
g( x )\\ < §■ Cholewa [15] extended the Skof's theorem by replacing X by an abelian 
group G. Skof's result was later generalized by Czerwik [16] in the spirit of Hyers- 
Ulam-Rassias. The stability problem of functional equations has been extensively 
investigated by some mathematicians (see [17, 51, 50], [55]-[57]). 

The orthogonally quadratic equation 

f(x + y) + f(x-y) = 2f(x) + 2f(y), xLy 

was first investigated by Vajzovic [66] when X is a Hilbert space, Y is the scalar field, 
/ is continuous and _L means the Hilbert space orthogonality. Later, Cho et al. [12], 
Drljevic [22], Fochi [23], Moslehian [41, 42] and Szabo [64] generalized this result. 

In [32], Jun and Kim considered the following cubic functional equation 

f(2x + y) + f(2x -y) = 2f(x + y) + 2f(x - y) + 12f(x). (1.1) 

It is easy to show that the function f(x) = x 3 satisfies the functional equation (1.1), 
which is called a cubic functional equation and every solution of the cubic functional 
equation is said to be a cubic mapping. 

Let X be an orthogonality space and Y a real Banach space. A mapping / : X — > Y 
is called orthogonally cubic if it satisfies the orthogonally cubic functional equation 
(0.3). 

In [37], Lee et al. considered the following quartic functional equation 

f(2x + y) + f(2x -y) = 4f(x + y) + 4f(x - y) + 24f(x) - Qf(y). (1.2) 

It is easy to show that the function f(x) = x 4 satisfies the functional equation (1.2), 
which is called a quartic functional equation and every solution of the quartic functional 
equation is said to be a quartic mapping. For more results on the quartic functional 
equations, see [3, 10, 14, 16, 22, 37, 40, 50, 55, 61, 64]. 

Let X be an orthogonality space and Y a Banach space. A mapping / : X — > Y is 
called orthogonally quartic if it satisfies the orthogonally quartic functional equation 
(0.4). 

In 1897, Hensel [26] introduced a normed space which does not have the Archimedean 
property. It turned out that non- Archimedean spaces have many nice applications (see 
[19, 35, 36, 46]). 

Definition 1.1. By a non- Archimedean field we mean a field IK equipped with a 
function (valuation) | • | : K — > [0, oo) such that, for all r, s G IK, the following conditions 
hold: 

(1) |r| = if and only if r = 0; 
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(2) \rs\ = \r\\s\; 

(3) \r + s\ < max{|r|, \s\}. 

Definition 1.2. ([44]) Let X be a vector space over a scalar field K with a non- 
Archimedean non-trivial valuation | • | . A function 1 1 • 1 1 : X — > R is a non- Archimedean 
norm (valuation) if it satisfies the following conditions: 

(1) = if and only if x — 0; 

(2) \\rx\\ = for all r G K and x G X; 

(3) The strong triangle inequality (ultrametric), namely, 

||x + y|| < max{ | \x\ |, | |y| | } 

for all x, y G X. 

Then (A, || • ||) is called a non- Archimedean space. 

Due to the fact that 

\\x n — x m \ \ < max{||a;j + i — : m < j < n — 1} {n > m). 

Definition 1.3. A sequence {x n } is a Cauchy sequence if and only if {x n+ i — x n } 
converges to zero in a non-Archimedean space. By a complete non- Archimedean space 
we mean one in which every Cauchy sequence is convergent. 

Recently, some authors ([13, 14, 44, 46, 50]) investigated the stability of the func- 
tional inequalities, the ACQ functional equations and the generalized quadratic func- 
tional equations in non- Archimedean spaces. 

Let X be a set. A function d : X x X — > [0, oo] is called a generalized metric on X 
if d satisfies the following conditions: 

(1) d(x, y) — if and only if x — y\ 

(2) d(x,y) = d(y,x) for all x, y G X; 

(3) d(x, z) < d(x, y) + d(y, z) for all x,y,z G X. 

We recall a fundamental result in fixed point theory. 

Theorem 1.4. [5, 20] Let (X,d) be a complete generalized metric space and J : X — > 
X be a strictly contractive mapping with Lipschitz constant a < 1. Then, for each 
given element x G X , either 

d{J n x, J n+1 x) = oo 

for all nonnegative integers n or there exists a positive integer n such that 

(1) d(J n x, J n+l x) < oo for all n > n ; 

(2) the sequence {J n x} converges to a fixed point y* of J; 

(3) y* is the unique fixed point of J in the set Y = {y G X \ d(J n °x, y) < oo}; 
(A)d(y,y*)< I ^d(y,Jy)forallyeY. 
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In 1996, Isac and Th.M. Rassias [29] were the first to provide applications of 
stability theory of functional equations for the proof of new fixed point theorems 
with applications. By using fixed point methods, the stability problems of several 
functional equations have been extensively investigated by a number of authors (see 
[6, 7, 34, 39, 48, 49, 53]). 

In this paper, by using the fixed point method, we prove the Hyers-Ulam stability 
of the orthogonally Jensen additive functional equation 

2/(^) =/(*) + /(!/), (1-3) 
the orthogonally Jensen quadratic functional equation 

2/ + 2f (^) = f(x) + f(y), (1.4) 

the orthogonally cubic functional equation 

f(2x + y) + f(2x -y) = 2f(x + y) + 2f(x - y) + 12/(x), (1.5) 

and the orthogonally quartic functional equation 

f(2x + y) + f(2x -y)= 4f(x + y) + 4f(x - y) + 24/(x) - 6/(y) (1.6) 

for all x, y with x _L y, where J_ is the orthogonality in the sense of Ratz, in on- 
Archimedean normed spaces. 

Throughout this paper, assume that (X, J_) is an orthogonality non- Archimedean 
space and that (Y, || • \\y) is a non-Archimedean Banach space. Assume that |2| ^ 1. 

2. Stability of the orthogonally Jensen additive functional equation 

In this section, applying some ideas from [24, 28], we deal with the stability problem 
for the orthogonally Jensen additive functional equation 

2/ (^) = f(x) + f(y) 

for all x, y G X with x _L y. 

Theorem 2.1. Let ip : X 2 — > [0, oo) be a function such that there exists an a < 1 with 

^,y)<|2|^(|,|) (2.1) 
for all x,y G X with x _L y. Let f : X — >■ F &e a mapping satisfying /(0) = and 

<¥»(x,y) (2.2) 

y 

/or a// x,y E X with x _L y. T/ien ^/iere exzsis a unique orthogonally Jensen additive 
mapping L : X — ^ Y~ snc/i i/iat 

||/(x)-L(x)|| y <-^^(a;,0) (2.3) 
1 — a 



2/ (^) - /(x) - f(y) 
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for all x El X. 

Proof. Putting y = in (2.2), we get 



2/ 



x 



fix) 



<<p(x,0) 



(2.4) 



for all x G X, since x _L 0. So 

/(*) - 2-/(2.x-: 



< 7^(p(2x, 0) < a • y>(a:,0) 



(2.5) 



for all rr G X. Consider the set 

S:={h:X^Y} 

and introduce the generalized metric on S: 

d(g, h) = inf {// G R+ : ||c/(x) - ||y < fxtp (x, 0) , Vi G 1} , 

where, as usual, inf <fi = +oo. It is easy to show that (S, d) is complete (see [38]). 
Now, we consider the linear mapping J : S — > S such that 

Jg{x) := ^g(2x) 

for all x E X. Let g,h E S be given such that d(g>, /i) = e. Then we have 

\\g(x)-h(x)\\ Y <tp(x,0) 

for all x G X and so 



||J<7(a;)-J/i(a;) 



i 5 (2x)-^(2x) 



Y 



< cap (x, 0) 



for all x G X. Thus d(<7, h) = e implies that d{ Jg, Jh) < ae, which means that 

d(Jg, Jh) < ad(g, h) 

for all g,h G S. It follows from (2.5) that d(f, Jf) < a. By Theorem 1.4, there exists 
a mapping L : X — > Y satisfying the following: 

(1) L is a fixed point of J, i.e., 

L (2x) = 2L(x) (2.6) 

for all x G X . The mapping L is a unique fixed point of J in the set 

M = {g G S : < oo}. 

This implies that L is a unique mapping satisfying (2.6) such that there exists a 
fi G (0, oo) satisfying 

||/(x)-L(a;)||y < ii<p(x,0) 

for all x G X; 

(2) d(J n f, L) — )■ as n — )• oo. This implies the equality 



lim — / (2 n x) = L(x) 
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for all x G X; 

(3) d(f,L) < jz^d(f, J/), which implies the inequality 

d(f,L)<-^. 

1 — a 

This implies that the inequalities (2.3) holds. 
It follows from (2.1) and (2.2) that 



2L( X p-)-L(x)-L(y) 



= l^^ n \\2f(2 n -\x + y))-f(2 n x)-f(2 n y)\\ Y 

1 I2l n ci; n 
< lim — if(2 n x, 2 n y) < lim ^- — <p(x,y) = 

— rwoo \2\ n ~ n^oo 2 n 

for all x, y G X with x _L y. So 

2L (^) - L(x) - L(y) = 

for all x,y & X with i 1 !/. Hence L : X — >■ F is an orthogonally Jensen additive 
mapping. This completes the proof. □ 

From now on, in Corollaries, assume that (X, J_) is an orthogonality non- Archimedean 
normed space. 

Corollary 2.2. Let 6 be a positive real number and p a real number with p > 1. Let 
f : X — )> Y be a mapping satisfying /(0) = and 



2/ (^p) - /(*) - m 



Y 



<d{\\x\\ p + h\\ p ) (2-7) 



/or all x,y G X wit/i x J- y. Then there exists a unique orthogonally Jensen additive 
mapping L : X Y such that 



||/(x)-L(x)||y<iJ^||x||' 



for all x G X . 



Proof. The proof follows from Theorem 2.1 by taking ip(x,y) = 6(\\x\\ p + \\y\\ p ) for all 
x, y G X with x _L y. Then we can choose a = |2| p_1 and we get the desired result. □ 

Theorem 2.3. Let f : X — >■ F &e a mapping satisfying (2.2) and /(0) = /or which 
there exists a function ip : X 2 — » [0, oo) snc/i that 

<p(x,y) < ®ip(2x,2y) 

for all x,y G X with x _L y. Then there exists a unique orthogonally Jensen additive 
mapping L : X — >• Y such that 

||/(x)-L(x)||y<— L- <p( x ,0) (2.8) 
1 — a 
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for all x & X. 

Proof. Let (S, d) be the generalized metric space defined in the proof of Theorem 2.1. 
Now, we consider the linear mapping J : S — >■ S such that 



Jg(x) := 2g (|) 



for all x G X. It follows from (2.4) that d(f, J f) < 1. So 



1 — a 

Thus we obtain the inequality (2.8). The rest of the proof is similar to the proof of 
Theorem 2.1. □ 

Corollary 2.4. Let 6 be a positive real number and p a real number with < p < 1. 
Let / : X — )• Y be a mapping satisfying /(0) = and (2.7). Then there exists a unique 
orthogonally Jensen additive mapping L : X — » F sncn tnat 



\\f(x)-L(x)\\ Y <j^-^\\xr 

for all x G X . 

Proof. The proof follows from Theorem 2.3 by taking ip(x,y) = 6(\\x\\ p + \\y\\ p ) for all 
x, y G X with x _L y. Then we can choose ct = |2| 1_p and we get the desired result. □ 

3. Stability of the orthogonally Jensen quadratic functional equation 

In this section, applying some ideas from [24, 28], we deal with the stability problem 
for the orthogonally Jensen quadratic functional equation 

2/ (^) + 2/ (^) =/(*)+/(,,) 
for all x, y G X with x _L y. 

Theorem 3.1. Let <p : X 2 — > [0, oo) be a function such that there exists an a < 1 with 

^(x,n)<|4|o^g,f) (3.1) 
for all x,y G X with x _L y. Let f : X — >■ F fre a mapping satisfying /(0) = and 



2/(^) + 2/(^)-/ W -/ W 



< ^(x,n) (3.2) 



/or a// x,y & X with x _L y. Tnen tnere exists a unique orthogonally Jensen quadratic 
mapping Q : X — > F snca taat 



||/(*)-Q(*)||y<^¥>M) (3.3) 
1 — a 



/or all x <E X . 
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Proof. Putting y = in (3.2), we get 



4/ (!)-/(*) 



<<p(x,0) 



for all x G X since a; _L 0. So 



/(*) - 4 /(2^ 



< ±-M2x,0)<a-<p(x,0) 

Y 4 



(3.4) 



(3.5) 



for all x G X. By the same reasoning as in the proof of Theorem 2.1, one can obtain 
an orthogonally Jensen quadratic mapping Q : X — > Y defined by 

lim — f(Tx) = Q(x) 

for all x G X . 

Let (S, d) be the generalized metric space defined in the proof of Theorem 2.1. Now, 
we consider the linear mapping J : S — >■ 5 such that 

for all x G X. It follows from (3.5) that J f) < a. So 



<*(/,<?)< 



a 



1 — a 



Thus we obtain the inequality (3.3). This completes the proof. 



□ 



Corollary 3.2. Let 9 be a positive real number and p a real number with p > 2. Let 
f : X — )> Y be a mapping satisfying 



2f[ X -±y)+2f(^y)-f(x)-f(y) 



< 0(\\x\\ p + \\y\n 



(3.6) 



for all x,y G X with x _L y. Then there exists a unique orthogonally Jensen quadratic 
mapping Q : X — >■ F snc/i £/ia£ 



||/(x)-g(x)|| Y < 



2 p fl 
4-2? 



x 



for all x & X . 



Proof. The proof follows from Theorem 3.1 by taking ip(x,y) = 6(\\x\\ p + \\y\\ p ) for all 
x, y G X with x J_ y. Then we can choose a = \2\ p ~ 2 and we get the desired result. □ 



Theorem 3.3. Let f : X — >■ F &e a mapping satisfying (3.2) and /(0) 
£/jere exists a function <p : X 2 — >■ [0, oo) snc/i £/ia£ 



/or which 



a 



<fi(x,y) < ^-</?(2x,2y) 
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for all x,y G X with x _L y. Then there exists a unique orthogonally Jensen quadratic 
mapping Q : X — )■ Y such that 

\\f(x) < -J— ^(x,0) (3.7) 

i — a 

for all x G X . 

Proof. Let (S, d) be the generalized metric space defined in the proof of Theorem 2.1. 
Now, we consider the linear mapping J : S — >■ 5 such that 

.2, 

for all x G X. It follows from (3.4) that d(f,Jf) < 1. So we obtain the inequality 
(3.7). The rest of the proof is similar to the proofs of Theorems 2.1 and 3.1. □ 



Jg(x) := Ag 



Corollary 3.4. Let 9 be a positive real number and p a real number with < p < 2. 
Let f : X Y be a mapping satisfying (3.6). Then there exists a unique orthogonally 
Jensen quadratic mapping Q : X — >■ Y such that 



\\f{x)-Q{x)\\ Y <^-^ x f 

for all x G X . 

Proof. The proof follows from Theorem 3.3 by taking tp(x,y) = #(||:r|| p + \\y\\ p ) for all 
x, y G X with x A. y. Then we can choose a = \2\ 2 ~ p and we get the desired result. □ 

4. Stability of the orthogonally cubic functional equation 

In this section, applying some ideas from [24, 28], we deal with the stability problem 
for the orthogonally cubic functional equation 

f(2x + y) + f(2x -y) = 2f(x + y) + 2f(x - y) + 12f(x) 

for all x,y G X with ill/. 

Theorem 4.1. Let <p : X 2 — > [0, oo) be a function such that there exists an a < 1 with 



lol / X 









for all x,y G X with x _L y. Let f : X — >■ F &e a mapping satisfying /(0) = and 
||/(2x + y) + /(2x - y) - 2/(x + y) - 2/(x - y) - 12/(x)|| y 

<^,y) (4-1) 

/or all x,y G X w?£/i x A. y. Then there exists a unique orthogonally cubic mapping 
C : X -> y s«c/i i/ioi 

||/(x)-C7(x)|| y < 1 | 16 . y(^0) 
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Proof. Putting y = in (4.1), we get 

\\2f(2x)-16f(x)\\ Y <tp(x,0) (4.2) 
for all x G X, since x 1_ 0. So 



/(*) - g/(2*; 



Y 

for all x E X. 

Let (5 1 , d) be the generalized metric space defined in the proof of Theorem 2.1. Now, 
we consider the linear mapping J : S — >■ S such that 

■fy(z) := ^(2a;) 

for all x G X. The rest of the proof is similar to the proofs of Theorems 2.1 and 
3.1. □ 

Corollary 4.2. Let 9 be a positive real number and p a real number with p > 3. Let 
f : X — )> y be a mapping satisfying 

\\f(2x + y) + f(2x -y)- 2f(x + y) - 2f(x - y) - 12f(x) \\ Y 

<0(\\x\\ p +\\y\\n (4.3) 

for all x,y G X with x i_ y. Then there exists a unique orthogonally cubic mapping 
C : X -)• y such that 



\\f(x) - C(x)\\ Y < , m ,^ , , , \\x\\ p 



for all x G X . 



Proof. The proof follows from Theorem 4.1 by taking (p(x,y) = #(||:r|| p + \\y\\ p ) for all 
x, y G X with x _L y. Then we can choose a = |2| p_3 and we get the desired result. □ 

Theorem 4.3. Let f : X — >■ F &e a mapping satisfying (4.1) and /(0) = /or which 
there exists a function ip : X 2 — >■ [0, oo) snc/i i/iat 

<p(x,y) < j^tp(2x,2y) 

for all x,y G X with x i_ y. Then there exists a unique orthogonally cubic mapping 
C : X -> y s«c/i i/iai 

||/(x) -C7(x)||y < |16| _ a |16|a ^(^0) (4.4) 

for all x E X . 



35 



C. PARK, Y. CHO, P. CHOLAMJIAK, AND S. SUANTAI 

Proof. Let (S, d) be the generalized metric space defined in the proof of Theorem 2.1. 
Now, we consider the linear mapping J : S — >■ S such that 

Jg{x) ■= Sg (|) 

for all x £ X. It follows from (4.2) that d(f, Jf) < ^ . So we obtain the inequality 
(4.4). The rest of the proof is similar to the proofs of Theorems 2.1 and 3.1. □ 

Corollary 4.4. Let 6 be a positive real number and p a real number with < p < 3. 
Let f : X Y be a mapping satisfying (4.3). Then there exists a unique orthogonally 
cubic mapping C : X — » Y such that 

\\f(x) - C(x)\\y < , ,„ 9 , ,J bP 
" w v ; " ~~ |2|(|2|p - |8|) 

/or all x E X . 

Proof. The proof follows from Theorem 4.3 by taking ip(x,y) = 0(\\x\\ p + \\y\\ p ) for all 
x,y e X with x ± y. Then we can choose a = \2\ 3 ~ p and we get the desired result. □ 

5. Stability of the orthogonally quartic functional equation 

Applying some ideas from [24, 28], we deal with the stability problem for the or- 
thogonally quartic functional equation 

f(2x + y) + f(2x -y) = 4f(x + y) + 4f(x - y) + 24f(x) - Qf(y) 

for all x, y G X with x _L y. 

Theorem 5.1. Let <p : X 2 — » [0, oo) be a function such that there exists an a < 1 with 

<p(x,y) < \16\a(f | 

/or a// x,y E X with x _L y. Lei / : X — >■ F &e a mapping satisfying /(0) = and 

||/(2:r + y) + /(2a - y) - 4/(x + y) - Af(x - y) - 24/(x) + 6/(y) || y 

<<p(x,y) (5.1) 

/or a// x,y E X with xlt/. TTien i/iere exzsis a unique orthogonally quartic mapping 
P : X -> y snc/i i/ia£ 



||/(x)-P(x)|| y < | 32 |_| 32b ^0) 



/or all x E X . 
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Proof. Putting y = in (5.1), we get 

\\2f(2x)-32f(x)\\ Y <<p(x,0) 
for all x E X, since x _L 0. So 



(5.2) 



/(*) - ^/(2x) 



for all x G X. 

Let (5", d) be the generalized metric space defined in the proof of Theorem 2.1. Now, 
we consider the linear mapping J : S — >■ S such that 

•fy(aO := (2x) 

for all x G X. The rest of the proof is similar to the proofs of Theorems 2.1 and 
3.1. □ 



Corollary 5.2. Let 9 be a positive real number and p a real number with p > 4. Let 
f : X — >■ Y be a mapping satisfying 

\\f(2x + y) + f(2x -y)- Af{x + y) - Af{x - y) - 24/(x) + 6/(y) \\ Y 

< W + W) (5.3) 

for all x, y G X with x _L y. T/ien i/iere exzsis a unique orthogonally quartic mapping 
P : X -)• y snc/i £/ia£ 

ll/fx) - P(x)||y < , m f , , A \x\\ p 
> v >\\y - |2|(|16| - |2|p) " " 

/or all x & X . 

Proof. The proof follows from Theorem 5.1 by taking ip(x,y) = 6(\\x\\ p + \\y\\ p ) for all 
x,y e X with x ± y. Then we can choose a = |2| p ~ 4 and we get the desired result. □ 

Theorem 5.3. Let f : X — >■ F &e a mapping satisfying (5.1) and /(0) = /or which 
there exists a function ip : X 2 — >■ [0, oo) such that 

(X 

<p(x,y) < —ip(2x,2y) 

for all x,y G X with x _L y. T/ien i/iere exists a unique orthogonally quartic mapping 
P : X ->Y suc/i £/ia£ 

||/(x) -P(x)|| y < |32| _ a |32|a ^(^0) (5.4) 

/or all x <E X . 



37 



C. PARK, Y. CHO, P. CHOLAMJIAK, AND S. SUANTAI 

Proof. Let (S, d) be the generalized metric space defined in the proof of Theorem 2.1. 
Now, we consider the linear mapping J : S — >■ S such that 

Jg(x) := 16g (^j 

for all x G X. It follows from (5.2) that d(f, J f) < . So we obtain the inequality 
(5.4). The rest of the proof is similar to the proofs of Theorems 2.1 and 3.1. □ 

Corollary 5.4. Let 9 be a positive real number and p a real number with < p < 4. 
Let f : X — > Y be a mapping satisfying (5.3). Then there exists a unique orthogonally 
quartic mapping P : X — )• Y such that 

\\f(x) - p(x)\\ Y < , ,„ , 6 , ,J kP 

\\j v ) v vnr - | 2 |(|2|p - |16|) 11 11 

for all x G X . 

Proof. The proof follows from Theorem 5.3 by taking ip(x,y) = #(||:r|| p + \\y\\ p ) for all 
x,y G X with x _L y. Then we can choose a = |2| 4_p and we get the desired result. □ 

Conclusions 

Using the fixed point method, we have proved the Hyers-Ulam stability of the or- 
thogonally Jensen additive functional equation, of the orthogonally Jensen quadratic 
functional equation, of the orthogonally cubic functional equation and of the orthog- 
onally quartic functional equation in non- Archimedean Banach spaces. 
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Abstract 

In this paper, we extend the Sumudu transform to a context of distributions and 
obtain many of its properties in the sense of distributions of compact support. In 
more general case, we establish a generalization of the cited transform to a space of 
integrable Boehmians . 

Keywords: Distribution Space; Sumudu Transform; Convolution Theorem; Com- 
pact Support; Boehmian Spaces. 

1 INTRODUCTION 

To solve differential equations, various integral transforms were extensively used, in 
theory and applications, such as Laplace, Fourier, Hankel and convolution trans- 
forms, to name but a few. Such transforms have been studied in [1, 2, 3, 4, 5, 6] , [9] 
and [10] . 

In the sequence of these transformations, in early 90's, Watugala [11] introduced 
a new integral transform, namely, the Sumudu transform and further applied it to 
the solution of ordinary differential equations. For further details see [11] . Its main 
advantages is that it solves problems without resorting to a new frequency domain, 
since it preserves scales and units properties. 

Having scale and unit-preserving properties, the Sumudu transform may solve 
intricate problems in engineering mathematics and applied sciences without resorting 
to a new frequency domain. 

However, despite the potential presented by this new operator, only few theoret- 
ical investigations have appeared in the literature, over a fifteen-years period. Most 
of the available transform theory books, do not refer the Sumudu transform, even in 
the recent well-know comprehensive handbooks. Perhaps, it is because no transform 
urder this name was declared until the early 90's of the previous century. 

Weerakoon in [12] has discussed the Sumudu transform of partial differential 
equations applying the complex invesion formula to the solution of partial differential 
equations. In [7] , Belgacem et al., show that the Sumudu transform has deeper 
connections with the Laplace transform. However, the approach here is somewhat 
different and interesting. This paper aims at extending the Sumudu transform to 
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a certain space of distributions of compact support and possibley derive certain 
theorems. This, as we believe, will open a new avenue of the investigations of the 
transform of generalized functions, such as, distributions, ultradistributions, and 
possible Boehmian spaces in a way similar to that of the rest of integral transforms. 



2 THE SUMUDU TRANSFORMATION 

For a function f (t) , the Sumudu transform is defined by [11] 

M(u)<*M(f(t);u)<* [ -exp(--)f(t)dt, (2.1) 

J R + u V U J 

provided the integral exists. The sufficient conditions for the above integral to exist 
are that f (t) ,t > 0, is piecewise continuous and of an exponential order. On the 
other hand, over a set of functions 

A={f(t)/3M,r 1 ,T 2 >0,\f(t)\<Me^, if t G (-1)'' x [0, oo), j = 1, 2, ...} , 

the Sumudu transform is defined by 

M(it)=/ f{ut)e- t dt,ue(-Ti,T 2 ). (2.2) 

The Sumudu transform, in (2.2) , is, sometimes, reduced to (2.1) after a suitable 
change of variables. In various papers, it has been shown to be a theoretical dual 
of the Laplace transform. That is, the Laplace and Sumudu transforms exhibit a 
duality relation expressed as 

=8N(s),n(±) =uM(u), (2.3) 

where M , N are the Sumudu and Laplace transforms of /, respectively. The duality 
in (2.3) is known as Laplace-Sumudu duality, which is illustrated by the fact that the 
Sumudu and Laplace transforms interchange the images of the Dirac and Heaviside 
functions as 

M[H (t);u]=N[S{t);u] = l, 

and 

M[S(t);u] = N[H (t);u] = -. 

u 

Similarly, the duality is also illustrated since both of the transforms interchange the 

images of sin t and cos t in the formulae 

1 u 
M [cost; it] = N [sini;u] = ^ and M [sin i;u] = N [cosi;-u] = ^. 

1 | U 1 | U 

The following, are the general properties of the Sumudu transform (2.1) which 
can easily be drawn from the substitution method and properties of definite integrals. 

(i) If k\ and k 2 are non-negative real numbers and M\and M 2 <ire the corre- 
sponding Sumudu transforms of f\and f 2 , respectively, then 

M ((fci/i (t) + k 2 f 2 (t)) ■ u) = k 1 M 1 (u) + k 2 M 2 (u) . 
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(ii) M (/ (kt) -u) = M (ku) , k G R+. 

(m) linit^+o / (*) = lim u _>o M (w) = / (0) , where M (it) is i/te Sumudu transform 
of f. For more discussion, reader is referred to [7], [11] and [12] and, references cited 
therein. 



3 DISTRIBUTIONAL SUMUDU TRANSFORMATION 

Let K be a compact subset of R+. Denote by E (R+) the space of all complex- valued 
infinitely smooth functions on M + (with arbitrary support) such that 



sup 
teK 



< CO, 



(3.1) 



where A; is a non-negative integer and, V\ = 

A sequence (^) of functions (f>j G E (M+) is said to converge in the sense of 
E (R+) if and only if for every fixed k the sequence (V^cj)^ converges uniformly on 
every compact subset of R + . The space (R+) is complete under convergence in 
the sense of E (R+). The strong dual E (R+) of (R+) consists of distributions of 
compact support. Indeed, as the definition in (2.1) shows, the kernel of the Sumudu 
transform e~ t / u /u is smooth and satisfies 



sup 

teK 



-t/u 



U 



sup 
teK 



(-1) 



k e 



-t/u 



U 



k+1 



< oo 



(3.2) 



as K ranges over compact subsets of R + for every positive real u. 

Hence, if / € E (M+) (/ is a distribution of compact support) , (3.2) suggests 
we define the distributional Sumudu transform of the distribution / of compact 
support as 



(3.3) 



M(u)^(/(i),e-*/7«), 
for an arbitrary positive real u (u G R+) . 

Theorem 3.1 The distributional Sumudu transform is linear . 

Proof of this theorem is straightforward consequence of (3.3) . Thus, we avoid the 
details. 



Theorem 3.2 If f € E 



_) and g (t) 



fit 
0, 



,t>T 



t < T 



, then 



M 2 ( n ) = e" r/M Mi («) , 



where Mi and M2 are the distributional Sumudu transforms of / and g , 
respectively. 

Proof As it appears from the defined function, g G E (R+) • Therefore, in view of 
the translation property of distributions through r [14, p. 26] , we get 



44 



4 



S.K.Q. Al-Omari 



M 2 (u) = (f(t-T),e-« v /u] 

;/(t) >e -<^/«/«; 

Hence, the theorem. 

Theorem 3.3 Let f G E' (M+) and M (u) 6e i/te Sumudu transform of f , then 

D*M(u) = (f(t),V k u (e- t / u /u)), (3.4) 

d k 

where V k = ——r stands for the k-th derivative with respect to u. 
air 

Proof We attempt to prove the theorem by induction on k. For k = 0, the case is 
reduced to (3.3) . 

To proceed to the induction step, we assume the theorem apply for (A; — 1)- 
derivatives. i.e. 

V k u - 1 M(u) = (f(t),V k u - 1 (e-*/"/«))- 
Let u be fixed and Au / 0, then 

(1/Au) (V k u - 1 M (u + Au) - V^M («)) - (/ (t) , V k u (eT^/v) ) = 

(f(t),e An (t)>, 

where 

(t) = (1/An) (p^ 1 ( e -(t/(«+A«))/ (u + An) ) _ pfc-i ( e -*/«/ u ^_2)fc (e^/n) . 

(3-5) 

To complete the proof of the theorem we are merely required to establish that 
#Au (t) —>■ as A« — »■ 0, in the sense of topology of E (M+) . 
Let j be a non-negative integer. In light of (3.5) , we have 

flW (f) = (1/Au) / / (e-*/Ve) (3-6) 

■/ u-t J u-t v y 

Let 7 = : u — t — \Au\ < £ < u — t + | Au|} . Consequently, from (3.6) , to- 
gather with simple calculation, we have 



uniformly as Au — »■ 0, 



\Au\ 

on compact subsets of R + . This completes the proof of the theorem. 
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Theorem 3.4 Let / eE and M (ii) 6e the distributional Sumudu transform 

of f , then 

M(t n V?f(t);u) = u n V n a M (u) 

Proof In consideration of the properties of Sumudu transformation and (3.3), we 
get 



i.e. 



= VI (f (tu) , e _t > 



^"MH = 2JS</M,e-*> 
= <^/( U *),e-*> 



i.e. 



P-M(u) = ^<(«t) B 2?/(fai), e -*> 
= ^M(t n V^f (t);u) 

This complete the proof of the theorem. 

Theorem 3.5 Let / € E and M (u) 6e its corresponding distributional 

Sumudu transform, then 

M [e at f (t) ; u] = (1/ (1 - au)) M (u/ (1 - au)) . 

Proof This theorem is, indeed, an obvious result of Equation 2.1 and the basic 
properties of differentiation. 

Theorem 3.6 Let f € E' (M+) and M (u) is i/te Sumudu transform of /, i/ten 

M (/ (at) ; u) = M (au) . 

Proof Applying the property of change under scale of Sumudu transforms, our 
theorem can be easily established. 

Following is a theorem, which deals with multiplication of a distribution / (t) by 
a positive power of t . 

Theorem 3.7 Let f G E (M+) and M (u) be the distributional Sumudu transform 
of /, then 

(i) M (tf (t) ; u) = u 2 V l u M (u) + uM (u) . 

(it) M (t 2 / (t) ; u) = u 4 P 2 M (u) + 4u 3 VlM (u) + 2u 2 M (u) 

Proof We prove Part (i) of the theorem since the second part is similar . 
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Let / € E' (R+) then employing (3.3) and Theorem 3.3 we have 

VlM(u) = (f(t),Vl(e-^/u)). 

With the aid of the rules of differentiation, simple calculations yield 

V l u M{u) = (l/ U 2 )(t/(t),e-'/7n)-(l/n)(/(t),e-'/7«) 
= (l/u 2 )M(tf(t);u)-(l/u)M(u). 

Equivalently 

M (tf (t) ; u) = u 2 V\M (it) + «M (it) . 

Fortunately, we may proceed as in {%) to derive Part (ii) of the theorem. Detailed 
proof is avoided. 

It will be interesting to know that Theorem 3.7 can be easily extended to mul- 
tiplication by t n ,n € N. The desired proof of the extended result can, then, be 
automatically constructed with the help of the principle of mathmatical induction 
on n. 

4 THE GENERALIZED CONVOLUTION OF THE SUMUDU 
TRANSFORMATION 

Let / and g be distributions of compact support in E (R+) , then the convolution 
of / and g is defined by 

((/ * g) (t) , <f> (t)> = (/ (t) , (g (r) , (t + r)» , (4.1) 

for every test function (f) e E . Indeed, the above definition is meaningful 
provided that 

^(t) = {g(r)A{t + r)) 

belongs to E (R+) . 

Theorem 4.1 Let g G E' (R + ) and 4> £ E (R + ) . // 

^(t) = ( 5 (r),0(t + r)), 
i/ten z/; is infinitely differentiable and 

it) = (g (r) , D t V (t + r)) , fc = 1, 2, .... 

Proof of the above desired result can be established by an argument similar to 
that obtained for Theorem 4.5.1 from [10, p. p. 130] and, thus, we avoid the same. 

Theorem 4.2 (The Convolution Theorem) If Mi (u) and M2 (u) are the dis- 
tributional Sumudu transforms of f and g, respectively, then 

M((f*g) (t)-u) = uM l (u)M 2 {u). 
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Proof Employing the translation property and Equation 4.1, we get 

M((f*g)(t);u) = ((f*g)(t),e- t ^/u) 

= (f(t),{g(r),e-^ u /u)) 

= u(/(t),e-*/V«)( 5 (r),e-/V«) 

= uMi(u)M 2 (!i). 

Thus, the theorem is completely proved. 

Theorem 4.3 Let f,g G E' (R + ) and M (g (r) ; u) , M (/ (i) ; -u) be their respective 
distributional Sumudu transforms, then 

(i) M ([P t m (/ * ff ) (t) ; u}) uM (V?f (t) ;u)M(g (r) ; u) , 
(n) M (P t m (/ * ff ) (t) ;«) = «M (/ (t) ; u) M (2?^ (t) ; u) . 

Proof We intend to prove Part (i) of the theorem since the proof of the second 
part is similar. With the aid of the fact 

V m (f*g)=f( m Ug = g*f( m \ 

we obtain 

M(Vr(f*g)(t);u) = /vr(f*g)(t),^^ 

= (v?f(t),(g(T),e-^y u /u)) 
= u(vrf(t),e- t / u )(g(r),e-^ u /u) 
= uM{V™f{t);u)M(g{T);u) 

Proof of Part (ii) is analogous. This completes the proof of the theorem 

5 CONSTRUCTION OF BOEHMIANS 

One of the most youngest generalizations of functions, and more particularly of 
distributions, is the theory of Boehmians. The idea of construction of Boehmians 
was initiated by the concept of regular operators introduced by Boehme [8] . Regular 
operators form a subalgebra of the field of Mikusinski operators and they include 
only such functions whose support is bounded from the left. In a concrete case, the 
space of Boehmians contains all regular operators, all distributions and some objects 
which are neither operators nor distributions. 

The construction of Boehmians is similar to the construction of the field of 
quotients and in some cases, it gives just the field of quotients. On the other hand, 
the construction is possible where there are zero divisors, such as space C(the space 
of continous functions) with the operations of pointwise additions and convolution. 
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Let G be a linear space and S be a subspace of G. We assume that to each pair 
of elements / € G and fi G S , is assigned the product / © <? such that the following 
conditions are satisfied: 

(1) If fi, ip G S, then fi®^ £ S and <p ® ip = ip ® <f). 

(2) If / G G and fi,tp £ S, then (f ® fi) ® fi) = f ® (fi ® -fi) . 

(3) If /, ^ G G, G S and A G M, then 

(/ + 5 , )©^ = /©</ > + fl , ©0 and A (f ® fi) = (A/) © 0. 

Let A be a family of sequences from S , such that 

Ai If /, 5 G G,(S n ) G A and f ® 5 n = g ® 5 n (n = 1, 2, ...) , then / = 5 . 
A 2 li(fi n ) , (<5 n ) G A,then (fi n ® fi; n ) G A. 

Elements of A will be called delta sequences. Consider the class A of pair of 
sequences defined by 

A = {((/»).(0:(/n)CG w ,WeA}, 

for each n G N. An element ((/„) , (fi n )) G A is called a quotient of sequences, 
denoted by f n /fi n i ^ /« ® fij = /j ® fii^hj £ N. Two quotients of sequences f Tiffin 
and g n /ip n are sa, id to be equivalent, f n /fi n ~ 9n/fi> n i if /i ® = ffj ® fii^hJ £ N. 

The relation ~ is an equivalent relation on A and hence, splits A into equiva- 
lence classes. The equivalence class containing f n /4>n ls denoted by [f n /fi n ] • These 
equivalence classes are called Boehmians and the space of all Boehmians is denoted 
by B.The sum of two Boehmians and multiplication by a scalar can be defined in a 
natural way 

[fn/fin] + \9nN> n \ = [((/n ® 'fin) + (dn ® fi n )) / (fin ® Y\J] 

and 

" [/n/^J = [a/n/^n] , <* € C. 

The operation © and the differentiation are defined by 

[fn/fin] © [gnl'fin] = [(fn © 9n) / (fin ® 'fin)} 

and 

^ [fn/fin] = fn/fin] • 

Many a time, G is equipped with a notion of convergence. The relationship between 
the notion of convergence and © are given by: 

(4) If f n —> f as n — > co in G and, fi G S is any fixed element, then 

f n ® fi — > / © fi in G (as n —>■ oo) . 

(5) If f n — ► / as n ^ oo in G and (<5 n ) G A, i/ien 

fn®$n->f in G(asn^oo). 
The operation © can be extended to B x S by : // [/ n /^n] £ B ar ^ fi ^ S, then 

[fn/5n]®fi=[(fn®fi)/5n]. 
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In B, two types of convergence, 5— convergence and A— convergence, are 
defined as follows: 

(5 — convergence) A sequence of Boehmians (f3 n ) in B is said to be 5— convergent 

to a Boehmian (3 in B, denoted by f3 n —> (3, if there exists a delta sequence (S n ) 
such that 

{P n ®5 n ),(f3®6 n ) g G,Vfc,neN, 

and 

(J3 n © 5k) —*■(/?© 5k) as n — ► oo, in G, for every k G N. 
The following is equivalent for the statement of 5— convergence: 

(3 n —> f3 (n — ► oo) in B if and only if there is f Hy k, fk £ G and 5k G A such 
that (3 n = [f n ,k/5k] ,P = [fk/5k] and for each k G N, 

fn,k fk as n oo in G. 

(A — convergence) A sequence of Boehmians (f3 n ) in B is said to be A— convergent 

to a Boehmian (3 in B, denoted by f3 n —>■ (3, if there exists a (5 n ) G A such that 
(f3 n - /3) © 5 n G G, Vn G N, and (/3 n - /3) © 5 n -»■ as n ->■ oo in G. 

6 INTEGRABLE BOEHMIANS FOR SUMUDU TRANS- 
FORMS 

Let L 1 be the space of all Lebesgue integrable functions on the positive real line. 
With the convolution product, and as in [9] , a sequence (S n )^_ 1 of continuous real 
functions over R + is called a delta sequence if and only if 

(i) f 5 n (x) = 1, n G N; 

J R + 

(ii) / \5 n \ < M, for all n G N and some positive M G M+; 

J R + 

(in) / \5 n (x) \ dx — ► as n — ► oo for every e > 0. 

J \x\>e 

The space of all integrable Boehmians is denoted by B L i, which is a convolution 
algebra with the following operations 

A [f n /5 n ] = [A/ n /<5„] , 

[/n/«*n] + [W£J = [(/n * £n + 5n * <*„) An * £„] > 

and 

[/n/*n] * [Sn/^] = [/n * W«*n * Sn] ■ 

(see [9] for further discussion). 

Lemma 6.1 // [f n /5 n \ G B L i, then the sequence 



M (/„ (*);«)=/ - exp f - /„ (i) di 



converges uniformly on each compact set K in 
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Proof If (5 n ) is a sequence, then 5 n (j) n = M (S n (t) ; u)j converges uniformly on 

each compact subset to the function — . Hence, for each K,S n > on K for 

u 

almost k G N and 

™< f m ^ Mf /^ fc M(/ n *«5 fc ) M(/ fc ** n ) 

M (fn{t);u) = Mf n (u) 



S k u5 k u5 k 

Mf k ~ 
= — — o n on K . 

<5fc 

i.e. Mf n — »■ as n — »■ oo on K (M5 n (u) — »■ — as n — »■ oo 

Based on this result, we define the Sumudu transform of an integrable Boehmian 

as 

*[/ n /0j=lim/ n , (6.1) 

where the limit ranges over compact subsets of R+. Thus, the Sumudu transform of 
an integrable Boehmian is a continuous function. 

As a next step, we claim the concept in (6.1) is well-defined. For, let f3i = [fn/<Pn\ 
and P 2 = \g n /ip n ] be in B L i such that P ± = f3 2 . Then, [f n /<P n ] = [SnMJ implies 
fn * i> m = 9m * "i, n G N. Therefore, 

M(/ n *^J = M(g m *<f> n ) 
= M( 5n *0 m ). 

From Theorem 4.2 and (6.1) we have limM/ n = limMg„ , over compact subsets 
of (0, oo) .i.e. 

* [/„/</>„] = * • 

Theorem 6.2 Let F, G G B L i, t/ien 

(i) * (AF) = A*F and * (F + G) = *F + *G 

(ii) *(F*G) = u*F*G, 

f— 1^ 

(m) * (F( n )) = ^^*F, 
(iu)J/ *F = then F = 0, 

(u) If A — lim F n = F then \I/F n — ► \I/F unifomly on each compact set. 

Proof Properties (z) — (w) can be directly established from the corresponding prop- 
erties of the Sumudu transform. 

Part (vii) can be proved in a manner similar to that of [9, Theorem 2, Part (/)]. 
The theorem is, thus, completely proved. 

Remark: The extended Sumudu transform ^ is a continuous mapping from B L i 
into the space of continuous functions in sense of 5 -convergence. 
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Proof Let (3 n —>■ j3 (n —>■ oo) in B L i, then there is fk G L 1 and St € A such 
that /? n = [f n ,k/fa],P= [fk/h] and for each k G N, 

/n,fe /fc as n oo in L 1 . 

Continuity condition of the Sumudu transform justifies that M — »■ M (/*.) 

as n -»■ oo and therefore lim n ^oo M (f njk ) -»■ lim n ^oo M (/ fc ) . Hence * [/ n ,fe/^fc] -»■ 
* [/fe/^fe] as n — >■ oo. This proves the above remark. 
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Abstract. Our main task in this article is to give an integral representation for 
the so called elementary definitizable functions defined on a hypergroup K. Firstly, we 
construct an argument kernel on the cross product K X K* (K* the set of all characters 
on K), then we study the conditions that guarantee the existence of some integrations 
having an integrand parts as a function of the constructed kernel. Finally, we give 
a Levy- Khinchin type formula for elementary definitizable functions defined on the 
hypergroup K. Moreover, as an application we give the integral form for elementary 
definitizable functions defined on the polynomial hypergroup . 



Keywords. Hypergroup; definitizable function; Positive definite function. 
1. Introduction. 

The notion of an abstract algebraic hypergroup has its origins in the studies of 
E. Marty and H. S. Wall in the 1930s, and harmonic analysis on hypergroups dates 
back to J. Delsarte's and B. M. Levitan's work during the 1930s and 1940s, but the 
substantial development had to wait till the 1970s when Dunkl [6], Jewett [10] and 
Spector [21] put hypergroups in the right setting for harmonic analysis. A hyper- 
group is a locally compact space on which the space of finite regular Borel measure 
has a convolution structure preserving the probability measures. Such a structure 

l 
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can arise in several ways in harmonic analysis. The class of hypergroups includes the 
class of locally compact topological semigroups. It is still unknown if an arbitrary 
hypergroup admits a left Haar measure, but commutative hypergroups with an invo- 
lution and compact hypergroups with an involution have a Haar measure(Spector[21] 
and Jewett[10]). Maserick and Youssfi [15] gave a Levy-Khinchin type formula for the 
so called elementary definitizable functions defined on a semigroup S. Okb El-Bab 
et al. gave Levy-Khinchin type formula for the so called strongly negative definite 
functions defined on the product of two hypergroups [17]. Here in we will give an 
integral representation for the elementary definitizable function defined on a hyper- 
group K. The paper is organized as follows. In §2 we introduce the definition of the 
elementary definitizable function on hypergroup K. In §3 we construct an argument 
kernel on the cartesian product K x K*, then we give some properties of this kernel. 
In §4 we discusses the possibility of finding Levy measures that guarantees the exis- 
tence of some integration, having an integrand parts as a function of our constructed 
kernels, with respect to these measures. After discussing integrability conditions of 
some functions with respect to Levy measures in §4 we present a general integral 
representation theorem (Theorem 13) in §5 for a class of definitizable functions on 
a hypergroup K. Finally §6 gives an application of our results for polynomial hyper- 
groups. Let M(K) denote the space of all bounded Radon measures on K, M 1 (iC) 
be the subset of all probability measures and 5 X be the point measure of x e K. 
C(K) denotes the space of continous functions on K. Throughout the sequel, K will 
denote a multiplicative commutative hypergroup with identity e and involution _ . 
In this case there exists an (up to normalization) unique Haar measure w 6 M(K) 
which is characterized by w(f) = w( x f) for all / € C C {K) and x € K. For each 
x,y 6 K we write 



Here /, g are measurable functions on K and fi € M(K), and the letter equality holds 
whenever one of f,g is a— fmite[10, Theorem5.1D]. 

2. Definitizable functions on K . 

A locally bounded measurable function % : K — > C is called a semicharacter if 
x(e) = 1 and x( x * V~) = xi x )x{y) f° r an x,y £ K. Every bounded semicharacter is 
called a character. If the character is not locally null then (see [3, Proposition 1.4.33]) 
it must be continuous. The dual K* of K is just the set of continuous characters 
with the compact-open topology in which case K* must be locally compact. In this 
paper we will be concerned with continuous characters on hypergroups. Throughout 




(1) 



and 




J k J K 
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the sequel xo will denote a character on K which never assumes the value zero. For 
each x G K, we define the shift operator E y by E y $(x) = <E>(x * y) for all x,y G K 
and $ G C K . The complex span A of all such operators is a commutative algebra 
with identity E\ = I and involution (52ctiE Xi )~ = J2^i^ x ~ • The hypergroup K is 

i 

embedded in A as a Hamel basis. The algebra constructed in this way is isomorphic to 
the Li-algebra constructed by Hewitt-Zuckermann [9]. A locally bounded measurable 
function $ : K — > C is said to be positive definite if 

n n 

^ y £c i cj${x i *xj)>0 (3) 

i=l j = l 

for all choice of x\, X2, x n G if, ci, C2, c n G C and n G N. Many properties of 
positive definite and some related functions can be found in [16-18] and [8]. 

Definition 1. Let k be a non-negative integer. It is not hard to see that the 
singleton {xo} is precisely the set of all characters x such that T\ = O for all T G A 
having the form 

T = {T 1 ...T k ){T 1 ...T k )~ where Ti, ...,T k G kerxo (4) 

where kerxo denote the space of all operators R G A such that R\q = 0. We will 
denote by po(k, Xo) the class of all hermitian functions $ : K — > C which satisfy 

(a) T$ is positive definite for all operators T having the form (4). 

(b) T$ is |xo|-bounded for all such T i.e., there exists a constant c such that T$(x) < 
c IXo(^)| f° r all x e K. 

We shall call the elements of the class po(k, Xo) the elementary definitizable func- 
tions. 

3. Construction of an argument kernel On K x K* . 

Parthasarthy et al. [21] proved the existence of a kernel 9(x,x) (called herein 
an argument kernel) for an arbitrary abelian group G . Forst [7] used this kernel to 
establish a Levy-Khinchin integral representation for conditionally positive definite 
functions. Sasvari [20] observed that truncations of the power series expansion of 
exp(9(x,x)) yielded kernels he used to extend Forst's result to a considerably larger 
class of functions on G. The left x-translate of / is written x f(y) = f(x*y) as seen 
above. In Bloom and Heyer[2], Definition 2.5 the concept of uniform continuity was 
introduced, in terms of these translates, and it was shown that continuous functions 
with compact support are indeed uniformly continuous. For the work that follows 
we need to extend this idea. 
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Definition 2. A locally bounded measurable function / is called left locally uni- 
formly continuous at xq G X if there exists a neighbourhood U of xq such that for 
every e > there exists a neighbourhood V of the identity e satisfying 

\f(y*x) -f(x)\ <s 

for all x G U, y G V. 

Theorem 2.6 of Bloom and Heyer[3] shows that a continuous function is left locally 
uniformly continuous at every point in X. Depending on the preliminary result of 
Jewett ([10], Theorem 6.2E)) Bloom and Heyer [3] Proved that every function that 
is left locally uniformly continuous at Xq is in fact continuous on a neighbourhood of 
Xq. This result will help us to prove part (b) of the following theorem as well as the 
following Lemma will do for part (d). 

Let H be a closed subhypergroup of K and let wh be a fixed Haar measure on H. 
The canonical homomorphism of K onto K/H is denoted tt. 

Lemma 3. For every compact subset C C K/H there exists a compact G C K 
such that tt(G) = C. 

Proof. Let U be a compact neighbourhood of e in K. Since tt is an open and contin- 
uous mapping, tt(U) is a compact neighbourhood of e in K/H. There exist finitely 
many points X\, ...,x n G K such that 

n 

CQ \J(7T( Xi )+7T(U)) 
i=l 

The set 

n 

G = (\J(x l + U))f] 7 r~\C) 

i=i 

is compact and tt(G) = C. 

Theorem 4. There is a kernel p Xo : K x K* — > R satisfying each of the following: 

(a) If (x,x) G K x K* then p Xo (x~,x) = -p Xo {x,x) 

(b) For each x G K, the function p Xo (x,.) of the second variable is measurable and 
bounded on K* and continuous on some neighborhood of of xo- 

(c) For each % G K* , the function p Xo (.,x) °f the first variable is a homomorphism 
from (K, .) to (R, +). 

(d) For each x G K, there is a neighborhood V x of xo such that x(^) / on 14 and 
x(x)/xo{x) = \x(x)/xo(x)\ exp ip Xo (x,x) for all x G V x . 
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Proof . Firstly, we will assume that xo is identically 1. As pointed out of of Jewett 
[10], for each subhypergroup H of K the cosets x * H(x G K) form a partition of K. 
Let H denote the subhypergroup of almost hermitian elements of K i.e., H = {x G 
K : x * u = x * u~ forall u G K with u = u~}. Then the quotient K/H is a 
commutative hypergroup and the inverse [x] _1 of the canonical image [x] of x G K 
in K/H is well defined by [x~]. Dividing this group by the subhypergroup of all 
elements with finite order, we obtain a maximal independent subhypergroup M of 
K/H. Let x G M denote the canonical image of x G K. We form a maximal Z-free 
system {Afc; k G A } such that every x G K admits a representation of the form 

x n = n fceA A^ (n,n fc GZ,n>0), (5) 

where the rational numbers rik/n are unique. Let arg(z) denote the measurable 
extension of that branch of the argument function whose range lies in the half open 
interval (— ir, w] such that arg(0):=0. Hence p as defined by 

p(x,x) ■= —arg{x{^k)) for fixed \ k G A fc (6) 
feeA 

is well defined and clearly satisfies (a) and (c) as well as the measurability and 
boundedness conditions of (b). As pointed out in [3] the argument presented by 
Parthasarathy et al [19] for the group case and Maserick [13] for the semigroup case 
extends to the hypergroup setting to establish the existence of an open neighborhood 
^' x ofxo such that 

arg{x,x) ■= —arg(x{\k)) forall X^K ( 7 ) 
fceA 71 

Then ^ x := W x Pi {x G K* : \x( x ) ~ e \ < 1} satisfies (d) as well as the continuity 
assertion in (b) when xo is identically 1. The general assertion follows upon setting 
p Xo {x, x) = p(x, since the map x — > xo{x) ls a homeomorphism of K* onto it self. 
This complete the proof. 

We call any kernel satisfying (a)-(d) above an argument kernel. 

4. Some integrability conditions . 

The function space C K can be algebraically identified with the dual A* of A 
via T -> (7»(e)(</> G C K ) and (T G A). This map topologically identifies C K 
equipped with the topology of simple convergence and A* equipped with the topology 
of weak* -convergence. For each fourth root of unity a G C and x G K, we define an 
element A XjCT G A by A XjCr := 1 - \[<jE x /xo(x) + aE x -/xo (x~)], where E x $(y) = 
$(x * y), x,y G K and $ G C K and for convenience set A x = A X)1 . Suppose 
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that G be a generator set for K in the sense that every element of K is a finite product 
of members of G U G* . Let m be a positive integer we will denote by L m (K_) the 
collection of all measures w satisfying 

P m 

I 1 I ^x j x{e)dw{x) < oo forall x u x m G K (8) 
Jk\ X0 fJi 

where K_ be the set of all characters % on K such that |x(x)| < |xo(^)| for all x G K. 
By mathematical induction and using Holder inequality we easily get the following 
generalization of Cauchy Schwartz inequality 

J 1> x ..4 m dn < ( J iP?dfi...J iPZdfi)^ (9) 

where \x G M(K_) and {ipi}™ be a non negative measurable functions with respect to 
\x. This inequality help us to prove the following Proposition: 

Proposition 5. If span(K)=A, then the following are equivalent: 

(a) w G L m (K); 

( b ) I K \ {X0 }( A -X(e)) m dw( x ) forall x G K; 

(c) f K \ XQ njli & Xj x{e)dw(x) < oo forall x\, ...,x m G G; 
^ IK\ {X0 }( A -X(e)) m dw( x ) forall xeG. 



Proof. (A) The equivalence of the pairs (a),(b) and (c),(d) follows from inequality 
(9). Clearly (a) implies (c), thus it sufficient to prove that (d) implies (b). Firstly, 
we assume that K is a Hamel base for A and prove that (d) implies the formally 
stronger condition 

/ (x(t)) m dw( X ) < oo forall t G ker{ Xo } (10) 

<^\{Xo} 

Since, every element of G lies in the linear span of the set {e, A-^i — A^^}, then every 
t G ker{xo} is of the form 

t= a(m,n)t(m,n), (11) 

(m,n) 

where 

t(m,n) = H(A X3 r>(e-A Xj , i ) n > (12) 

3 
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and a(m,n) G C,Xj G G and m = (mj),n = (n^) (j=l,...,p) are sequences of 
nonnegative integers which are not both null. For each % G K define x*l^ — ^ C by 
X*( x ) = x( x ~) f° r eacn x e K. But K assumed to be base for A so x* extends to a 
linear functional on A. Let to be the sub-sum of the terms in the summand in (11) 
such that \n\ = ^ ■ nj is odd and set t e = t — to then 

< X* (t) + X* (^) = -x(*o) + X(te) forall X ^K 

hence, x(^o) < x(*e)- Therefore for each t € &er{xo} there exists a constant C such 
that 

|x(*)|<C^(A^.)x(e), (13) 

Using Minkowski's inequality shows that x — > x(t) is a member of the Lebesgue space 
L m (fi) whenever t satisfies (d). 

(B)Generally, K can isomorphically embedded in L 1 (i^T) via the map x — > E x and 
the image of K is a Hamel base for L 1 (iC). Since K spans A, so A homomorphic 
image of L 1 (i^) under the map tt defined by tt(^ • ajE Xj ) = ^ . ctjXj, where Xj G if. 
The adjoint map 7r* is a homomorphism mapping If onto the set K_* of hermitian 
multiplicative linear functionals 7r(x) satisfying 

(tt*(x))(1 - ^*/(ir*(xo))(aO +^-/(7r*(xo))(x-)]) > /oraM x G G. 

From (A), the contraction measure 7r*o/i satisfies the four conditions of the Theorem. 

Assume that W x is a compact neighborhood of xo which satisfies (d) of the above 
Theorem as well as 

-log\ X (x)/xo(x)\ < 2(A xX )(e). (14) 

Since — log\z\ < — log\Re(z)\ < 2(1 — Re(z)) whenever \l — z\ < 0.5, there does indeed 
exist such a neighborhood of xo- 

Lemma 6. There exists a finite subset {xj : j = 1, ...,m} of K and a constant L 
such that the inequality 

(-log\ X (x)/xo(x)\r\ Pxo (x,x)\ q < ^+H(A,x)(e)F{^{(A^.x)(e)+|l-(A^,,x)(e)|}r 

3 

is valid for every \ G W x and every pair of non-negative integers p and q. 

Proof. Recall from Theorem4 that there exists a maximal independent subhyper- 
group M of K/H. Let x G M denote the canonical image of x G K, there in we found 
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a maximal Z-free system {\k\ such that every x e K admits a representation of the 
form 

X — Li- k=1 A k 

Fix x £ W x , Tj = | | and 0j = ar 9( *o(\ ) ) wnere — ^ < ar 9(-) < ^ an( A 
arg(0):=0. Using 

|r jS m(^)| 2 <2(l-r iC o S (^)) 

we easily get 

|^-r jS m(^)| < |^|(1 -rjcosiOj)) 

hence 

1^1 < |r jS m(^)|+4(l-r jCOS (^)) 
squaring both sides gives 

0? < 26(A A J( X (e)) 

Let Z = mox{^}j. Then 



Ipxo(^x)i = i E(^)i ^ ^EA^) 



from which the Cauchy- Schwartz inequality implies 

|p Xo (z, X )| 2 <26Z 2 m^A A . X ( e ) 



2„ 



The assertion now follows from the definition of setting L = max [2, 26Z 2 m] and 

It is clear that K is a compact subset of K* relative to the topology of pointwise 
convergence. 

Denote by Lk(K_) the set of all positive Radon measures w on K\{xo} such that 

f (T X )(e)dw( X ) < oo (15) 

>>K\{xo} 

for all operators T having the form (4). 

Theorem 7. If p, q is any pair of non-negative integers satisfying p + q > 2k — 1 
and /j, £ Lk(K_), then 

f {(-log\x(x)/xo(x)\) p \p xo (x,x)\ q }dw(x)<oc, forall x e K. (16) 

JW x \xo 
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Proof. If p and q satisfy the hypothesis , let L be as Lemma 6. Then 
Hog\x(x)/xo(x)\r\p Xo (x, X )\ q < L^{(A,x)(e)F{^{(A^. X )( e )+|l-(A^, jX )(e)|}} 9 , 

3 

for all x € if, the multinomial theorem gives a decomposition of the summation on 
the right hand side as a sum of products of terms of degree p + q. Therefore the left 
hand side of the inequality is dominated by a finite sum of integrable functions, so 
the integrability assertion of the Theorem follows. 

Let O = {(x,x) £ K x K* : xO) 0} > we define the kernel log Xo (x,x) = 
log\x(x) /xo(x)\ + Wxo{x,x)- Then for each % 6 K*, log(.,x) is a homomorphism from 
(K, *) to (IR, +). suppose that for each variables y, z and all integers k we denote by 
Expk(y,z) the minimal truncated exponential kernel of order k i.e., 

Ex Pk (y + z) = J2 \ E(»<>'"^ "" 

where the indices j and mj are nonnegative integers satisfying < rrij < j and 
rrij + |(j — rrij) < k. If we replace y by Zoglxi^Vxo^)! an d z by ip Xo (x,x) where 
(x, x) £ K * I£ then we denote Expk(y + 2) by Expk(x, x)- By virtue of the above 
Theorem and the result obtained in [15], we get the following Corollaries 



Corollary 8. Let V be a closed neighbourhood of xo and k be a positive integer 
greater than 0. If x £ K such that |x(a:)| / for all x £ V, then 

/ IxO) - Xo(x)Exp k (x,x)\dw(x) < 00 (17) 

•Mxo 

for every w £ Lk(K_). 



Corollary 9. If Exk(x, x) is any truncation of the power series expansion for exp(x, x) 
which includes all terms of Expk(x,x), then 

/ IxO) - Xo(x)Ex k (x,x)\dw(x) < 00 (18) 

•Mxo 

for every w £ Lk(K_). 



5. Integral Representation Theorems . 

Elementary definitizable functions allows in many cases a representation in terms 
of a local part and an integral term. Here we establish such a representation for 
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a commutative hypergroups. In C we introduce the translation operators A x for 
x G If by the formula 

(A x $)(y) = <S>(x*y), y G K, <f> £ C K 

Since A xy = A x A y for x,y G X, the complex linear span of these operators is an 
algebra B, the algebra of shift operators. For arbitrary function / G C K the subspace 

T(/) := G 1} 

is invariant under each operator iel. The rank of / € C x will define by 

rfc(/) = dimA(f). 

Since is independent of the involution, so is the rank of /. To say that rk(f) = 
n < oo means that there exist xi, ...,x n G K such that A Xl f, ...,A Xn f is a basis for 
A(f). In this case there exist functions oi, ...a n on such that 

n 

f(xt) = J2ai{x)A Xi f(t),x,t G K 

i=l 

Conversely, if / G C K is such that there exist complex- valued functions a,i,bi,i = 
1, n satisfying 

n 

f(xt) = ^ai(x)bi(t),x,t e K (19) 
i=i 

then it is clear that / is of finite rank. Furthermore, if n is the smallest number for 
which a representation of the form (19) exists, then rk(f) = n and a^,i = 1, ...,n as 
well as bi,i = 1, ...,n form a basis for A(f). From the representation (19) it follows 
that the set of functions / G C K of finite rank is an algebra of functions on K, stable 
under complex conjugation 

Definition 10 . A non-zero function / G C K of finite rank is called elementary 
if A(f) contains exactly one character function %. We then say that / is associated 
with x- 

Theorem 11 . Let / G C K be elementary of rank < n and associated with a 
character \- If -Ai, G B are n shift operators satisfying Ai\ = 0, i = l,...,n, 
then A 1 ...A n f = 0. 

Proof . We first note that A\ = A\{e)x for any A G B, so A\ = if and only if 
^x( e ) = 0- The proof will proceed by induction after n. For n = 1 then A(f) = C\ 
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and there is nothing to prove. Assume the result established for n — 1 and let A n € B 
satisfy A n x = 0. Then <3> = A n f is of rank< n — 1 because A(<3>) = A n (A(f)) is a 
proper subspace of A(f) since % £ and A n x = 0. If $ is non-zero, it is clearly 
elementary associated with x, so by induction hypothesis 

A 1 ...A n _ 1 $ = A 1 ...A n f. 



In the following we shall denote by -/V Xo the set of all compact neighbourhood of 
Xo and for V £ N Xo we let Ky denote the subhypergroup of all members x £E K 
such that x( x ) 7^ for all x £ V. Setting Ay := span{E x : x £ Ky} we obtain the 
following: 

Corollary 12. 

Tx £x fc (.,x) = on K v , (20) 
for all T e Ay of the form (4). If x = Xo then 

2fc-l 

TXo ^ T j fe o (x,x)) J =0 on 

for all T G A of the form (4). 

Our main result is the following theorem, whose reduction to discrete group gener- 
alizes the result of Sasvari [20, Satz 4.6] and whose reduction to arbitrary semigroups 
extends known generalization of the classical Levy- Khinchin formula(cf[l,14] and 
[15]). 

Theorem 13 . A hermitian function $ € C K belongs to the class po(k,Xo) if and 
only if $ admits the Levy- Khinchin type integral representation 

$(x)= {x{x) -xo{x)Ex k {x,x)}dw{x) + / x{x)dw{x) + a v {x) (21) 

JV\xo JK\V 

for all x £ K, V € V Xo , where w € Lk(K_) and ay : Ky — )• C is a correction function 
satisfying the functional equation 

Ta v = (Tay)(l)xo on K v , 
for all T G Ay of the form (4). 
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Proof . The if part is a direct consequence of formula (20). Assume that $ £ 
Po(k, xo) and let T be an operator having the form (4). Since T<3> is positive definite 
and | xo I bounded, by Bloom and Ressel[4] we can find a unique Haar measure wt 
on K such that 

T$(x) = / x{ x )<1wt{x) forall x £ K. 
Jk_ 

For such an operator T let Ot ■= {x £ K ■ Tx{e) / 0}. The family {Or} is an 
open covering of the locally compact space K_\{xo}- since I£ is compact, we have 
the uniqueness of the representing measure. Therefore, R(x)dwT = T(x)dwR, for all 
operator R,T having the form (4), so that the compatibility condition 

WtIorIIOt = WrIOrIIOt 

is satisfied. It follows that there exists a unique Haar measure w on K_\{xo} such 
that for all T as above we have 

T${x) = xo{x)w T {{xo}) + I T X (x)dw( X ) forall xeK 

Jk_ 

In particular for any such T, the function % — > T%(e) is if-integrable so that w £ 
Lk(K_)- On setting 

a v (x) = $(x) - / {x(x) - x(x) Ex k (x, x)}dw(x) - / x(x)dw(x) 

JV\xo JK\V 

for all x £ Ky, V £ A^ Xo , and applying formula (20), we see that the correction 
function ay satisfies 

(Ta v )(x) = (T$)(x) - [ (T X )(x)dw( X ) = Xo(x)w T ({ Xo }) 

Jk 

for all x £ Ay of the form (4), from which the desired properties of ay follow. This 
completes the proof. 

6. Polynomial Hypergroups . 

In [11,13] Lasser demonstrated a close relationship between certain hypergroups 
on No and certain orthogonal polynomial sequences and discussed the basic prop- 
erties concerning these hypergroups, he called them polynomial hypergroups. Let 
{_R n } n(E No be a polynomial sequence defined by a recurrence relation of the type 

Ri(x)R n (x) = a n R n+1 (x) + (3 n R n (x) + ^ n R n -i(x) 
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for n £ N with starting polynomials Rq(x) = 1 and Ri(x) = l/ao(x — /3o) and a n > 0, 
P n > for all n e No and 7 n > for all n € N. Let the polynomials be normalized 
at x = 1, i.e., i2 n (l) = 1 for all n £ No. By the orthogonality of the polynomial 
sequence it follows immediately that there exist coefficients g(n,m;s) € K. with 



i2 n (x) J R m (x) = ^ g(n,m;s)R s (x) 

s = \n—m\ 

Suppose g(n,m;s) > for all n,m, s € No- A polynomial sequence with these 
properties generates a hypergroup structure on No- We can obtain a Banach algebra 
structure by considering the weighted space / 1 (No,w) where 

fn\ i ft\ 1 ^ «l«2-an-l 
w(0) = 1, = — , w(n) = 



7i 7i 72 —7 



n 



with translation operators given by 

|n+m| 

T n (3(m) = ^2 9{n,m]s)(5{s) 



s = \n—m\ 



The pair (No;w) is called the polynomial hypergroup generated by (_R n ) n(E N and we 
say that (_R n ) n(E N induces a polynomial hypergroup. Since the linearization coefficient 
g(n,m;s)are nonnegative then we can define a convolution structure on No via 



5m*5 n = ^2 g(n,m;s)5 s 

s=\n—m\ 

with this convolution, So as unit and the identity involution No becomes a discrete hy- 
pergroups. Polynomial hypergroups are special cases of discrete hypergroups, cf.[12]. 
Lasser [11], Proposition 4 showed that the continuous semicharacters of No are given 
by a x : n — > R n (x) where and 

Nq = {a x :i£K and a x is bounded}. 

Under the homomorphism between M. and the continuous semicharacters on No given 
by x — y a x , the plancherel measure it on Nq can be identified with the orthogonality 
measure of (R n ), and supp7r C [—1,1]. The dual space of polynomial hypergroups 
can be identified with a compact subset of KL Explicitly, the space Nq of all hermitian 
characters of the hypergroup No is homeomorphic to 

D s = {x € R : \R n (x)\ < 1 forall n € N } 
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and the space of all characters 

D = {z € C : \Rn(z)\ < 1 /oraZZ n € N } 

An example for a polynomial hypergroup is provided by the Jacobi polynomials. 
Normalizing p^ ,f3 \x) := ^" a /3) ^| = Pn* ,l3 \x), the Jacobi polynomials induce 

a polynomial hypergroup if /5 < a and a + j3 + 1 > 0. 

For m € No, we define a translation operator T TO : /(No) — >• /(No) by 

\n-\-m\ 
s=\n— m\ 

The following characterization of these functions can be found e.g. in [3]. 

Lemma 14. Let (_R n ) n(E N induce a polynomial hypergroup. A function % is a 
character of (No; if) if and only if there exists azeC such that 

X(n) = Rn(z), for all n G N 

In particular, the set of all bounded characters is homeomorphic to D. 

Let xo = 1 be the constant character on No- Then the corresponding is the 
interval [-1,1]. The log- kernel in this example is given by 

Log Xo (n,x) = nlog\x\, for n € No and x £ 1\{0} 

Suppose $ belongs to the class of elementary definitizable function on the polynomial 
hypergroup (No, w). Let < e < 1 and V = [—1, — e] U [e, 1]. Then we have Ky = K 
applying Theorem 13 to the polynomial hypergroup, the neighbourhood V and 
guarantees that $ admits an integral representation of the form 

$(n) = f {R n (x)-1- V ( nl ° 9 \ X ^ J }dw{x) + [ R n {x)dw{x) + w e {n) 

J[-l-e]U[e,l] J^i J 1 J\x\<e 

where w G L^([— 1, 1]) and w € := Wy is a correction sequence satisfying 
((x - l) 2k * w e )(n) = ((x - l) 2k * w e )(0) > 0, n € N . 
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*-REGULARITY OF OPERATOR SPACE PROJECTIVE 
TENSOR PRODUCT OF C*- ALGEBRAS 

AJAY KUMAR AND VANDANA RAJPAL 

Abstract. The Banach "-algebra A®B, the operator space projective 
tensor product of C*-algebras A and B, is shown to be '-regular if 
Tomiyama's property (F) holds for A® m - lYl B and A® m ^B = j4<g) max B, 
where ® m i n and <8) max are the injective and the projective C*-cross norm, 
respectively. However, A®B has a unique C*-norm if and only if A <g> B 
has. We also discuss the property (F) of A®B. 



1. Introduction 

The concepts of *-regularity and the uniqueness of C*-norm have been ex- 
tensively studied in Harmonic analysis for L 1 -group algebras by J. Biodol [6], 
D. Poguntke [20], Barnes [3], and others. Barnes in [4] studied these con- 
cepts in the context of BG*- algebras. These results on tensor products were 
further improved by Hauenschild, Kaniuth and Voigt [7]. 

Recall that for C*-algebras A and B, and u an element in the algebraic 
tensor product A® B, the operator space projective tensor norm is defined 
to be 

||w||a = inf{||a||||x||||y||||/3|| : u = a(x <g> y)/3}, 
where a £ M ljPq , (3 G M pqj i, x £ M P (A) and y £ M q (B), p,q G N, and 
x ® y = (xij ® ykl)(i,k),(j,l) e M pq (A (g) B). The completion of A ® B with 
respect to this norm is called the operator space projective tensor product of 
A and B, and is denoted by A®B. It is well known that A®B is a Banach *- 
algebra under the natural involution [8], [14], and is a C* -algebra if and only 
if A or B is C. One of the main results about *-regularity obtained in [7] , [19] 
was that the Banach space projective tensor product of C*-algebras A and 
B is *-regular if their algebraic tensor product has a unique C*-norm and 
A® m i n B has Tomiyama's property (F). In Section 2, we prove this result for 
the operator space projective tensor product. We also show that A®B has 
a unique C*-norm if and only if A (g) B has. Using these results, we obtain 
several Banach *-algebras which are not *-regular, e.g. C*(F2)®C*(F2), 
B(H)®B(H), and B(H)/K(H)®B(H)/K(H), where C* r (F 2 ) is the C*- 
algebra associated to the left regular representation of the free group F 2 
on two generators and H an infinite-dimensional separable Hilbert space, 

2010 Mathematics Subject Classification. Primary 46L06, Secondary 46L07,47L25. 
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whereas the Banach *-algebras C* (G\)®C* (G2), G± and G2 are locally 
compact Hausdorff topological groups and G\ is amenable, K(H)®K(H), 
B(H)®K(H), and B{H)®K(H) + K(H)®B(H) are *-regular. Section 3 
deals with the *-regularity of A® A with the reverse involution. Finally, we 
introduce the notion of property (F) for A<g>B, and prove that if the Banach 
*-algebra A®B has spectral synthesis in the sense of [12] then it satisfies 
property (F). 

2. *-Regularity And Unique C*-norm 

Throughout this paper, all ^representations of *-algebras are assumed to 
be normed and for any *-algebra A, Id{A) denotes the space of all two-sided 
closed ideals of A. Recall that a * -algebra A is called a G* -algebra if, for 
every a £ A, 7a(g0 defined by 

7,4(0) := sup{||-7r(a)|| : n a ^representation of A}, 

is finite. This 7,4 is the largest C*-seminorm on A; and the reducing ideal 
Ar of A (or *-radical) is defined as Ar = {a 6 A : 7a(o) = 0}. Denote 
by C*(A), the completion of A/Ar in the C*-norm induced by ja- C*(A) 
together with the natural mapping <p : A — > C* (A) (a — > a + Ar) is called 
the enveloping C*-algebra of A. If Ar = {0}, i.e. if the points of A are 
separated by its ^representations, then we say that A is *-reduced(or *- 
semisimple). Clearly, every Banach *-algebra is a G*-algebra. Also Ar, in 
this case, is a norm closed *-ideal of A and the quotient Banach *-algebra 
A/Ar is automatically *-reduced. 

For a *-algebra A, let Prim* (A) denote the set of all primitive ideals of 
A, i.e. the set of kernels of topologically irreducible ^representations of A. 
For a non-empty subset E of Prim* (A), kernel of E is defined to be 

k(E) = f]{P:PG E}, 
and for any subset J of A, hull of J relative to Prim* (A) is defined to be 

h*(J) = {Pe Prim* (A) : P D J}. 
We endow Prim* (A) with the hull-kernel topology (hk-topology), that is, for 
each subset E of Prim* (A), its closure is E = h*k(E). If A is a C*-algebra 
then we usually write Prim(A) instead of Prim* (A). 

In a similar manner, one can define the hk-topology on Prime(A), the 
space of all prime ideals of A. Also recall that a ^representation it of a 
*-algebra A is called factorial if tt(A) (i.e., von Neumann algebra generated 
by tt(A)) is a factor. The set of kernels of factorial ^representations of A 
is called the factorial ideal space of A and is denoted by Fac(A) . It is well 
known that the kernel of a factorial ^representation of a *-algebra A is a 
(closed) prime ideal, so that one can introduce the hull-kernel topology on 
Fac(A). 

Definition 2.1. ( [19]) A G* -algebra A is said to be * -regular if the contin- 
uous surjection Cp : Prim(C* (A)) — >• Prim*(A) (P — > tp^ 1 (P)) is a homeo- 
morphism, where if : A — > C*{A) is the C* -enveloping map of A. 
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Equivalently, from ( [17], Proposition 1.3), a Banach *-algebra A is *- 
regular if and only if for any two non-degenerate ^representations ir and 
p of A, the inclusion ker7r C ker p will imply that ||p(a)|| < ||vr(a)|| for all 

oei. 

Now, we proceed to show that the *-regularity of A®B. For this, we first 
look at the structure of Fac(A<§)B). The proof of the following result is on 
lines of ( [2], Proposition 4.2) but for sake of completeness, we outline the 
proof. 

Proposition 2.2. A proper closed ideal A of A<g>B is factorial if and only 
if A = A® J + I®B for some I £ Fac(A) and J £ Fac(B). 

Proof. Assume that K = A®J+I®B for some I £ Fac(A) and J € Fac(B). 
Since / and J are factorial ideals there exist factorial ^representations 
7Ti : A — > B(Hi) and tt 2 : B — > B(H 2 ) such that / = ker(7Ti) and J = 
ker (^2). Let 7T — 7T\ (B)min ^"2 where 7T\ ^min 

7T2 is a * -representation of 
^4 <8> m in B on Hi <g) H 2 [21] and i : A<g>B — > A <8>min S is an injective algebra 
*-homomorphism [9]. Clearly, it is a * -representation of .A0.B and we have 

■k(A®B)" = tt(A ® B)" = 7Ti <g> min tt 2 (A ® B)" = (7ri(A) (8) ir 2 (B))" 
and so by Tomita's Commutant Theorem we get 7r(^4£g>-B) = 7Ti(A) ®tt 2 (B) , 
where (g> denotes the tensor product of von Neumann algebras. Since tti (A) 
and tt 2 (B) are factors, so is tt{A®B) by ( [5], Proposition III. 1.5.10). 
Thus ker7r G Fac(A<§)B) . Also, by the definition of it, we have ker-zr D 
^4® J + I®B. Now, we claim that A' = ker-zr. Consider the quotient map 
q : A®B ->■ A/I&B/J with kerg = A( [10], Lemma 2). Since 7r is *- 
representation of A®B, ker7r is closed ideal of A®B and ker7r 5 kerg. Sup- 
pose that the inclusion is strict. Then g(ker7r) is a closed ideal of A/I&B/J 
by ( [10], Lemma 2). Clearly, g(ker7r) is a non-zero closed ideal, so it must 
contain a non-zero elementary tensor, say (a + /)<8> (b + J), by ( [11], Propo- 
sition 3.6). Hence a ® 6 G ker 7r, i.e. 7r(a <8> 6) = 0. Thus 7Ti(a) <8> 7r 2 (b) = 0, 
so that either 7Ti(a) = or 712(6) = 0, a contradiction. Thus A = ker7r. 

For the converse, let A = ker(7r) for some factorial ^representation ir of 
A®B on a Hilbert space If. By ( [21], Lemma 4.1), there exist representa- 
tions ir 1 : A — > B(H) and ir 2 : B — > B(H) such that ir(a®b) = ir± (0)^2(6) = 
7T2(6)7ri(a) for all a £ A and b £ B. Since 7r is a factorial ^representation 
of A®B and 7r(^i£5-B) = n{A ® B) , so 7r is factorial *-representation of 
A ® B also. Therefore, n\ and tt 2 are factorial *-representations of A and 
-B by ( [5], Theorem II. 9. 2.1.). Let I = ker7ri and J = ker^. Clearly, 
A® J + I®B C ker7r. Suppose that the inclusion is strict. Then, as done 
earlier, we obtain a £ A\I and b £ B\J such that a®b£ kerir and hence 
7Ti(a)ir 2 (b) = 0. Since 7Ti(a) £ ni(A) , Tr 2 (b) £ tti(A) and tti(A) is a factor, 
so by ( [21], Proposition 4.20) it follows that either iri(a) = or 7^(6) = 0, 
a contradiction. Hence ker ir = A® J + I®B. □ 

Now recall that A (8) m in B satisfies Tomiyama's property (F) if the family 
{4> ®min f ■ <f> €. P(A), ip £ P(B)} separates all closed ideals of A <8>min 
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B, where P{A) and P(B) denote the set of all pure states of A and B, 
respectively. For C*-algebras A and B, it is known that || X 1 1 max ^ ||>e||a for 
alia; G A®B. So, there is a contractive homomorphism i : A(S)B — y ^4®max B 
such that i(a (8) b) = a (g> 6, for all a G A, b G 5. Let g be the canonical 
quotient map from ^4 (8> ma x 5 onto A <8> m in -B. Then, by [9], goj is the 
canonical injection map from A®B to A(3 m \ n B. In particular, i is injective. 

Proposition 2.3. For C* -algebras A and B, if A ® min B = A (g) max 5 and 
^4 C3min -B /tas Tomiyama's property (F). Then the mapping K — > « — 1 (i^) 
is a homeomorphism from Prim(A ® mSuX B) onto Prim*(A®B), where i is 
the canonical map from A®B to A ® max B. 

Proof. We first claim that that the map K — > is a homeomorphism 

from Fac(A® ra \ n B) onto Fac(A®B). Consider the map : Id(A)xId(B) — > 
Id{A®B) defined by <f>(I,J) = A® J + I®B, I G Id(A), J G Id{B). 
Then Proposition 2.2 shows that the map maps Fac(A) x Fac(B) onto 
Fac(A®B). Also consider the maps <p\ : Id{A) x Id(B) ->■ i"d(^4 <g) min 5) 
({I, J) ->• ker(<j/ O min oj)) and 2 : Jd(yl ® min B) ->• Id(A®B) (K ->• 
ifn By ( [21], Proposition 4.13) and ( [5], Proposition III 1.5.10), 0i 

maps Fac(A) x Fac(B) into Fac^A <8> m in 5). Since ^4 £5> m i n B has property 
(F) so, by ( [7], Lemma 2.5), 0i is homeomorphism from Fac(A) x Fac(B) 
onto Fac(yl(S) m i n i?). Also, 02 maps Fac(^4 <8> m in-B) into Fac(A<g>B) as every 
factorial ^representation of A® m i n B restricts to a factorial ^representation 
of A®B. Since the factorial ideals are proper so it follows from ( [12], Propo- 
sition l.l(v)) that the map is homeomorphism from Fac(A) x Fac(B) onto 
Fac(A®B). Now, note that a following diagram commutes: 

Fac(A) x Fac(B) 
01 

Fac(A <£> min B) -> Fac(^S) 

02 

i.e. = 02 01 by ( [12], Lemma 2.8), and so 02 is homeomorphism 
from Fac(A <8> m in -B) onto Fac(^4(8>-B) . Since the primitive ideals are facto- 
rial, so j := 02|p r jm(A(g) m i n _B) is homeomorphism from Prim(A <S> m i n -B) into 
Prim(A®B). In fact, j is onto. To see this, let P = kerw G Prim(A®B), 
where 7r is an irreducible * -representation of A®B on a Hilbert space i?. 
Thus there exist representations tt± : A — > B(H) and 7r 2 : B — > B(H) such 
that 7r(a(g)6) = 7Ti (a)7r 2 (&) = 7r2(6)7ri(a) for all a G ^4 and 6 G i?. Therefore, 
it follows from ( [21], Proposition 4.7) that there exists a unique represen- 
tation p : A (X> max B — > B{H) such that p(a (gib) = tt\ (0)712(0) = 7r 2 (6)7ri(a) 
for all a G A and 6 G B, which further gives us ir(agb) = poi(a<gb), where 
i : A®B — > A ® max B is an injective map. One can easily show that it and 
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poi agree on A®B, and so by continuity tt = poi. Since i{A®B) is || • Umax- 
dense in A £S> m ax B and so p is irreducible. Also P = ker poi = j(ker p), and 
hence the result follows. □ 

A G*-algebra A has a unique C*-norm if the Gelfand-Naimark norm 
"1A/A R is the only C*-norm that can be defined on A/Ar. Note that the 
G*-algebra A ® B is *-regular if and only if it has a unique C*-norm and 
^4®mm B has Tomiyama's property (F)( [19], Theorem 10.5.36). 

Next, we discuss the *-regularity of A&B. 

Theorem 2.4. Let A and B be C* -algebras, and suppose that A ® mm B 
has Tomiyama's property (F) and A (8> m in B = A (X> max B. Then A®B is 
* -regular. In particular, if A or B is nuclear then A(&B is * -regular. 

Proof: As i(A®B) is || • || max - dense in A (g> max B, so by ( [19], The- 
orem 10.1.11(c)) we get a unique *-homomorphism C*(i) : C*{A®B) — > 
C*(A (g> max B) = A® max B that makes the following diagram commutative: 



A§>B 




C*(A®B)—>A ® max £ 
C*(i) 

with C*(i) surjective. Also, by ( [16], Theorem 4.8), C*(i) is an isometric 
isomorphism from C*(A®B) onto A <£> max B. 

Since the canonical map i : A®B — > A (X> max B is a *-homomorphism, so 
( [19], Theorem 10.5.6) gives us a continuous map i : Prim(A (g> max B) — > 
Prim* (A^B) defined by i(P) = i~ l {P) for all P £ Prim(A (g> max B), and 
a commutative diagram: 

Prim(A <g) max B) 



C*(i) 



Prim{C*{A®B)) -» Prim*(A%B) 

i.e., i = (p A ® B oC*(i). 

In order to show that A®B is *-regular, suppose that H is a closed subset 
of Prim(C* (A®B)) . Since C*(i) is a continuous map, so (C*(i)) _1 (i/) 
is closed in Prim{A (8> max -B). By the given hypothesis and Proposition 
2.3, i is a homeomorphism from Prim(A <S> max .B) onto Prim* (A®B) . So 
i(((7*(i)) _1 (#)) is a closed subset of Prim*(A(&B). We now claim that 
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C*(i) is a bijective map. It can be seen easily, using the bijectivity of 
C*(i), that C*(i) is an injective map. To see the surjectivity, let P G 
Prim(C* (A<g>B)) then P = ker7r, it is an irreducible * -representation of 
C*(A(g>B). Let 7r := 7T o C* (i)' 1 , then clearly ker7r = C*(i)(ker fr)) and n is 
an irreducible ^representation of A® max B. So i = tp A ® B oC*(i) implies that 
<p A ® B (H) is a closed subset of Prim* (A®B); note that ifi A ® B is injective 
since i and C*(i) both are bijective. Hence the result follows. □ 

Example 2.5. For an amenable locally compact Hausdorff topological group 
G\ and infinite dimensional separable Hilbert space H, C*(G±) and K(H) 
are nuclear, so C*(Gi)®C*(G 2 ), B(H)®K{H), K(H)®B(H), and K{H)®K{H), 
are * -regular Banach algebras, where G2 is a locally compact Hausdorff 
topological group. Therefore, by ( [19], Lemma 10.5.22), B(H)(&K(H) + 
K(H)®B(H) is also * -regular. Thus, every proper closed ideal of B(H)®B(H) 
is * -regular. 

We now give a partial converse of the above theorem. For this, we first 
note a result from ( [4], Proposition 2.4) namely: a reduced -BG*-algebra 
A has a unique C*-norm if and only if for every non-zero closed ideal I of 
C*(A), I n A is non-zero. 

It is known, from [1], that if 7 is a non-zero closed ideal in A <S> m i n B then 
/ contains a non-zero elementary tensor. However, this may not be true for 
A <2Vax B if || • Umin / || • || max on A <g) B. This fact is essentially used in the 
following theorem. 

Theorem 2.6. For C* -algebras A andB, A&B has a unique C* -norm if and 
only if A<£> B has. In particular, if the Banach * -algebra A®B is * -regular 
then A® B has a unique C* -norm. 

Proof: Suppose that A®B has a unique C*-norm. In order to show the 
uniqueness of C*-norm on A®B, it is enough to show that || • || m i n = || • || max 
on A (g) B. Suppose, on the contrary, || • || m i n / || • || max on A (g> B. Then 
kerg is a non-zero closed ideal of A <S> max B, where q is the canonical *- 
homomorphism from A® max B onto A<^ m [ n B. As in Theorem 2.4, we obtain 
a unique isometric *-isomorphism C*(i) from C*(A®B) onto A <8> max B. 
Now consider the map <f> : Id{A <g> max B) Id(C*{A®B)) given by (f)(1) = 
(7*(i) _1 (/) for all I G Id(A <g> max B). Clearly, this map 4> is injective so 
C* (i)' 1 (ker q) is a non-zero closed ideal of C*(A%B). Since A®B is *- 
reduced, so C*(i) _1 (ker q) n A®B is a non-zero closed ideal of A®B. Thus, 
by ( [11], Proposition 3.6), it would contain a non-zero elementary tensor, say 
a® b, which further gives C* (i)(a®b) 6 kerg, i.e. a(&b = 0, a contradiction. 
Hence A®B has a unique C*-norm. Converse follows by the same argument 
as that in ( [19], Corollary 10.5.38). □ 
From [7], C*(F 2 ) C*(F 2 ) does not have unique C*-norm, so C*(F 2 )® 
C*(F 2 ) is not a *-regular Banach algebra, where C*(F 2 ) is the C*-algebra 
associated to the left regular representation of the free group F 2 on two 
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generators. Note that C*{F2) is non-nuclear simple C*-algebra [5]. Similarly, 
for any C*-algebra A without the weak expectation property of Lance and for 
a free group -Foo on an infinite set of generators, C^i^F^^^A is not *-regular 
by ( [18], Proposition 3.3). Also, by ( [13], Corollary 3.1), for an infinite 
dimensional separable Hilbert space H, B(H)® mm B(H) / B(H)® max B(H) 
so B(H)®B(H) is not *-regular. 

Corollary 2.7. For an infinite dimensional separable Hilbert space H , 
B(H) / K{H)®B{H) / K{H) is not a * -regular Banach algebra. 

Proof: From [10], we know that there exists an isometric isomorphism (ft 
from A := (B(H)®B(H))/(B(H)®K(H)+K(H)®B(H)) to B{H)/K(H)® 
B(H)/K(H), s&tjs£ymg<l>{x+(B{H)®K{H)+K(H)®B(H))) = q®q(x), for 
all x £ B(H)§)B(H), where q is the quotient map from B(H) to B(H)/K(H). 
Clearly, this map (ft is a bijective algebra *-homomorphism. It is known 
from [10] that the primitive ideals of B(H)®B{H) are {0}, B(H)®K(H), 
K(H)®B(H), and B(H)®K(H) + K(H)®B(H). So A has only one prim- 
itive ideal (B(H)®K(H) + K(H)®B{H))/(B(H)®K(H) + K(H)®B(H)). 
Thus A is *-reduced. Now suppose that B(H) / K{H)®B{H) / K(H) is *- 
regular. Then, clearly A is *-regular and so is B(H)®B(H) by ( [19], The- 
orem 10.5.15(d)), a contradiction. □ 

3. Reverse Involution 

Let A be a C* -algebra. On the Banach algebra A® A, with the usual 
multiplication, define the involution on an elementary tensor as (a <8> b)* = 
b* ® a* for all a, b £ A. This extends to A® A, by the definition of operator 
space projective tensor norm, and A® A becomes a Banach *-algebra with 
this isometric involution, denoted by A® r A. 

Theorem 3.1. For a C* -algebra A, A(g> r A is * -regular. 

Proof: Let ir and p be non-degenerate * -representations of A<g> r A, on 
the same Hilbert space H, with ker7r C kerp. Suppose first that A has 
an identity 1. Define ir\(a) := n(a (8> 1) and ^(a) := 7r(l (8> a), a G A; 
clearly tt\ and TT2 are bounded representations from A into B{H) satisfying 
7r(a <8> b) = iri(a)iT2(b) = -K2(b)iri(a) for all a, b G A, and ni(a*) = iT2(a)* 
for all a £ A. Since every * -representation of a Banach *-algebra into a 
C*-algebra is contractive and that § is a cross norm so, for a self-adjoint 
element h £ A, we get || exp(it7ri(/i))|| = 1 for all t £ K. Thus ni(h) is a 
self-adjoint element of B(H). Let a £ A, so a = h + ik, where h and k are 
self-adjoint elements of A. One can verify that ir\(a*) = 7Ti(a)*. This shows 
that 7Ti is a * -representation of A and ni(a)* = ^(a)* for all a £ A, and 
thus 7Ti(a) = 7T2(a) for all a £ A. But 7r(a (8) 6) = 7ri(a)7T2(&) = ^2(6)71"! (a), 
so 7r(a (8) b) = ni(ab) = n2(ba), for all a,b £ A; similarly, 7r2 is also a *- 
representation of A. In a similar manner, we can define * -representations p\ 
and P2 of ^4 satisfying p(a®b) = p\{a)p2{b) = p2(b)pi(a) for all a,b £ A. Ar- 
guing as above, we have p(a <g) b) = pi(ab) = P2(ba) for all a, b £ A. Clearly, 
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ker7ri C kerpi. It follows easily that 7Ti, pi, iT2, P2, all are non-degenerate 
* -representations of A. Therefore, by ( [17], Proposition 1.3), we have 

||p(a(g)6)|| = ||pi(a6)|| < ||7ri(a6)|| = ||7r(a <g> b)\\ for all a, b G A. 



Now for any x = a« <2> bi in A (g) A, clearly we have 




< 



7T 




Since (A*g>A, ||-||a) is dense in A® r A and ^representation 



from the Banach *-algebra A(g> r A to -B(-ff) is norm reducing, it follows easily 
that ||p(x)|| < ||vr(x)|| for all x G A<g) r A Hence if A is a unital C*-algebra, 
A® r A is *-regular by ( [17], Proposition 1.3). 

If A does not have identity, consider the unitization A e of A. Clearly, A is 
a closed ideal of A e . Therefore, A® r A is a closed ideal of A e ® r A e by ( [14], 
Theorem 5). In fact, it is a *-ideal of A e ® r A e . Thus A e ® r A e is * -regular, 
so is A% r A by ( [19], Theorem 10.5.15). □ 

4. PROPERTY (F) FOR THE OPERATOR SPACE PROJECTIVE TENSOR 
PRODUCT OF C*- ALGEBRAS 

Tomiyama [22] defined the concept of property {F) for the minimal tensor 
product of C*-algebras. Following [22], we define the property (F) for the 
operator space projective tensor product of C*-algebras and show that if 
A®B, for any C*-algebras A and B, has spectral synthesis in the sense 
of [12] then A®B satisfies property (F). We also show that weak spectral 
synthesis and spectral synthesis in the sense of [12] coincides on A®B. 

Definition 4.1. Let A and B be C* -algebras. We say that A®B satisfies 
property (F) if the family {<fi<g>(p : (j) £ P(A), ip G P(B)}, where P(A), P(B) 
denote the pure states of A and B respectively, separates all the closed ideals 
of A®B. 

From [9], it is known that, for any C*-algebras A and B, the canonical 
map i! : A®B — > A (8> m i n B is an injective *-homomorphism, so that we 
can regard A®B as a *-subalgebra of A <8> m in B. Let I be a closed ideal in 
A®B and I mm be the closure of i'(I) in A® m - m B. Now associate two closed 
ideals, Ii and with / defined as = closure of the span of all elementary 
tensors of / in A®B, I u = I m \ n n A®B, known as the lower and upper ideal 
associated with /, respectively. Clearly, l\ C I C I u . Following [12], we say 
that a closed ideal / of A®B is spectral if I\ = I = I u . 

Following lemma can be proved using ( [14], Theorem 6). 

Lemma 4.2. Let L and J be closed ideals in A®B such that L m \ n = J m in- 
Then J t C L C J u and /, C J C L u . 

We now relate the property (F) of the operator space projective tensor 
product of C*-algebras to the spectral synthesis of the closed sets of its 
primitive ideal space. For this, recall that for any Banach *-algebra A, a 
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closed subset E of Prim* {A) is called spectral if k(E) is the only closed ideal 
in A with hull equal to E, and we say that a Banach *-algebra A has spectral 
synthesis if every closed subset of Prim* (A) is spectral. From [12], for any 
C*-algebras A and B, the Banach *-algebra A®B has spectral synthesis if 
and only if every closed ideal of A®B is spectral. 

Theorem 4.3. Let A and B be C* -algebras, and suppose that A®B has 
spectral synthesis. Then A®B satisfies property (F) . 

PROOF: Let I and J be non-zero distinct closed ideals in A®B. Then, by 
( [9], Corollary 1), 

^min and t/min are non-zero closed ideals in A ®min 

B. 

Suppose that I m \ n = J m \ n . Using Lemma 4.2 and the fact that A(&B has 
spectral synthesis, we get / C J, J C J, and thus I = J, a contradiction. 
This shows that I m i n and J m i n are non-zero distinct closed ideals in A<g> m i n B. 
Now choose an irreducible * -representation it of A<gi m i n B such that 7r(/ m i n ) = 
and 7r(J m i n ) / 0. Set tt := tt o il then tt is an irreducible ^representation 
of A®B [10], and clearly tt(I) = 0, ff(J) / 0. Let us denote the restriction 
of 7r to A and B by 7Ti and tt2, respectively; and 7fi, tt2 be the restrictions 
of 7f to A and B. 

Define a map 9 W : ir(A <g> B) — > tti(A) <g) 7t 2 (B) as 9 w (ir(a £3 b)) = ivi(a) <X> 
TT 2 (b), a £ A, be B. Then 9 W can be extended to a homomorphism 9 W from 
7r(A (g) m i n B) onto 7Ti(-A) ®min ^(.B) and Q-n o 7r = 7ri (8) m in 7T2 (see [7] and [16] 
for details). Note that n(A®B) C 7t(t4 <8> m in £)■ Since 7r(J) / 0, so choose 
x £ J such that 7r(a;) / 0. Suppose that 9 n (n(u)) = for all u £ J. In 
particular, 6' vr (7r(x)) = 0, that is, m (8>min ^(^(x)) = 0. Since both 7ri(g>7r2 
and (7Ti <8>min 7T2) ° i' agree on i4 ® B, so by continuity tti^^^x) = 0, where 
7Ti§7T2 is the extension of ix\ (8> 7T2. Now we claim that tt\ = tti and #2 = 7i"2- 
If ^4 and B are unital then 7Ti(a) = n(a (g> 1) = vr(a (g) 1) = vri(a), for all 
a £ giving that 7fi = tti; similarly TT2 = 7T2- In the general case, if {e\} 
and {/^} are the bounded approximate identities for A and B, respectively, 
then for any a £ A, TT\(a) =s-lim7f(a <g) f^) =s-lim7r(a <8> /^) = vri(a) [21], 
where s-lim denotes the strong limit. Thus tti = 7Ti, similarly 7T2 = 7T2- 

Using ( [10], Theorem 7), ker-zr = A®I 2 + I\®B = ker qi Y ®qi 2 , where 
ii = ker7fi, I2 = ker #2. Also, by ( [7], Lemma 2.1), ker-zr C ker7Ti <8) m in ^2, 
giving that ker ttCi (A®B) C ker 7Ti £3 m in ^2 H (A®B), in other words, ker tt C 
ker 7fi<8)7f2; that is, ker qi^qi^ C ker 7Ti<g>7T2- Suppose that the inclusion is 
strict. Let K = ker 7ri<8>7T2j then qi 1 ®qj 2 (K) is a non-zero closed ideal of 
A/ I\®B / 12 by ( [10], Lemma 2). So it must contain a non-zero elementary 
tensor, say (a + ii) (8> (6 + i2)( [H], Proposition 3.6). Hence a®b £ K, i.e., 
7i"i<8'7r2(a(X'fe) = 0. So 7Ti (a) (8) ^2 (b) = 0, i.e. either 7Ti(a) = or 7^(6) = 0, a 
contradiction. Thus ker7ri<S>7T2 = ker qi 1 ®qi 2 = kerTr. Therefore, x £ kerrr, 
which is not true. So 9- k {tt{J)) 7^ 0. Also note that 9- k {tt{J)) = tti(§)tt 2 (J) 

and 9 n (n(J)), closure is taken with respect to min-norm, is a closed ideal in 
iri(A) <g) min ir 2 (B). Therefore, there exist <p £ P(m(A)) and ip £ P(ir 2 (B)) 

such that <f> (8)min p{0n(n(J))) / [21], so 4> ®min ^(^(tK-O)) / 0, which 
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further gives (</>o7Ti) (8>min (f°^2)(i'(J)) / 0. Let a\ = (po-Ki and 02 = <^ 07r 2, 
then (Ti ®min o"2(i'(J)) / 0, <7i G o"2 S P{B). It is easy to see that 

both the maps (<7i <£>min0"2) oi', <7i(§)<72 are continuous on A§)B and agree on 
A <g) -B, giving that cti<8)(T2(J) / 0. Obviously cri^c^i") = 0. Hence ^(gif? 
has property (F). □ 

Remark 4.4. (i) If A or B has finitely many closed ideals then A(&B 
has spectral synthesis [12]. Thus, it satisfies property (F). In particular, 
B(H)®B(H), K{H)®K{H) and C Q {X)®B(H) satisfy property (F). 
(ii) One can also prove that if A (gi/j B has spectral synthesis then it satisfies 
property (F), details can be worked out as in Theorem 4-3. 



References 

[I] Allen, S. D., Sinclair, A. M. and Smith, R. R. (1993), The ideal structure of the 
Haagerup tensor product of C*-algebras, J. Reine Angew. Math. 442, 111-148. 

[2] Archbold, R. J., Kaniuth, E., Schlichting, G. and Somerset, D. W. B. (1997), Ideal 
space of the Haagerup tensor product of C*-algebras, Internal. J. Math. 8, 1-29. 

[3] Barnes, Bruce A. (1981), Ideal and representation theory of the L 1 -algebra of a group 
with polynomial growth, Colloq. Math. 45, 301-315. 

[4] Barnes, Bruce A. (1983), The properties "-regularity and uniqueness of C*-norm in a 
general "-algebra, Trans. Amer. Math. Soc. 279, 841-859. 

[5] Blackadar, B. (2006), Operator algebras: Theory of C*-algebras and von Neumann 
algebras, Spring er-Verlag Berlin Heidelberg. 

[6] Boidol, J. (1979), '-regularity of exponential Lie groups, doctoral dissertation, Biele- 
feld. 

[7] Hauenschild, W., Kaniuth, E. and Voigt, A. (1990), "-regularity and uniqueness of 
C*-norm for tensor product of "-algebras, J. Fund. Anal. 89, 137-149. 

[8] Itoh, T. (2000), Completely positive decompositions from duals of C*-algebras to von 
Neumann algebras, Math. Japonica 51, 89-98. 

[9] Jain, R. and Kumar, A. (2008), Operator space tensor products of C*-algebras, Math. 
Zeit. 260, 805-811. 

[10] Jain, R. and Kumar, A. (2011), Ideals in operator space projective tensor products 
of C* -algebras, J. Aust. Math. Soc. 91, 275-288. 

[II] Jain, R. and Kumar, A., Operator space projective tensor product: Embedding into 
second dual and ideal structure, To appear in Proc. Edin. Math. Soc, Available on 
arXiv:1106.2644vl. 

[12] Jain, R. and Kumar, A., Spectral synthesis for operator space projective tensor prod- 
uct of C*-algebras, To appear in Bull. Malays. Math. Sci. Soc. 

[13] Junge, M. and Pisier, G. (1995), Bilinear forms on exact operator spaces, Geometric 
and Functional Analysts 5, 329-363. 

[14] Kumar, A. (2001), Operator space projective tensor product of C*-algebras, Math. 
Zeit. 237, 211-217. 

[15] Kumar, A. (2001), Involution and the Haagerup tensor product, Proc. Edinburgh 

Math. Soc. 44, 317-322. 
[16] Laursen, Kjeld B. (1969), Tensor products of Banach algebras with involution, Trans. 

Amer. Math. Soc. 136, 467-487. 
[17] Leung, Chi-wai and Ng, Chi-Keung (2005), Functional calculas and "-regularity of a 

class of Banach algebras, Trans. Amer. Math. Soc. 134, 755-763. 
[18] Manuilov, V. and Thomsen, K. (2006), On the asymptotic tensor norm, Arch. Math. 

86, 138-144. 



79 



"-REGULARITY OF OPERATOR SPACE PROJECTIVE TENSOR PRODUCT 11 



[19] Palmer, T. W. (2001), Banach algebras and the general theory of "-algebras II, Cam- 
bridge University Press. 

[20] Poguntke, D. (1980), Symmetry and nonsymmetry for a class of exponential Lie 
groups, J. Reine Angew. Math. 315, 127-138. 

[21] Takesaki, M. (2002), Theory of operator algebras I, Springer- Verlag, Berlin Heidelberg 
New York. 

[22] Tomiyama, J. (1967), Applications of fubini type theorem to the tensor products of 
C*-algebras, Tohoku Math. Journ. 19, 213-226. 

Department of Mathematics, University of Delhi, Delhi, India. 
E-mail address: akumar@maths . du . ac . in 

Department of Mathematics, University of Delhi, Delhi, India. 
E-mail address: vandanarajpal.math@gmail.com 



80 



J. APPLIED FUNCTIONAL ANALYSIS, VOL. 9, NO.'S 1-2, 81-86, 2014, COPYRIGHT 2014 EUDOXUS PRESS, LLC 



CHEBYSHEV CARDINAL FUNCTIONS FOR SOLUTIONS OF 
TRANSPORT EQUATION 

PARIA SATTARI SHAJARI AND KARIM IVAZ 

Abstract. In this paper we use Chebyshev cardinal functions to solve trans- 
port equation. The method consists of expanding the required approximate 
solution as the elements of Chebyshev cardinal functions. Using the opera- 
tional matrix of derivative, the problem is reduced to a set of algebraic equa- 
tions. Some numerical examples are included to demonstrate the validity and 
applicability of the technique. The method is easy to implement and produces 
very accurate results. 



1. Introduction 

In this paper we use Chebyshev cardinal functions to solve transport equation 
[1] for the linear hyperbolic scalar equation: 

(1.1) L{u) = u t + cu x — a(x, t) 

where c is a positive constant. Also we consider linear advection-diffusion equation 
of the form: 

(1.2) L{u)=u t +cu x -vu xx = a(x,t) 

where v > is the diffusion coefficient. Initial conditions and inflow boundary 
conditions are provided in the usual way, 



(1.3) u(a;,0) = /(aO 

(1.4) u(0,t)=g(t) 
and the Neumann condition 

du 

(1-5) Q x \ x =L=p{t). 

However, the numerical method we are going to present here for the simple linear 
case will be significant enough to enable many interesting conclusions to be drawn. 

The general theory on hyperbolic equations and conservation laws has already 
generated an enormous amount of literature (see for instance [3], [1]). The relevance 
of advection-dominated problems is also testified to by a number of recent papers 
dealing with a variety of approximating methods and numerical schemes [4] -[11]. 



Key words and phrases. Advection-diffusion equation, Chebyshev cardinal functions, trans- 
port equation. 
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C oi t ) - n \ 



2. CHEBYSHEV CARDINAL FUNCTIONS 

Let us consider an independent variable t defined in the [-1, 1] interval. The 
Chebyshev polynomial Tjv (t) of the first kind and of degree N (see for example [2] ) 
is defined by the formula 

^jv(i) — cos(Narccos(t)). 

It is evident that T/v(i) has N zeros in the [-1, 1] interval and they are located at 
the points 

t k = cos(Tr{k - \)/N), k = l,2,...,N 
The Chebyshev polynomials can be also generated from the recurrence relation 

T n (i) = 2tT n _i(t)-T n _2(t) 

with T (t) = 1 and Ti(i) = t. The Chebyshev polynomials of the second kind, 
denoted as U n (t), are obtained from the same recurrence relation but with different 
starting values: Ui(t) = and Uo(t) = 1. 

Chebyshev cardinal functions of order N in [—1,1] are defined as [2]: 

C 3 (t) = -ML, = 1,2, ... ,7V + 1 

■'^N+lV'jJV' tj) 

where T/v+i(i) is the first kind Chebyshev function of order N + 1 in [-1, 1], i.e., 
tj, j = 1, 2, . . . , N + 1 are the zeros of Tjv+i(i). By direct computation it is easily 
seen that 

rii=i, _ *») 

We change the variable x = (t + l)/2 to use these functions on [0, 1]. Now any 
function f(x) on [0, 1] can be approximated as 

JV+l 

(2.1) f(x) = f{*i)CA*) = F T 4>n(x) 

j'=i 

where Xj, j = 1, 2, . . . , N + 1 are the shifted points of tj,j = 1, 2, . . . , JV + 1 by 
transform .t = (f + l)/2, 

F=[f( Xl ),f(x 2 ),...J(x N+1 )} T 

and 

^jv(x) = [Ci(a;),C2(a;),... ) C , j V+ i(x)] T . 
Also a function u(x,t) of two independent variables defined for < x < 1 and 
< t < 1 may be expanded in terms of double Chebyshev cardinal functions as [2] 

N+l N+l 

(2.2) u(x,t) = u(xi,tj)Ci(t)Cj(x) = 4> T N {t)A(j> N {x) 

»=i j=i 

where 

A=(a i> j), a it j = u(xj,U) 
It is easy to check that the differential of vector <p N can be expressed as 

(j)' N = D<j) N 

where 

D = (dij) d iJ = a i {x i ) 
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3. Implementation of the method 
Using Eq. (2.1) wc approximate the functions f(x), g(t) and p(t) as: 



fix) 


= F T cj) N (x) 


9(t) 


= G T Mt) 


Pit) 


= P T (b N (t) 


a(x, t) 


= (t> T N {t)A4> N {x) 


u(x, t) 


= <j> T N {t)U(t) N {x) 



(3.1) 



Considering, 
we obtain 

(3.2) u t (x,t) = 4> T N (t)D T U4> N (x) 

(3.3) u x {x, t) = ct) T N {t)UD(t) N {x) 

(3.4) u xx (x,t) = <i>l{t)UD 2 <p N (x) 
substituting (3.1)-(3.4) into (1.2)-(1.5) we obtain following system 

4> T N {t) (D T U + cUD - vUD 2 - A) <j) N (x) = 

<fi r (0)U<f> N (x) = F a, <f> N (x) 

<fa(t)U<f> N {0) = G T ^ N (t) = <p T N (t)G 

<j> T N {t)UD<j> N {L) = P T 4> N (t) = (j) T N {t)P 

setting x = Xi, t = tj, and considering the characteristic equations <j>i(xj) = Sij for 
i, j = 1, . . . , N + 1 we get 

D T U + cUD - vUD 2 - A = 



(3-6) . . 



U4 N (0) = G T ^ N {t) = G 



UD<p N (L) = P T 4>Nit) = P 

The system (3.6) has (N + l) 2 + 3(A^ + 1) equations and (N + l) 2 unknowns. 
Now, how can we choose (N + l) 2 equations from (N + l) 2 + 3(A^ + 1) equations 
of system (3.6)? Only one of the choices is true selection. Hence, in the first 
equation of system (3.5) we set x = X2,---,Xn and t = t 2l ijv+ij m the second 
we set x = xi, x^ + i and finally in the third and forth equation of (3.5) we set 
t = x 2 , xn + i to obtain (N — 1)N + N + 1 + N + N Now, we can solve this system 
to obtain u. 

4. Numerical experiment 

In this section we give examples to show the efficiency of the method. 

Example 4.1. Consider the equation (1.2) with c = 1, v, a(x,t) = e x+t and 
boundary conditions (1.3)-(1.5) with f(x) = e x , g(t) — e* and p(t) = e* on [0,1]. 
The exact solution of this equation is u(x, t) — e x+t . Table 1 shows the exact solution 
and approximate solution and the absolute value of errors for N — 5 at node points. 
This table shows the efficiency of the method. 
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Table 1. Numerical and exact solutions for N = 5. 



(Xi , tj ) 


exact solution 


approximate solution 


error 


(0.0245, 0.0245) 


1.0501609978 


1.0501295658 


0.000031432 


(0.2061, 0.0245) 


1.2593290960 


1.2592610944 


0.000068001 


(0.5000, 0.0245) 


1.6895660855 


1.6894596188 


0.000106467 


(0.7939, 0.0245) 


2.2667891708 


2.2666778658 


0.000111305 


(0.9755, 0.0245) 


2.7182818284 


2.7181995759 


0.000082252 


(0.0245, 0.2061) 


1.2593290960 


1.25928346207 


0.000045634 


(0.2061, 0.2061) 


1.5101587046 


1.51003698304 


0.000121722 


(0.5000, 0.2061) 


2.02608908118 


2.02595187254 


0.000137209 


(0.7939, 0.2061) 


2.71828182846 


2.71829112477 


0.00000929631 


(0.9755, 0.2061) 


3.2597015170 


3.25994112416 


0.000239607 


(0.0245, 0.5000) 


1.6895660855 


1.68953019568 


0.0000358899 


(0.2061,0.5000) 


2.0260890811 


2.02614148852 


0.0000524073 


(0.5000, 0.5000) 


2.7182818284 


2.7186178102 


0.000335982 


(0.7939, 0.5000) 


3.6469551944 


3.64772746858 


0.000772274 


(0.9755, 0.5000) 


4.37334541818 


4.37449069415 


0.00114528 


(0.0245, 0.7939) 


2.26678917081 


2.26673975775 


0.00114528 


(0.2061, 0.7939) 


2.71828182846 


2.71835404076 


0.0000722123 


(0.5000, 0.7939) 


3.6469551944 


3.64743408074 


0.000478886 


(0.7939, 0.7939) 


4.89290037946 


4.89398484749 


0.00108447 


(0.9755, 0.7939) 


5.86745444227 


5.86904285408 


0.00158841 


(0.0245, 0.9755) 


2.71828182846 


2.71823024588 


0.0000515826 


(0.2061, 0.9755) 


3.25970151706 


3.25983798953 


0.000136472 


(0.5000, 0.9755) 


4.37334541818 


4.374010683 


0.000665265 


(0.7939, 0.9755) 


5.86745444227 


5.86887808231 


0.00142364 


(0.9755, 0.9755) 


7.03611742774 


7.0381561356 


0.00203871 



Table 2. The absolute value of errors for N = 5. 



0.0005 


0.0192 


0.0408 


0.0049 


0.0029 


0.0030 


0.0004 


0.0045 


0.0102 


0.0116 


0.0121 


0.0127 


0.0001 


0.0010 


0.0028 


0.0055 


0.0068 


0.0070 


0.0001 


0.0006 


0.0015 


0.0020 


0.0024 


0.0025 


0.0000 


0.0001 


0.0004 


0.0010 


0.0013 


0.0013 


0.0000 


0.0002 


0.0006 


0.0005 


0.0006 


0.0007 



Example 4.2. Consider the equation (1.2) with c = 1, v = 1, a(x,t) = x 3 — 
Axt + 3x 2 t + t 2 and boundary conditions (1.3)-(1.5) with f(x) = 0, g(t) = and 
p(t) = t 2 + 3t on [0, 1]. The exact solution of this equation is u(x,t) = xt 2 + x 3 t. 
Table 2 shows the the absolute value of errors for N = 5 at node points. This table 
shows the efficiency of the method. 
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numerical solution 



-0.5 
6 




Figure 1. Numerical solution of example 2. 



exact solution 




Figure 2. Exact solution of example 2. 
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1 Introduction 

Fractional differential equations have been of great interest recently. It is caused 
both by the intensive development of the theory of fractional calculus itself and 
by the applications of such constructions in various sciences such as physics, 
mechanics, chemistry, engineering, etc. For details, see [2,6,14,15,18,19] and 
references therein. Positive solutions for ordinary differential equations and 
fractional differential equations also have been considered by many authors, 
e.g. [4,7,20,21,22], where the major tool in finding positive solutions for both 
fractional and ordinary differential equations have been fixed point theorems. 

In [22] , using fixed point theorems on cones, Zhang investigated the existence 
and multiplicity of positive solutions of the following problem: 

c D«+u(t) = f(t, u(i)), < t < 1, 1< a < 2 



1 



87 



GUEZANE-LAKOUD ET AL: NONLINEAR FRACTIONAL DIFFERENTIAL EQUATION 



ti(0) + u'(0) = 0, u{l) + u'(l) = 0. 

By means of the Schauder fixed point theorem and fixed point index theory, 
Bai [4] discussed the existence of positive solutions for the fractional boundary 
value problem 

c D* + u{t) + f(t, u(t)) =0,0<t<l,l<a<2 

lt(0) = 0,/3u(r)) = u(l). 

In [20] the autors study the existence and multiplicity of positive solutions for 
the singular fractional boundary value problem 

c D* + u(t) = h(t)f(t,u(t)),0 < t < 1,3 < a < 4 

u(0) = u(l) = u'(0) = u'(l) = 0. 

The main objective of this paper is to investigate the existence and multiplicity 
of positive solutions of the boundary value problem (PI): 

c D q Q+ u(t) + f(t,u(t)) =0,0 <t< I, 

u(0) = u"(0) = 0,u(l) = 

where / : [0, 1] x R x K R is a given function, 2 < q < 3, < £ < 1. 

We obtain our main result by using the fixed point theorem on a cone pre- 
serving operator on an ordered Banach space that will be defined in Section 2. 
First we obtain an integral representation of the solution by the corresponding 
Green's function. 

2 Preliminaries 

For the convenience of the reader, we present here the necessary definitions 
from fractional calculus theory. These definitions can be found in the recent 
literature. 

Definition 1 [1] The Riemann -Liouville fractional integral of order a > of 
a function g € C([a, b] is defined by 

t 

J a+^W = -r~J , 9{S l da. 
a yv ' T(a)J (t-s) 1 -" 

a 

Definition 2 [1] The caputo fractional derivative of order a > of 

2 
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g £ AC n [a, b] is defined by 



s) 



a — n+1 



ds, 



where n = [a] + 1 ( [a] is the entire part of a) . 

Lemma 3 [1] Let a, (3 > and n — [a] + 1, then the following relations hold: 



-tP- a -\p>n, 



and 



T(J3 - a) 

c D«+t k =0,k = 0,1,2, ,n-l. 

Lemma 4 [1] Assume that u £ C n [a, b], then 

I* + D*+u{t) = u(t) + ci + c 2 t + c 3 t 2 + ... + c n t n ~\ 
where, Ci £ R, i = 0, 1, 2, ...,n, and n = [a] + 1. 
Lemma 5/1/ Let p, q > 0, f £ L 1 ([a, b] . Then 

I Q p + I« + f(t) = /£+«/(*) - / V p + /(t), 

and 

c lM + /(t) = /(t),Vte[a,&]. 
Lemma 6 [1] Let (3 > a > 0, / £ L\([a, b] . Then for all t £ [a, b] we have 



c D a a+ L^f{t)^L^ a f{t). 

Denote by L ([0, 1] , R) the Bananch space of lesbegue integrable functions from 
[0, 1] into R with the norme \\Y\\ L1 = \Y(t)\ dt. 

Lemma 7 Given y £ C([0, 1]), and 2 < q < 3, the unique solution of fractional 
problem (P ) 



0-a . 



c D q Q+ u(t)+y(t) =0, < i < 1 
u(0) = u"(0) = 0, u(l) = u(£),0 < £ < 1, 



is given by 



u(t) 



1 f 1 

T(q) Jo G ^' s ^y^ ds ' 



where 



f t(i-s)"- 1 _ t(g-s) 



G(t,s) = < 



-(t- s)"- 1 , < s < min(t, < 1 



* G ^-(t-»)«- 1 ,e<-<* 



fa^ ,max(t,0 < s < 1. 



(2.1) 



L-s) 
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Proof. Using Lemmas 1 and 2 wc have 

u(t) = -Il+y{t) + C + Bt + At 2 , 

from the conditions u(0) — u"(0) — 0, we obtain C = A = 0, and the condition 
= tt(£) implies 

so w(t) can be written as 

u(t) = -ii + y{t) + Jl f ^py(^ - / tM ^y^ 

where G is defined by (2.1) . The proof is complete. ■ 

Lemma 8 For all s,t € [0, 1] , the Green fonction G(t,s) is non negative, con- 
tinuous and satisfies 
i)G(t,s)<^^, 



i z)G(t, S )>t(c-c- i )^y^- 



Proof. It is easy to check that G(t, s) is non negative, continuous and satisfies 
(i). So we prove that (ii) is true. 
For < s < min(i, £) < 1 we have 

By using an analogous argument, we can conclude that for all s,t € [0, 1] , 

GCM^C-C 9 " 1 ) 11 ^. 
The proof is complete. ■ 

Lemma 9 If f e C([0, 1],R + ), i/ien, i/ie solution of problem (Pi) satisfies 

mm u(t)> r(li -e-^M. 
te[r,i] 

Proof. By Lemma 7, u can be expressed by 



then 



1 r 1 

lull = max |u(i)| = max—- / G(t, s)f(s,u(s))ds 
o<t<i 1 v ;l o<t<iT(g) J v y,/ v v " 



l r 1 (i - s) 9 " 1 
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Also, we have 



Theorem 10 (Guo-krasnosel'skii fixed point Theorem on cone) [9]. Let E be a 
Banach space, and let K C E, be a cone. Assume fii and O2 ar e open subsets 
of E with g fii, Oi C O2 and let 

A: Kn {Sh/Qi) if 

be a completely continuous operator such that 

i) ||Au|| < ||u|| , it e ATI afii, and ||Au|| > ||u|| , u € An dQ 2 , or 

ii) ||Au|| > ||u|| , 71 e An afli, and |L4u|| < , u £ An <9ft 2 . 
Then A has a fixed point in A n (f^/^i)- 

Theorem 11 (Avery and Peterson fixed point Theorem)[3j. Let P be a cone 
in a real Banach space E. Let ip and $ be continuous, nonnegative and convex 
Junctionals on P A be a continuous nonnegative and concave functional on P 
and \& be continuous and nonnegative functional on P satisfying ^(ku) < k\\u\\ 
for < k < 1. Define the sets 

P((f, d) = P, <p(u) < d} , 

P(<p, A, b,d) = {u £ P,b < A(u), ip{u) < d} , 

P(ip, $, A, b, c,d) = {u £ P,b < A(u), < c, tp(u) < d} , 

R(ip, a,d) = {u £ P,a < ^(u),tp(u) < d} . For M and d positive numbers 

we haveA(w) < \I/(tt)and ||u|| < Mip{u) for any u £ P(ip,d). 

Assume T : P(<p, d) — > P(<p, d) is a completely continuous and there exist 

positive numbers a, b and c with a < b such that 

(51) : {u £ P(tp, $, A, b, c, d),A(u) >b}^% and A(Tu) > b 
for u £ P((p, $, A, b, c, d). 

(5 2 ) : A(Tu) >bfoTu£ P(ip, A, b, d) with $(Tu) > c. 

(53) : R(ip, a, d) and *(Tti) < a for it g J?(y>, <]>, a, d ) with v p(?i) = a. 
Then T has at least three positive fixed points 1x1,1x2,^3 g P(ip, d) such that 

tp(ui) < d, for i = 1, 2, 3. b < A(ui),a < *(u 2 ), with A(u 2 ) < & and *(u 3 ) < a. 

3 Main results 

Denote by E = C([0, 1],M) the Banach space of all continuous real functions on 
[0, 1] endowed with the norm 

= max tG [ 01 ] \u(t)\ and P be the cone defined by 




therefore 



T<t<l 



min u(t) > t 




5 
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P = ju e E,u(t) > 0,0 < i < 1, min^i) > r(£ - . 
Define the integral operator T : E — > £ by 

1 f 1 

ru(t) = J^y y o s)a(s)f(u(s))ds, Vt e [0, 1] . 
We define some important constants: 

A = lim u ^o+ ^> A oo = lim^^oo The case A = and A x = oo is 
called superlinear case and the case A n = oo and = is called sublinear 
case. 

Theorem 12 Let / e C(R+,R + ), a e C([0,1],R+) and /^(l - s) 9 " 1 ^)^ ^ 
0,then the problem (PI) has at least one positif solution in the both cases super- 
linear as well as sublinear. 

Proof. We apply Guo-krasnosel'skii fixed point Theorem on cone. 

Let u in P, in view of nonnegativeness and continuity of functions G (t ,s ) 
and f, we conclude that Tu > 0, t e [0, 1] and continuous and T(P) C P. 

i)Let Br = {u e P, \\u\\ < r} be bounded. Since / is continuous, then there 
exists a constant k such 

max tg [ 0> i] \a(t) f (u(t))\ — k. For any u e Br and by applying Lemma 8 we 
obtain 

hence T is uniformly bounded. 
(ii)T is equicontinuous. 

Since G (t,s ) is continuous on [0,1] x [0,1], it is uniformly continuous on 
[0, 1] x [0, 1]. Thus , for fixed s G [0, 1] and for any e > 0, there exist a constant 
S > 0, such that for any t\, t 2 € [0, 1] , |ti — t 2 \ < 6, we have 

\G(t 1 ,s)-G(t 2 ,s)\ < ^M, 

since 

|T«(ti) - Tu{t 2 )\ <f^J Q \G(h,s) - G(t 2 , s)\ a(s)f(u(s))ds, 
we obtain 

|T«(ti) -Tu{t 2 )\ < e. 

Consequently T(B r ) is equicontinuous, by means of the Arzela-Ascoli Theorem 
we conclude that T is completely continuous. 

Now we prove the superlinear case. Since A = 0, then for any A > there 
exists 6 > 0, such that for any u, < u < S, then f(u) < Au. 



G 
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Set fl\ = {u g E : \\u\\ < 5} . let u e P n d$l\, then we have 
Tu(t) = ^ / G(t,s)a(s)f(u(s))ds 



o 



if we choose A = ^nr^^-r^ ^ ■ , then 

Jo {i-s)"- 1 a(s)ds 

||r«||<|H|. 

On the other hand since — oo, we deduce that for any e > there exists 
7 > 0, such that for any u, u > 7 then /(w) > eu. 

Setting R = max ^25, ^j^-i^ j and S] 2 = {u 6 £ : < i?} , 

then Sli C fi 2 and for u e P n <9f2 2 we have 

T«(t) = ^ -J G(t,s)a(s)f(u(s))d S 

Choosing e = r2(x _^ 1)2 li 9 { l_ s)q -i a{s)ds we S et \\ Tu \\ > \\ u \\ for a11 u G 
P n 50 2 . The second part of Theorem implies that T has a fixed point in 
Pn (0 2 /£li), that means that T has at least a positive solution in Pn (0 2 /^i)- 
Arguing as above, we prove the sublinear case. The proof is complete. ■ 

Let us introduce the following functionals. Define on P, the nonnegative, 

continuous and concave functional A by A(u) = min u(t), then A(u) < \\u\\ . 

te[r,i] 

Define the nonnegative, continuous and convex functionals <p and $ on P by 
<p(u) — $(w) = ||u|| and the nonnegative continuous functional * on P by 
<J/(u) = \\u\\ , then *(fcu) < k \\u\\ for < k < 1. 

Theorem 13 Let f g C(R + ,R + ) and a g (C[0, 1],R+) Suppose there exist pos- 
itive constants a, b, c, d,[i et L such that a < b, /j, > r(q)(i-£) Jo — s) 9 ~ 1 a(s)ds, 

L < Slj Jot 1 - s)i- 1 a(s)ds and 
i)/(«) < £ forue [0,rf] 



> £ for u g [&, ,(^4,-1) ] 
< a for ug [0,a]. 



The Problem (PI) has at least three positive solutions Mi,w 2 ,«3 € P(<y 5 ,^) 
such that y>(uj) < d, for i = 1,2, 3. 6 < A(ui),a < "3/(u 2 ), with A(u 2 ) < 6 and 
*(w 3 ) < a. 

Proof. To prove the existence of three positive solutions, we apply Theorem 
11. Proceeding analogoustly as in the proof of theorem 12, we prove that the 
maping T is completely continuous on P(<p, d) . 
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l)Let u £ P(<fi, d), then < d, we have 

1 f 1 

<p(Tu) = ||T«|| = max — / G(t, s)a(s)f(u(s))ds 
te[o,i]T(q) J 

i r 1 a - s)^ 1 



< 



hence Tu £ P(tp, d). 

2)(5i) holds i.e. {u £ P(<p, $, A, 6, TK _>._ 1) ,d),A(u) > &} ^ 
and A(Tu) > b for u g P(<p, <&,A, 6, t( ^_^_ 1) , d). 
We choose u(i) = t ^,_^ . It is easy to see that 

«(*) = r( i4"- 1 ) e $ ' A ' 6 ' tk-^- 1 ) '^' 

A(u) = min u(t) = T(e _ fc eg -i ) > 6, 

and so |u g P(ip,$,A,b, t(c _^_ 1} , rf), A(u) > &} 7^ 0. 

Hence if u g P(<£, A, b, T ^_^ 9 _i^ , d), then b < u(t) < r ^J^ q -i- j , and 

A(Tu) = min Tu(t) > ^ ^0^1 J (1 - s y^a(s)f(u( S ))d S 

> -f - ^- ^ y [\l-s) q - 1 a(s)ds>b, 



r(q) (1-0 xy 

This shows that condition (Si) is satisfied. 

3)For u g P(< / 9, A, 6, d) with $(Tw) = ||Tu,|| > T(g _^_i ) i we get 

A(Tu) = min Tu(t) > r(£ - C^ 1 ) ||r«|| > 6, 

«€[t,1] 

so (S2) holds true. 

We finally show that (S3) is satisfied. Suppose that u £ R(cp,^,a,d) then 
< a < \\u\\ < d, then <£ R(ip, a, d). 

Let m g P(<£, a, d) with ^(u) = = a, then by using assumption (iii) it 
yields 

1 r 1 

*(Tu) = nuuc^jf G{t,s)a(s)f(u(s))ds 



< 



a 1 



1 



- ^f^(T^yo (1 - srla(s)ds<a ' 



then (S 3 ) holds. 
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Therefore, an application of Theorem 11 implies that the boundary value 
problem (Pl)has at least three positive solutions U\,U2 and M3 € P(ip,d) such 
that ip(ui) < d, for i = 1,2,3. b < A(u\),a < ^(^2), with A(u 2 ) < b and 
*(u 3 ) < a. 

The proof is complete. ■ 

Example 14 Consider the boundary value problem: 

s. u 2 
c D* + u{t) + {l-t) — = 0,0<t<l, 

u{0) = u"(0) =0,ti(l) = u(g). 



u(0) = u"(0) = 0,u(l) = «(£)• 

We have f.Vl - s)lds = £ ^ 0, lim ^ = lim f- = and 

lim ^f 1 = lim ¥- = 00, then by applying Theorem 12 we deduce that 
there exist at least one positive solution. 

Example 15 Let us consider the fractional boundary value problem: 

c Dl + u(t) + a(t)f(u(t)) = 0,0 < t < 1, 

u (0) = u"(0)=0,ti(l) = u(0- 

where a(t) = 1 — i and 

{u 2 ,0 < u < 1, 
125u- 124,1 < u < 2, 
126, u > 2. 

It is easy to see that / € C(R+,IR+) and a e (C[0, 1],R + ), Let us check the 
assumptions of Theorem 13 for r = j| and £ = | 

M > r(|)(i-i) /ot 1 - s ) Sds = °- 1604 



r(2)(i_i) 

If we choose^ = 1,L = 0.02, a = 1, b = 2, d > 126 and c = 27.426, then 

the assumptions of Theorem 13 are satisfied, hence there exist at least three 

positive solutions Ui,u 2 and u 3 <E P(<p,d) such that < 126, for i = 1,2,3. 

2 < min ui(t),l < \\u 2 \\ , with min u 2 (t) < 2 and ||u3|| < 1. 
te[ii,i] te[£,i] 
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Coupled fixed point theorems in cone metric 
spaces for a general class of G— contractions 

M. O. Olatinwo * 
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Abstract 

In this paper, we obtain some coupled fixed point theorems in cone metric spaces 
by assuming that the cone has nonempty interior as well as employing an hybrid 
contractive-type condition. Our theorems generalize, extend and improve some re- 
cently announced results in the literature. In particular, our results extend the recent 
results of Akram et al from fixed point setting (A— contractions) to the corresponding 
notion of coupled fixed points (G— contractions). 

AMS Classification numbers: 47H06, 54H25. 

Keywords: Coupled fixed point theorems; cone metric spaces; nonempty interior. 

1. Introduction 

Chang and Ma [6] introduced the concept of coupled fixed points. Since then, the 
notion has been of great interest to many researchers in fixed point theory. 

Bhaskar and Lakshmikantham [5] established a coupled fixed point theorem in a 
metric space endowed with partial order by employing a weak contractive type condi- 
tion. The result of [5] has also been generalized and extended by Lakshmikantham and 
Ciric [11]. Huang and Zhang [10] extended the notion of metric spaces by consider- 
ing vector- valued metrics (that is, cone metrics) with vaues in an ordered real Banach 
space and then established some fixed point theorems in cone metric spaces. In the 
recent times, several papers including Sabetghadam et al [19] have been devoted to 
the study of the concepts of coupled fixed points in cone metric spaces. We refer to 
[1, 3, 7, 10, 12, 13, 14, 15, 16, 17] and others in the reference section for detail. 
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We consider the following definitions which shall be required in the sequel: 
Definition 1.1: Let E be a real Banach space. A nonempty convex closed subset 
P C E is called a cone in E if it satisfies the following: 
(i) P is closed, nonempty and P 7^ {0}; 



For a given cone P C E, the partial ordering < with respect to P is defined by x < y 
if and only if y — x G P. If y — x G int P, we write x « y (where int P denotes the 
interior of P). Also, we use x < y if x < y and x ^ y. 

We shall subsequently take £asa real Banach space, P a cone and < is the partial 
ordering with respect to P. 

Definition 1.2: Let X be a nonempty set and let £bea real Banach space equipped 
with the partial ordering < with respect to the cone P C E. Suppose that the mapping 
d: X x X —7- E satisfies the following conditions: 

(i) ■< d(x, y), V x, y £ X and d(x, y) = <^=^ x = y; 

(ii) d(x,y) = d(y,x), V x, y G X; 

(iii) d(x, n) r< d(x, 2) + d(X y), V x, y, z£l 

Then, <i is called a cone metric on X, and the pair (X, d) is called a cone metric space. 
Definition 1.3: Let (X, d) be a cone metric space. An element (x,y) G X x X is 
said to be a coupled fixed point of the mapping T: X x X — > X if T(x, y) = x and 
T(y,x)=y. 

For the definitions above, we refer to [5, 8, 10, 11, 19]. 

Definition 1.4 [10, 19]: Let (X, d) be a cone metric space. Let {x„}™ =1 C X and 
x £ X. Then, 

(i) {x n }^Li converges to x, that is, lim x n = x, if for every c £ E with -<-< c there 
exists a natural number N such that d(x n ,x) -<-< c for all n ^ N; 

(ii) {x n }J^i is a Cauchy sequence if for every c G E with -<-< c, there exists a natural 
number N such that d(x n , x m ) -<~< c for all n, m ^ N. 

A cone metric space (A, d) is said to be complete if every Cauchy sequence in X 
converges to a point x G X. 

Huang and Zhang [10] proved some existence and uniqueness theorems for selfmap- 
pings T: X — > X using various contractive conditions as well as imposing normality 
condition on the cone P. However, some of the results of [10] were later improved by 
Rezapour and Hamlbarani [18] by removing the normality condition on the cone. 

In this paper, we assume that E is a real Banach space, P C E is a cone with 
int. P 7^ (p and ^ is a partial order with respect to P. The relations P + int PCP and 
Aint P C int P (A > 0) always hold. 

Our purpose in this paper is to obtain some coupled fixed point theorems in cone 



(ii) a, kR, a, b > and x, y G P 



ax + by G P; 




2 



99 



OLATINWO: COUPLED FIXED POINT THEOREMS 



metric spaces by assuming that the cone has nonempty interior as well as employing 
an hybrid contractive-type condition. Our theorems generalize, extend and improve 
some recently announced results in the literature. In particular, our results extend 
the recent results of Akram et al [2] from fixed point setting (^4— contractions) to the 
corresponding notion of coupled fixed points (G— contractions). 

Definition 1.5 (Akram et al [2]): A selfmap T: X — > X of a metric space (X,d) is 
said to be A-contraction if it satisfies the condition: 

d(Tx, Ty) < a(d(x, y),d(x, Tx), d{y, Ty)), V x, y G X, (A) 

and some a G A, where A is the set of all functions a: — > 1R+ satisfying 

(i) a is continuous on the set IR 3 ^ (with respect to the Euclidean metric on R 3 ); 

(ii) a < kb for some k G [0, 1) whenever a < a(a, b, b), or a < a(b, a, b), or 
a < a(b, b,a), V a, b G H+. 

Following the concept of Akram et al [2] for fixed point theorems, we extend the notion 
to coupled fixed point consideration by obtaining new class of operators more general 
than those studied by [5, 11, 19]. 

Definition 1.6: A mapping T: X x X — > X of a cone metric space (X, d) is said to be 
a G— contraction if it satisfies the condition: 

d(T(x, y), T(u, v)) < a{d(x, u),d(y, v),d(x, T(x, y)),d(u, T(u, v)), (G) 

V x, y, u, v G X and some a G G, where G is the set of all functions a: E 4 — ^ E 
satisfying: 

(i) a is continuous on the set E A (with respect to the E— metric); 

(ii) there exists some k G [0,1) such that a ^ kb whenever a ^ a(b,c,b,a), or, 
a ^ a(b, b, c, a), or, a ^ a(a, c, b, b), V a, 6, c G E. 



2. Main results 

Theorem 2.1: Let (X,d) be a complete cone metric space with nonempty interior 
and let T: X x X — » X be a mapping satisfying condition (G), for each x, y, u, v G X. 
Then, T has a unique coupled fixed point. 

Proof: Choose (xq, yo) G X x X and set x\ = T(xq, yo), V\ = T(yo, xq), and in general, 
x n+1 = T(x n ,y n ), y n+1 = T(y n ,x n ). 
Therefore, we have by condition (G) that 

d(x n ,x n+1 ) = d{T(x n -i,y n -i),T(x n ,y n )) 

< a(d(x n -i, x n ),d(y n - 1 ,y n ),d(x n -i,T(x n - 1 ,y n - 1 )), d(x n , T(x n , y n ))) 

= a(d(x n -i,x n ),d(y n - 1 ,y n ),d(x n - 1 ,x n ), d(x n , x n+1 )) 

■< kd(x n -i,x n ). (1) 
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Similarly, using condition (G) again yields 

d{y n ,y n +i) = d(T(y„_i,a; n _i),r(y„,x n )) 

^ a(d(y n -i,y n ) ), d(y n -!, T(y n _i, x„_i)), <Z(y„, r(y n , x n ))) 

= a{d{y n -i,y n ), d(x n -i,x n ), d(y n - 1 ,y n ), d(y n , y n +i)) 

<kd{y n -i,y n ). (2) 

Let <?„ = d(x„+i, x n ) + d(y n+1 ,y n ). 
Then, we have from (1) and (2) that 

q n ^ kq n -i. (3) 

Thus, we have from (3) that 

r< q n r< fc?n-i =< k 2 q n - 2 =< • • • =< A; n g - (4) 
If go = 0, then (xo, yo) is a coupled fixed point of T. 

Suppose that qo >- 0. Then, for each r G IN, we obtain by (4) and the repeated 
application of triangle inequality that 

d(x n , x n+r ) + d(y n , y n+r ) ^ [d(x n , x n+1 ) + d(y n , y n +i)\ + [d(x n+1 ,x n+2 ) + d(y n+1 ,y n+2 )] 

H h [d(x n+r -i,x n+r ) + d(y n+r -i,y n+r )] 

^ qn + q-n+l + • • • + q n +r-l 

^ d £j _> Oasn^oo. (5) 

It follows from (5) that for c £ E, -<-< c and large n, we have ^Tfc -<-< c, thus 

d(x n , X n+r ) + Vn+r) ^ C. 

Therefore, {x ra }, {y n } are Cauchy sequences in (X, d). 

Now, since lim x n = x* and lim y n = y*, for c£i?, -<-< c, there exists TV G INT such 
that 

c c 
d(x N ,x*) -<-< - and d(y N ,y*) -<X -, (6) 

for all n > N. 

By condition (G) again, we get 

d(x*,T(x*,y*)) ± d(x*,x N+1 ) + d(x N+1 ,T(x*,y*)) 

= d(x*,x N+1 ) + d(T(x N ,y N ),T(x*,y*)) 

^ d(s*, xjv+i) + q (cZ(xjv, x*), d{y N ,y*),d{x N , T(x N ,y N )), d(x* ,T(x* ,y*))) 
= d(x*,x N+ i) + a (d(x N ,x*) 1 d(y N ,y*),d(x N ,x N+1 ),d(x*,T(x*,y*))) . (7) 

Also, by the first part of (6), 

c c 

d(x N , x N+1 ) ^ d(x N , x*) + d(x*,x N+1 ) -<-< - + - = c. (8) 
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Using (6) and (8) in (7), we obtain 

d(x*,T(x\y*)) ■<■< \ + a |, c, d{x\ T(x*, y*))) ^| + ^^| + | = c ' 

from which it follows that d(x* , T(x*, y*)) = 0, that is, T(x*,y*) = x* . 
Similarly, using condition (G) again gives 

d(y* , T(y* , x* ) ) ± d(y* , y N+1 ) + %;v + i , T(y* , x*)) 

= d(y*,y N+1 ) +d(T(y N ,x N ),T(y*,x*)) 

^ d(y*, yjv+i) + a(d(y N ,y*),d(x N , x*),d(y N , T(y N , x N )), d(y*,T(y*,x 
= d(y*,y N+1 ) + a(d(y N ,y*),d(x N , x*),d(y N , y N +i), d(y* ,T(y* , x*))). 

Also, by the second part of (6), 

c c 

d(yN,VN+i) ^ d(y N ,y*) +d(y*,y N+1 ) -<-< - + - = c. (10) 
Using (6) and (10) in (9), we have 

d(y*,T(y*,x*)) -<■< \ + a |, c, %*, T(y*, **))) d | + y d | + | = c, 

from which it follows that d(y* ,T(y* , x*)) = 0, that is, T(y*,x*) = y* . 
Therefore, (x*,y*) is a coupled fixed point of T. 

We now prove the uniqueness of coupled fixed point of T : Suppose that (x* , y* ) and 
(x',y r ) are two coupled fixed points of T. Then, by condition (G), we obtain 

d(x*,x') =d(T(x*,y*),T(x',y')) 

± a(d(x*,x'),d(y*,y'), d(x*, T(x*, y*), d(x' , T(x', y')) 
= a(d(x*,x'),d(y*,y'),0, 0) < k . = 0, 

which gives d(x*,x') = <^=^ x* = x'. 
Again, by condition (G), we have 

d(y*,y') =d(T(y*,x*),T(y',x')) 

1 a(d(y*,y'),d(x*,x'), d(y* ,T(y* , x*), d(y' , T(y', x')) 
= a(d(y*,y'),d(x*,x'), 0,0) ^ k . = 0, 

which gives d(y*,y') = <^=^ y* = y' . 

Therefore, d(x', x* ) = d(y', y* ), proving the uniqueness of the coupled fixed point of T. 

Theorem 2.2: Let (X, d) be a complete cone metric space with nonempty interior 
and {T n }™ =1 defined by T n : X x X — > X (n = 1, 2, ■ ■ ■), be a sequence of mappings 
satisfying the contractivity condition 

d(Ti(x,y),Tj(u,v)) < a(d(x,u),d{y,v),d{x,T i (x,y)),d(u,T j (u,v)), i, j G IN, (G 1 ) 
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V x, y, u, v £ X and some a £ G, for each x, y, u, v € X. Then, the members of 
{Tn}^^ have a unique common coupled fixed point. 
Proof: Choose (xo,yo) £ X x X and define {x n }, {y n } by 

x n+ i = T n+1 (x n ,y n ), y n+1 = T n+1 (y n ,x n ). 



Therefore, we have by condition (G 1 ) that 

d(xi,x 2 ) = d(T 1 (x ,y ),T 2 (x 1 ,y 1 )) 

^ a(d(x , xi), d(y , yi), d(x , Ti(x , y )), d(x u T 2 (x 1 , yi))) 
= a(d(x , xi),d(y , yi), d(x , xi), d{x 1 ,x 2 )) 

-< kd(xo, x\). (11) 

Also, 

d(x 2 ,X3) = d(T 2 (x 1 ,yi),T 3 (x 2 ,y 2 )) 

^ a(d(x 1 ,x 2 ),d(y 1 ,y 2 ), d(x 1 ,T 2 (x 1 ,y 1 )), d(x 2 , T 3 (x 2l y 2 ))) 
= a(d(x 1 ,x 2 ),d(y 1 ,y 2 ), d(x 1 ,x 2 ),d(x 2 , x 3 )) 

<kd{x u x 2 ). (12) 
In general, we have from above that 

d(x n ,x n+1 ) ^ kd(x n -i,x n ). (13) 

Again, by condition (G'), we have 

d(yi,y 2 ) = d(T 1 (y ,x ),T 2 (y 1 ,x 1 )) 

^ a{d(yo, yi), d(x ,xi), d(y ,T 1 (y , x )), d(y 1 ,T 2 (yi,x 1 ))) 
= a(d(y , yi), d(x ,x 1 ), d(y ,yi),d(y 1 ,y 2 )) 

<kd{y , yi ). (14) 

Also, 

d{y 2 ,y 3 ) <kd(y 1 ,y 2 ). (15) 
Similarly, we obtain, in general that 

d(y n , Vn+i) ^ kd(y n -!,y n ). (16) 

Again, By letting q n = d(x n+ i,x n ) + d(y n+ i,y n ) as in Theorem 2.1, we obtain from 
(13) and (16) that 

Q <q n < kq n ~\ ■< k 2 q n - 2 ^ ■ ■ ■ ^ k n q , 

from which it follows that for c G E, -<-< c and large n, we have as in Theorem 
2.1 that d(x n , x n+r ) + d(y n ,y n+r ) ■< c. Thus, showing that {x n }, {y n } are Cauchy 
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sequences in (X, d). 

Now, since lim x n = x* and lim y n = y*, for c G E, -<-< c, there exists iV G IN such 
that 

c c 
c^a^x*) -<X - and d(y N ,y*) -<-< -, (★) 

for all n > N. 

By condition (C) again, we get 

d(x*,T n (x*,y*)) 1 d(x*,x s+1 ) + d(x s+1 ,T n (x*,y*)) 

= d(x* ,x s+1 ) + d(T s+1 (x s ,y s ),T n (x* ,y*)) 

^ d(x*,x s+1 ) + a (d(x s ,x*),d(y s ,y*),d(x s ,T s+1 (x s ,y s )),d(x* ,T n (x* ,y*))) 
= d(x*,x N+1 ) + a(d(x s ,x*),d(y s ,y*),d(x s ,x s+1 ),d(x*,T n (x*,y*))) . (17) 

Also, by the first part of (*), 

c c 

d(x s ,x s+ i) ^ d(x s , x*) + d(x*,x s+ i) -<-< - + - = c. (18) 
Using (*) and (18) in (17), we obtain 

d(x*,T n (x*,y*)) -<■< \ +a (|, |, c, d(x* , T n (x* , y*))) 1 \ + y d | + \ = c, 

from which it follows that d(x* , T n (x* , y*)) = 0, that is, T n (x*,y*) = x* . 

Similarly, using condition (G") again and obtaining similar inequalities as above as well 

as using (*) yield 

d{y\T n (y\x*)) ^ C - + a ^,c,d(y* ,T n (y* , x*))) ^ + y ^ + ^ = c ' 

from which it follows that d(y* ,T n (y* , x*)) = 0, that is, T n (y*,x*) = y*. 
Therefore, (x*,y*) is a common coupled fixed point of {7n} ng ]N- 

We now prove the uniqueness of common coupled fixed point of T n : Suppose that 
(x*,y*) and (x',y r ) are two common coupled fixed points of {T n }, that is, Ti(x*,y*) = 
x*, Ti(y*,x*) = y*, and Tj(x',y') = x', T^y'^x') = y' . Then, by condition (G r ), we 
obtain 

d(x*,x') = d(T t (x*,y*),T J (x',y')) 

± a(d(x* ,x'), d(y* , y'), d(x*,Ti (x* ,y*),d(x', Tj (x' ,y')) 
= a(d(x*,x'),d(y*,y'), 0,0) <k .0 = 0, 

which gives d(x*,x') = <^=^ x* = x' . 

Again, by condition (G 1 ), we obtain d(y*,y') = <^=> y* = y' . 

Therefore, d(x',x*) = d(y',y*), proving the uniqueness of the common coupled fixed 
point of {T n } ne¥s . 
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Remark 2.1: Theorem 2.1 and Theorem 2.2 generalize, extend and improve all the 
results of Sabetghadam et al [19]. 

Example 2.1: Consider the mapping T: X x X — > X satisfying condition (G) with 

a(d(x,u),d(y,v),d(x,T(x,y)),d(u,T(u,v)) = kd(x,u) + (id(y,v), x, y, u, v £ X, 
k>0, n > 0, k + n < 1. 
That is, we have 

d(T(x,y),T(u,v)) ^ kd(x,u) + fid(y,v), x, y, u, v e X, (19) 
k > 0, /x > 0, fc + // < 1. 

Condition (19) above is condition (2.1) of Sabetghadam et al [19] (see Theorem 2.2 of 
that paper). Condition (19) has just been recently nomenclated as (k, //)— contraction 
condition in Olatinwo [16]. 

Let E = M + , X = C[a, b] :=Space of real-valued continuous functions on [a, b]. Define 
T: X x X -»• X by 

T(f, h)(t) = <f>(t) + \f f(s)ds + m - 7 f h(s)ds, 

J a J a 

where f,he C[a, b], A, 7 £ R, (f> and ip are continuous functions on a subset of IR. 
We claim that T satisfies (19) with k = \\\(b — a) and n = \ j\(b — a), k + fi < 1. 
Let d(x, y) = max{|x(s) — y(s)\ : x, y € C[a, b], s € [a, 5]}. 

|T(/, - T( U ,«)(t)| = |A/*(/(a) - u(s))ds + 7 - fe( S ))ds| 

< |A| - uWlcfa + | 7 | J a * " v(s)\da. 

Therefore, 

max te[0)6 ]|T(/,/i)(*)-r(«,v)(t)| < |A| f max se[aM \f(s)-u(s)\ds+\j\ f max seM \h(s)- 

J a J a 

from which it follows that 

d(T(f, h)(t),T(u, v)(t)) < |A|(6 - a)d(/, u) + | 7 |(6 - a)d(/i, 1;). (20) 

In (20), by letting = |A|(6 — a) and )U = | 7 |(6 — a), k + fi < 1, then we have that the 
mapping T satisfies the //)— contraction condition (19). 
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Abstract. Given a symmetric positive operator L and a non-linear maximal operator G, 
for h in L 2 (R n ), it is shown that there is a unique strong solution u in L 2 (R") such that 
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1. Introduction 

The existence and uniqueness Theorems of weak and strong solutions for symmetric positive 
systems has been studied in [4]. 

In [5] , the theory of symmetric positive systems has been used to prove the uniqueness and 
existence for a special ODE, and in [3] the author gives conditions to show that a strong solution 
of a symmetric positive system as defined in [4] belongs to H s . 

Recently in [6], it is shown that the self-adjoint Neumann problem, the non self-adjoint 
Neumann problem and the non self-adjoint Dirichlet problem have a unique strong solution 
by using the theory of symmetric positive systems. 

In this paper we study the non-linear perturbations to symmetric positive systems via the 
theory of monotone maximal operators. That is, we show that there is a strong solution u in 
L 2 (R n ) under the sum of two operators L and G, where L is a symmetric positive operator and 
G is not necessarily linear. That is, for a given h in L 2 (R n ), we give conditions to show that 
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there is a unique strong solution u in L 2 (R n ) so that Lu + Gu = h, under the semi-admissible 
condition /3_u = 0. 

Most of the theory given in this paper is based on [4] and [6]. So, for the reader's convenience, 
we summarize this theory in the following section. 

2. Notations and Definitions 

Consider a bounded region f2 in R m . Let A: be a positive integer, and for each p= 1, 2, . . . , m, 
each A = 1, 2, . . . , k, and each v = 1, 2, . . . , k, let \ p Xu : fl — > R be a function of class C\ in CI. 
Also, for each A = 1, 2, . . . , k, and each v = 1, 2, . . . , k, let j p v : f2 — > R be a continuous function 
on CI. 

Note 1. VFe iotZZ consider the following convention: Every time and index is repeated, it will be 
understood that we will add over this index. 

Definition 1. For any function u : ft — > R k of class C\, define the differential operator L as 

du 

Lu = 2a p — + 7 w, (1) 
ox p 

where a p and 7 are the k x k matrices defined by: a p — (a p Xu ) and 7 = (-f\u)- 

Definition 2. The differential operator L defined in (1) is said to be symmetric positive if 

1) The matrix a p is symmetric for any p — 1, 2, . . ., m. 

da p 

2) The symmetric part of the matrix £ = 7 — — — is positive definite. 

ox p 

Definition 3. Consider a function f : — > R k such that f G L 2 (R). The system 

(2) 



Lu{x) = f(x) if x e Q, 
(3-{x)u(x) = if xedfl, 



is said to be symmetric positive if 

1 ) The differential operator L is symmetric positive. 

2) For each x e dfl there are two k x k matrices (3+(x) and (3-(x) such that the matrix 
f3(x) = r]p(x)a p (x) can be written as (3(x) = (3+(x) + [3-(x), and where the symmetric part of 
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the matrix (3+(x) — (3-(x) is non-negative, where 77 = (r/i, 772, • • • , Vm) is the unit normal vector 
in each point of dfl. 

In this case the boundary condition f3-(x)u(x) — is called semi-admissible for the differential 
operator L. 

Moreover, if the matrices (3+(x) and (3-(x) satisfy that for each function u : — > K fe there are 
two functions u + : il — > R k and u_ : il — > R k so that u{x) = u + {x) + U-(x) and (3 + (x)u-(x) — 
= [3-(x)u + (x), then the condition [3-(x)u(x) — is called an admissible boundary condition 
for the differential operator L. 

Definition 4. Consider a function f : O — > R fc such that f G L 2 (R). We say that the function 
u : ft — > R k where u G L 2 (R) is a weak solution of the differential equation Lu = f under the 
semi-admissible boundary condition [3-U = 0, if for each function v G C 1 (fi), where li\v = we 
have 

I u ■ (L*v) = f f-v 
Jn Jn 

In this case, (3\ is the transpose of /3+, and where L* is the adjoint of L given by: 

oxp ax p 

The following two Theorems related with existence and uniqueness for weak solutions are given 
in [4]. 

Theorem 1. (Existence) If the system (2) is symmetric positive, then for any f G L 2 (fl), this 
system has a weak solution 

Theorem 2. (Uniqueness) If the system (2) is symmetric positive, then for any f G L 2 (Q), this 
system has at most one weak solution in C\(Cl). 

Note 2. The proofs of the last two Theorems are based on the following classical inequality: 
There is C > such that if u is in the domain of L and (3~u = 0, then 

(Lit.u) > C|M| 2 (3) 
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Definition 5. We say that u € L 2 (fl) is a strong solution for Lu — f , where f is in L 2 (f2) if there 
is a sequence of functions u v e C 1 where \\u v — u\\ L 2 — > as v — > oo such that \\Lu v — f\\ L 2 — » 
as f — > oo and = 0. 



In this case, we will assume that il is a region whose boundary is a manifold with edges. That 
is, we will suppose that there are set U\, U 2 , ■ . ■ , U n in W 11 such that 

n n 

n=\Ju u n=\JUi, 

i=l i=l 

and each £/j satisfies one of the following properties: 

1) U~cfl 

2) Ui n dfi ^ 0, and there is a diffeomorphism 

: Ui -> I (xi,x 2 ,...,x m ) \xj + xl-\ hi^<l and x m < oj 

such that = (x\, x 2 , ■ ■ ■ , x m -\, 0) if z € c?f2 

3) Uj n 90 7^ 0, and there is a diffeomorphism 

0i : Ui -> I (xi,...,x m ) |xfH Vx 2 m <\ and xi < 0, . . . , x m < oj, 

and either 

<f>i(z) = (xi,X2, ■ ■ .,x m -i,0), or <j>i(z) = (xi,x 2 , ■ ■ .,0,x m ), or <j>i(z) = {0,x 2 , ■ ■ - ,x m ) if 

The sets Ui will be called patches, and if Ui satisfies 1), the set Ui will be called an interior 
patch. 

Then we have the following Theorem. 



Theorem 3. For each f £ L 2 (fl) the system (2) has a strong solution if the boundary offl is a 
manifold with edges and for each non interior patch there is a set of operators of first order D a , 
where u = 0, 1, . . . , m, with 
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where the numbers d T a and the matrices d a are functions in C 1 that satisfy the following 
conditions: 

1) Ifxedfl, then dl(x)r] T (x) = 0. 

2) Each operator d T -^- +d is a linear combination of the operators D a with C° coefficients 
and where d T and d are in C° , so that d m = in dfl 

3) D a L — LD a is a linear combination of the operators D T and L. That is, 
D a L — LD a = p T a D T + t a L, where p T a are matrices in C° and t T are matrices in C 1 . 

4) D a (3- — (3-D a is a linear combination of the operators D T and (3-. That is, 

D a [3_-(3_D a = q T a D T + t d a n f3-, 

where 

t dn = t A —d m 

5) u + u'>0, where vu = {vu a + q^,u T } for a given compose system v = {u a }. 

Proof. Sec [4]. □ 

Remark 1. The existence of the tangential operators D a , where a = 0, 1, . . . , m exist when there 
exist matrices a\ and t\ in C° such that 

da m 

— = Tx a m + a m cr x , A = l,2,...,m-1 
ox x 

Remark 2. We have the following choices for cr\ and T\: 

1) If the matrix a m is non-singular, we can take 

°x = (a m r 1 ^-, and r A = 
ox x 

2) If the matrix a m is singular, then we ask for the matrices a m in different points of ft 
to be similar. That is, we need the existence of a non-singular matrix W(x) in C 1 such that 
a m (x) — W(x)a m (x )W t (x) so that we can take 
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<7 X = t a , and T\ = - — W 

dx x 

3) In the case that a m is a constant matrix, we can take <j\ = = t\ 

Theorem 4. If (3-U = is a semi-admissible boundary condition to the system (2), then each 
strong solution to (2) is unique. 

Proof. See [6]. □ 

3. Maximal monotone operators 

In this section, we will give the definition of maximal monotone operators and we will see 
some of its properties. This theory is based in [2]. 

Let H be a Hilbert space over R, and let P(H) be the set of parts of H. Then we have the 
following definitions. 

Definition 6. Let A : H — > P(H) be a multi-valued operator. 

1 ) The domain of A is defined as the set D(A) = {x g H \ Ax ^ 0} 

2) The image of A is the set 

R{A) = (J Ax 

3) Let A : H —> P(H) and B : H — > P(H) be two multi-valued operators, and let a, (3 in BL 
Then aA + [3B : H — > P(H) is the multi-valued operator defined as the set 

(aA + 0B)(x) = {au + (3v\u g Ax and v g Bx}, andD(aA + (3B) = D{A) n D(B) 

4) The graph of A is defined as the set G{A) = {(x,y) g H x H \ y g Ax} 

5) We say that x g A~ x y if and only if y g Ax, and D{A^ 1 ) = R{A) 

Definition 7. A multi-valued operator A: H — > P(-ff) is said to be monotone if for any x,y in 
D(A), we have (Ax — Ay, x — y) > 0. 

Definition 8. We say that A : H — > is a maximal monotone operator if G(A) is not a 

proper subset of the graphs of some monotone operator. 
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Definition 9. We say that the operator A : H — > P{H) is hemi- continuous if for any x in H 

and any £ in H, we have A((l — t)x + t£) — > A(x) as t — > 

Proposition 1. Le£ A: H P{H) be a maximal monotone operator. If there is x in H such 
that 

(A°x,x-x ) 
lim — = +oo 

|£C|^00 \X\ 

for x in D{A), then A is onto. In this case, A°x = ProyAxO- 

Proof. See ( [2], Corollary 2.4 ). □ 

Proposition 2. Let A be a monotone univalent operator where D(A) = H. If A is hemi- 
continuous, then A is a maximal monotone operator. 

Proof. Sec ([2], Proposition 2.4). □ 

Proposition 3. Let A and B be two maximal monotone operators. If IntD(A) n D(B) ^ 0. 



then A + B is a maximal monotone operator and D{A) n D(B) = D(A) n D(B) . 

Proof. See ( [2], Corollary 2.7 ). □ 

4. Main results 

In this section we will show the existence and uniqueness of strong solutions under the operator 
L + G satisfying some semi-admissible conditions. In this case, L is a symmetric positive operator 
and G is a maximal monotone operator. First we have the following result: 

Lemma 1. Let g : R fe — > R fe be a continuous function such that \g(x)\ < M\x\ + N , where M and 
N are positive constants. For each u : £1 — > M. k with u in L 2 {yi), we define G(u)(x) = g(u(x)). 
If m(Q) < oo where ft is a bounded region in R k , then the operator G : D(G) — » L 2 (f2) is 
hemi- continuous and D(G) = L 2 (Q). 

Proof. Note that G(u) is measurable since u is measurable and g is continuous. 
Let us proof first that D{G) = L 2 (fi). Consider then u in L 2 (f2). Thus, 

f \g(u(x))\ 2 dx < [ (M\u(x)\ + N) 2 dx= [ (M 2 \u(x)\ 2 + 2MN\u(x)\ + N 2 )dx 
Jn Jn Jn 

< M 2 J \u(x)\ 2 dx + 2MN (^j \u(x)\ 2 dx^j * (m(fi))' + N 2 m(n) < oo. 
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This means that g(u(x)) is in L 2 (fT). Hence D(G) = L 2 (VL). 

Now, let us prove that G is hemi-continuous. So, consider 1*1,1*2 in L 2 (fl), and let {t n } be a 
sequence in [0, 1] such that t n — > t as n — > oo. Then 

2 

s(t n ui(0 + (i - t„)u2(0) - + (i - t)u 2 (0) 

< [(M|t„«i(0 + (1 - *n)«2(0l + ^) + (M|tui(0 + (1 - + ^)] 2 



< [M|t„ui(0| + M|(l - tnMOl + Af|*«i(OI + M l(! - *)«2(0I + 2 ^] 2 (4) 

< [M|m(0| + M|n 2 (0| + M|m(0| + M|n 2 (0| + 2JV] 2 
= [2M|u 1 (0|+2M|u 2 (0|+2JV] 2 . 



If we set |S„ 



i 2 

2 



then since g is a 



ff(t„Ui(0 + (1 - tn)«2(0) - + (1 - *)«2(0) 

continuous function, it follows that 5 n — > as n — » oo pointwise. Then by the last row in (4) 
and the dominated convergence Theorem, ||5 n || 2 — > as n — > oo. Then G is hemi-continuous. 
This proves Lemma 1. □ 

Corollary 1. Lei <? and G be as in Lemma 1. If moreover g is a non- decreasing function, then 
G : L 2 (fl) — > L 2 (f2) is a maximal monotone operator. 

Proof. From Lemma 1, the operator G is hemicontinous and D(G) = L 2 (f2). Now, since g 
is a non-decreasing function, it follows that G is monotone. Hence, G is univalent. Thus, from 
Proposition 2, G is maximal monotone. 

This proves Corollary 1. □ 

Theorem 5. Let f : ft — > R k be a function such that f G L 2 (R), and consider the symmetric 
positive system given in (2). Suppose that there are tangential operators {D a } that satisfy the 
hypotheses of Theorem 3, and G : L 2 (fl) — > L 2 (fl) is a maximal monotone operator so that 
IntD(G) n D(L) ^ 0, then the system 

Lu(x) + Gu(x) — f(x) if x eft 

(5) 



0-{x)u{x) = O if x&dtt 



has a unique strong solution. 
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Proof. Let us prove first that L with the semi-admissible boundary condition (3-(x)u(x) = 
is a maximal monotone operator. 

Note that L : D(L) C L 2 (il) —> L 2 (f2) is a maximal monotone operator if and only if 
L _1 : Z?(L _1 ) C L 2 (Q) — > L 2 (il) is a maximal monotone operator. Now from Proposition 2, the 
operator L~ x is a maximal monotone operator if L~ x is univalent, monotone, hemi-continuous, 
and D(L~ l ) = L 2 (n). 

1) From the uniqueness Theorem (Theorem 4), the operator L _1 is univalent. 

2) Let /, g be two functions in the range of L, and let u, v be in L 2 (fl) strong solutions of 
Lu = f and Lv = g respectively with = and f3-V = 0. Then from (3), 

(f - g, L-\f - L^g) = (Lu -Lv,u-v} = (L(u -v),u-v}> C\\u - v\\ 2 > 0, 

where C > 0. This means that L _1 is monotone. 

3) Let f,u be in L 2 (fl) such that u is a strong solution of Lu — f with [3~u = 0. Then 
from (3), we have C||u|| 2 < (Lu,u) = (f,u) < \\f\\ \\u\\. Hence, C||u|| < ||/||. Therefore, 
||L _1 /|| = || ix- 1| < ^||/||. This means that L _1 is bounded. Therefore, since L _1 is a bounded 
linear operator, it follows that L _1 is continuous. 

4) From Theorem 3, it follows that Lu = f with = is onto. This means that 
Z)(L _1 ) = L 2 (il). This proves that L" 1 is a maximal monotone operator. Hence, L is a maximal 
monotone operator. 

On the other hand, we will show that L + G is a maximal monotone operator. 
We know that D(G) = L 2 (tl) and D(L) C L 2 (n), then 

Int(D(G)) n D(L) = Int(L 2 (n)) n D(L) = L 2 (n) n D(L) ^ 0. 

Then by Proposition 3, we have that L + G is a maximal monotone operator. 

Finally, we will show that the operator L + G is onto. For this, take u in L 2 (Q) and let us 
consider 

((L + G)°u,u-0) 
||«|Hoo ||u|| 

Note that since L + G is univalent, (L + G)°(u) = PToy^+G)(u)^ = (L + G)(u). 
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Thus, for L + G we have 



(Lit + Gu, it) _ (Lu, it) (Git.it) _ (Lit, it) (G(it) - G(0) + G(0), it) 



WW 



WW 



WW 



(Lu,u) | (G(it)-G(0),iz) | (G(0),u) 



Now since G is a monotone operator, it follows that (G(it) — G(0),u) > 0, and since 

(G(0),u) < ||G(0)|| || U || 



l|G(0)||, 



then from (3), we have 



as 1 1 it 1 1 — > +00. Then by Proposition 1, the operator L + G is onto. 
This proves Theorem 5. 



□ 



5. Applications 

Semi-linear heat equation 

We will show that the semi-linear heat equation has a unique strong solution. That is, we 
have the following result: 

Theorem 6. Let T = {x = {x x ,x 2 , . . . , x n ) e R n \ < xj < 1; j = 1, 2, . . . , m}, and for T > 0, 

consider t in [0, T). If g : R — > R is a continuous function such that (g(u)—g(v))(u—v) > C(u—v) 2 
with u,v inR and C a constant, and there are real numbers M and N so that \g(x)\ < M\x\ + N, 
then given h in L 2 (Q), where = T x [0, T], the semi-linear heat problem has a unique strong 
solution (j) : R m+1 — ► R satisfying: 

^-S+^) = M^*) if (x,t)GTx[0,T] 
<f>(xi,x 2 , ■ ■ ■ , X n -i, 0, t) = 0, (f>(xi,X 2 , ...,l,x n ,t) = 0, 

0(0, x 2 ,.-., x n -i, x n , t) = 0, 4>{l,x 2 , . . . , x n -i, x n , t) = 0, 
(j)(x,0) = 0, where x e T and te[0,T]. 



(6) 
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Proof. Let A be in R, and consider the following functions: 



uq = e <j>, m = e — — , u 2 = e 




1 




Then the first equation in (6) can be written as: 




where 

1) A is the (to + 1) x (to + 1) matrix whose entries are O's except in the lxl entry, where 
the element is 1. 

2) Aj is the (to + 1) x (to + 1) matrix whose elements are O's except in the entries 1 x (J + 1) 
and (j + 1) x 1, where the elements are — l's, and where j = 0, 1, 2, . . . , to. 

3) B is the (to + 1) x (to + 1) diagonal matrix, where the element in the lxl entry is A and 
the remaining elements are l's. 

4) u is the (to + 1) x 1 matrix, where its elements are Uo, Ui, 112, ■ ■ ■ , u m . 

5) D is the (to + 1) x 1 matrix, where the lxl element is e~ xt g(e xt u ), and the remaining 
elements are O's. 

6) H is the (to+ 1) x 1 matrix, where the lxl element is e~ xt h, and the remaining elements 



D with -|u + e xt g(e xt uo) instead of e xt g(e xt u ), so that the first equation in (6) can now be 
written as: 



are O's. 



Note that if we define B' as the matrix B with -| instead of A, then we set D' as the matrix 





Now, if we define 




(8) 



and 
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G = 



I 'g ^ 



so that Gu = 



G (u ) 
Gi(ui) 



\ G m J \ G m (u m ) J 

then the equation (7) is equivalent to Lu + Gu = H. 
Thus, we have the following three Claims: 



(9) 



Claim 1. The operator G is monotone. 



Proof. Note that Gq(u ) = -^u a + e g(e uq) and Gi(iti) = for i = 1, 2, . . . , m. Thus, for 
Go we have 



^u + e- xt g(e xt u ) - ^v - < A, r/(r A V ) ) („„ - ,-„) 



G (u ) - G (v ),u - v a 

= 4 / («0 - ^o) 2 + / e- 2At (s(e At u ) - (e Xt v )) (e xt u - e xt v ) 
1 Jn Jn 



> ^ J {no vo) 2 + J e- 2Xt C (e xt u e xt v f = ( 



Hence, The operator G is monotone if A > — 2C. 
This completes the proof of Claim 1. 



□ 



Claim 2. The domain of Gq is L 2 (Q). 



Proof. Let u be in L 2 (f2). Then 



/ \e- Xt g(e xt u )\ 2 < f e~ 2Xt {M\e xt u«\ + N) 
Jn Jn 

= M 2 [ \u \ 2 + 2MN f e- xt \u \+N 2 f e~ 
Jn Jn Jn 

<M 2 [ \u \ 2 + 2MN [ \u \ + N 2 [ 1< oo 
Jn Jn Jn 



On the other hand, since ^uo is in L 2 (£l), it follows that D(Gq) = L 2 (f2). 
This proves Claim 2. 



□ 



Claim 3. The operator Go is hemicontinuous. 
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Proof. Let {t n } be a sequence in [0, 1] such that t n — > t as n — > oo, and w , ^o € L 2 (f2). Then 
A 



-(too + (1 - t)«o) + e" At g [e At (to + (1 - t)«o)] 
- £(t n uo + (1 - t„)«o) - e~ At g [e At (t„u + (1 - t„)«b)] 



< 



+ 



A 



-(iu + (l-i> ) 



(t n u + (1 - t„)uo) 



+ e~ A *| M 



+ e 



-Xt 



M 



e xt (tu + (l-t)v ) 
e xt (t n u + (1 - t n )v ) 



N 



+ N 



< |(|A| + 2M)|«o| + (|A| + 2M)\v \ + 2N | . 

Following the same argument used after (4), it can be proved that Go is hemi-continuous. 

This proves Claim 3. □ 

Hence, by Claims 1, 2, 3, the operators Go, G\, . . . , G m arc monotone, hemi-continuous, 
univalent, and D(Gi) — L 2 (Q) for i = 0,1,..., m. Then by Proposition 2, the operators 
Go, Gi, . . . , G m are maximal monotone. Therefore, the operator G is maximal monotone. 

On the other hand, since L is a positive symmetric operator for A > 0, with the semi- admissible 
boundary condition = 0, then by Theorem 5, the problem (6) has a unique strong solution. 

This completes the proof of Theorem 6. □ 

Hyperbolic non-linear problem 

Now, we will prove that by using the theory of symmetric positive systems, the problem given 
in [1] has a unique strong solution. That is, we have the following result: 

Theorem 7. Suppose that 5\{x) and S 2 (x) are G 1 functions in f2, where 

= {(x,t)\0 < x < 1, t e [0, +oo]}, such that 5i(x) > €i, where ej are positive constants for 

1 = i, 2, and \Si(x)\ < Mi a. e., where Mi are positive constants for i = 1,2. Also, suppose that 
Ai(x , (f>i(x , t)) are continuous, monotone and measurable functions satisfying 
\Ai(x,d)\ < di\d\ + hi, where cn,bi are positive constants for i = 1,2. Then given fi(x,t) in 
L 2 (Q) for i — 1,2, the following system has a unique strong solution. 



h(x)^ - ^ +A 1 ( X ,M^t)) - h(x,t) 
ot ox 



(10) 
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Proof. For A in R, let Ui = e xt 4>i for i = 1,2. Then (10) is cquaivalent to: 



u + D = h, 



where 





5i(x) 




-1 




5(x) = 


, B = 




, D = 




S 2 (x) 




-1 





'^A^x,, 



A 2 {x, <j)2) 



u = 



Ul 
U 2 



, and h - 



e- Xt .fi(x,t) 
e- Xt f2(x,t) 



Now, if we let 



(11) 



-1 




5i(x) 




XSxix) 






, and 7 = 


-1 




S 2 (x) 




\5 2 (x) 



then 

1) The matrices a 1 , a 2 are symmetric. 

2) The symmetric part of 



_ da 1 8a 2 
dx dt 



\5i{x) 
A<5 2 (a;) 



is positive definite if \5\{x) > and X 2 5i(x)5 2 (x) > 0. But this is true if A > since 6\(x) > 
and 5 2 (x) > 0. 

3) For each (x, t) in f2 and for r\ = (r/i, tj 2 ) as the exterior normal unit vector to each point in 
<9fL the matrix 



(3(x) = r)i(x)a 1 (x) + r] 2 (x)a 2 (x) 
can be written as (3 = (3 + + [3- , where 



r) 2 Si(x) -r?i 
V2$ 2 (x) 
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0+ 




-?7i 



and /3_ 



m^{x) 



Thus, the symmetric part of 



0+ - 0_ 



-T)2$l{x) m 



is non-negative if 772 < and rj%di(x)52(x) > 0. But this is true if 772 < 0. 
So, for 77 = (±1, 0) we write 



Ul 

u 2 



as u = u + + U-, where u + 



Ul 





and U- 





u 2 



so that 



P+u- 



















±1 







u 2 











±1 




Ul 


















and 






±1 




Ul 




±7J 2 















u 2 













if u 2 = 0. 



That is, the boudary condition /3_u = is admissible if <f)(x, t) = 0. 
Now, in the direction rj = (0,-1) we write 



u = 



Ul 

U 2 



as u = u + + U-, where u + = 



and u_ = 



U2 



so that 
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and 

(3-U = 

if Ui = and u 2 
h{x,t) = = <t> 2 {x,t). 
Hence, if we take 








Ml 







> P-U+ = 


Si(x) 








































U 2 












-5 2 (x) 















Ul 




-Si (x)ui 









u 2 




-5 2 (x)u 2 








-S^x) 
-S 2 (x) 

= 0. That is the boundary condition (3-U = is admissible if 



L = S(x)— + B— + \S(x) and u = 



then the problem 

L u(x, t) — h{x, t) 

(3-{x,t) u(x,t) = 
is a symmetric positive system for (x, t) in ft, and where 



Ul 

u 2 



(12) 



h(x, t) 



e- xt .fi{x,t) 
e- xt f 2 {x,t) 



and since f3-u = is and admissible boundary condition, it follows from Theorems 1 and 2 
that (12) has a unique weak solution for each h in L 2 (f2). 

In order to show the existence of a strong solution, let us now write (11) as 



G' 



where 



Lu = 



6{x) di + B d-x + 2 5{x) 



(13) 
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Gu 



^S 1 (x)u 1 + e~ xt Ai(x, e Xt m) 



±S 2 (x)u 2 + e- M A 2 (x, e xt u 2 ) 





Gi(ui) 




G 2 {u 2 ) 



(14) 



u = 



Ul 

u 2 



, and where h 



fi(x,t) 
e~ xt f 2 (x,t) 



Note that the new operator L defined in (13) is still a symmetric positive operator since 
A > 0, Si(x) > and S 2 (x) > 0. Besides, the boundary condition (3-U = is semi-admissible. 

Now, for the operator G defined in (14) we have the following Claims. 
Claim 4. The operator G : D(G) C L 2 (il) — > L 2 (il) is monotone. 

Proof. Let us consider both, G\ and G 2 . Then from (14) and for m and Vi in L 2 (Q) with 

2=1,2, 



/ 

Jn 



G l (u l ) - Gi(vi),Ui - v., 
A 



[Gi(ui) - Gi(vi)][ui - Vi 



X 



2 Si{x)ui + e Xt Ai(x,e Xt Ui)- -Si{x)vi-e xt A l {x,e xt v l ) 



Ui - Vi 



= [ ^Si(x){ Ui - Vi) 2 + [ e- 2Xt [Ai(x,e xt Ui)-Ai(x,e xt Vi)] [e xt Ul - e xt Vi 
Jn * Jn 

Now, if the functions A t : M 2 — > R satisfy that for i = 1, 2, 



[Ai(x, e xt u t ) - Ai(x, e Xt Vi)] [e xt u t - e xt v t ] > C t [e xt u t - e xt n 



2 

I ! 



where Cj are positive constants, then 



G^) - Gi(vi), Ui - v^ > ^5i(x)( Ui - v t ) 2 + J C % e- 2Xt (e xt Ul - e xt Vl ) 2 . 
Thus Gi is monotone if hei + d > 0. That is, the operator G is monotone if 4 £ i > — Ci for 



i = 1,2. This proves Claim 4. 

Claim 5. TTie domain of the operator G is L 2 (fl). 

Proof. Let u, be in L 2 (fi) with i = 1, 2. Then from (14) 



□ 
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/ 



<M 



7 

Jn 



\Ui\ < 00. 



On the other hand since |^4j(:r, Q)\ < ai\Q \ + \bi\, it follows that e xt Ai(x, e xt Ui) is in L 2 (Q). 
Thus, D(G) = L 2 (n). 

This proves Claim 5. □ 

Claim 6. The operator G : L 2 (Q) — > L 2 (Q) is hemi- continuous. 

Proof. Let t n be a sequence in [0, 1] such that t n — > f, and take «i, in L 2 (U) for i = 1, 2. 
Then 



Gi[(l - t n )v l +t n Ui\ - Gi[(l - F)Vi + tui 



A 



-6i{x)[{l - t n )vi + t n Ui] + e~ xt A l (x, e At [(l - t n )v, + t n Ui}) 



~ - t)Vi + tm] - e- xt A, (x, e At [(l - t) Vi + t Ui ]) 



< 



-Mi\(l - t n )vi + t nUl \ +e xt (a l \e xt [(l - t n )v, + t n u t ]\ + h) 



+ -Mi\{\ - t) Vi + tu t \ + e- xt (o 4 |e At [(l - t)v, + t Ui ]\ + h) 



< / (AM, + 2ai)\vi\ + (\Mi + 2a,i)\ui\ + 2bi 

Following the same argument used after (4), it can be proved that Gi is hemi-continuous. 
Hence, G is hemi-continuous. 

This proves Claim 6. □ 



Finally, since IntD(G)r\D(L) ^ 0, and since G is hemi-continuous, it follows from Proposition 
2 that G is a maximal monotone operator. Thus, from Theorem 5, the problem (10) has a unique 
strong solution. 

Remark 3. The existence of the strong solution for problem (10) is based on the existence of 
the matrices a\ and n in C° such that 



dx 



= T\c? + a 2 ai, 
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where 











S 2 (x) 



is a symmetric non-singular matrix. Then from part 1 ) of Remark 2, take 







and n = 0. 








» 2 (ar) 



This completes the proof of Theorem 7. 



□ 
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ON EXPECTATION OF SOME PRODUCTS OF WICK POWERS 

TERESA BERMUDEZ, ANTONIO MARTINON, AND EMILIO NEGRIN 



Abstract. In this paper we give a new expression for the expectation of Wick products used in the litera- 
ture. We compare this expression with that obtained by I. E. Segal in [12] p. 452, which has been used to 
treat differential equations involving Wick powers. 



1. Introduction 

The Wick products (cf. Dyson [6] and Wick [13]) have been useful in practical quantum mechanics, 
specially in applications to Feynman graph theory, where Bose and Fermi fields play an important role in 
defining Feymann propagators as the Fock (vacuum) state of ordinary products of them (cf. [3, Section 
17.4], [4, Section 17] and [9, Section 4-2]). 

In a more explicit mathematical form, and according to the ideas of Bratteli and Robinson (cf. [5, Section 
5.2]), one considers Wick products over the CCR algebra. 

Here, we obtain a new expression for the expectation of Wick products. We compare this expression 
with that obtained by I. E. Segal in [12, p 452]. This formula was used by Segal concerning his studies on 
differential equations including Wick powers (cf. [12, Corollary 2.3 and 2.4]). 

Our treatment benefits immeasurably from the interpretation of Wick products given by Segal (cf. [11] 
and [12, Section 1.4]), Segal et al. [1, Section 7.2] and Jorgensen et al. [10]. 

For recent studies treating Wick powers on CCR algebra see [2], [7] and [8]. 

2. The expectation of products of Wick powers 

Throughout this paper we will use the terminology and the notations of monograph [1] and paper [12]. 
Recall some notions and basic results. 

Let L be a real linear space endowed with a nondegenerate anti-symmetric bilinear form A{-, •), having 
pure imaginary values. Denote by E the (infinitesimal) Weyl algebra over (L, A), which is the associative 
complex algebra generated by L and an unit e, with the relation zz' — z'z = —iA(z, z')e, for arbitrary z, z' 
in L [1, Definition, p. 175]. Consider on L an admissible complex structure and let E be the associated 
vacuum normal. Then there exists a unique mapping : • :, called renormalization map, from monomials in 
E to E verifying certain conditions. This mapping extends to a linear mapping of E into itself which is 
uniquely determined by some properties. 

In Theorem 3 we give an expression for the expectations E(: z™ : • • • : z™ :). 

Notice that by definition of E one has that E{e) — 1, where e is the unit and, by [12, Corollary 5], if 
z\, . . . , z t € L + iL, then E(: z\ ■ ■ ■ z t :) = 0. 

Observe that given zeLl iL, by [12, Theorem 1.3 (a)], it is clear that 

:z n :z=: z n+1 : + n : z^ 1 : E(z 2 ) . (1) 

We have found part (1) of the following proposition in http://eom. springer. de/w/w097870. htm, however 
we have included the proof in order to be self contained. 

Proposition 1. Let z e L + ih and n e N. Then the following properties hold: 

2000 Mathematics Subject Classification. 81T08. 

Key words and phrases. Wick products, renormalization, expectation. 
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L 2 J i 

(1) : z n := V (-l) m — n z n ~ 2m E(z 2 ) m , 



m=0 

rrj 1 

where 



m! (n-2m)!2 ri 

i! 

ml (n-2m)!2" 



m=0 
[f] , 

(jgj z" = V -77 n ' — - : z n - 2m : E(z 2 ) m , 

[ J L^i rn.\ n - 2m 9, m y ' ' 



ni , , , n 

—J denotes the integer part oj —. 



Proof. (1) Let us prove it by induction. For n = 1 is clear. Suppose that the equality is true for n — 1 
and assume that n — 1 is even. Let us prove it for n. Then = k with k € N, hence f 2 ^] = [§] = fc, 
[^— ] = k — 1 and by [12, Theorem 1.3 (a)] and the induction hypothesis we have 

: z n : =: z"" 1 : z - (n - 1) : z Il ~ 2 : £(z 2 ) 



- y (-l) m r , (n ^ , lo z n - x - 2m E{z 2 ) m z 
^ y ' m!(n - 1 - 2m)!2 m 



m=0 



[ ] 

(»- 1) y (-ir „ ( V 2 i ! ^ z"- 2 - 2m g(z 2 r +i 

; ^ v y m!(n-2-2m)!2 m 



m=0 



= z™ + V (-l) m ^— ^ z n - 2m E(z 2 ) m 

^ K ' ro!(n-l-2ro)!2"» 1 ; 

m=l v ' 

E/_i \m-l (n— 1)! n-2m JP( z 2 \ m 

=i { ' (m- l)!(n-2m)!2™- 1 1 J 

= z" 4- f-11 m fr? - IV f - I - ^ z n ~ 2m E(z 2 ) m 

W(n-l-2m)!2™ (m- l)!(n-2m)!2 m -V V j 

[f] , 

= y (-i) m — r? — z n - 2m E(z 2 ) m . 

^ v ; m\(n-2m)\2 m y ' 

If n — 1 is odd, then the proof is similar to the even case. 

(2) Let us prove it by induction. For n — 1 is clear. Suppose that the equality is true for n — 1. Assume 
that n - 1 is odd. Then n = 2k with k e N, [f ] = fc and [^=i] = ft - 1. By [12, Theorem 1.3 (a)] and the 
induction hypothesis we have that 



z n-i z = ^ 1 1 ! : z n-i-2"» : z £(z 2 ^' 

^ ml Ctj. — 1 - 9m. V 9™ v 



m! (n - 1 - 2m)! 2 r ' 

= V - ( n-1 ) ! ( : z ™-2m : + ( n _ i _ 2m) : z «- 2 - 2 ™ : £( z 2 )) £( z 2 ) m 



m=0 

fe-1 



m=0 
fe-1 



(n-l-2m)!2 ?i 
(n- 1)! 



= y l " l; - : z"- 2m : £(z 2 ) m 

^ m!(n-l-2m)!2 m v ' 

m=0 v ; 

, V ("-!)!(" - 1- 2m) _ „_ 2 _ 2m . . 2yn+1 
m!(n-l-2m)!2 m ' ' y ' 

m=0 y ' 

' ' ^ m!(n-l-2m)!2™ ' ' V ' 

, V -!)!(»- 2m + 1) _ 2m _ , 

^ (m- l)!(n-2m + l)!2™- 1 ' ' k ' 
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_. ~n . I \ ^ ( n _ 1 \| ( \ I \ \ . n-2m . FYz 2 ") m 

' ^' Vm!(n-l-2m)!2™ (m-l)!(n-2m)!2™-V ' ' V ; 

+ (fe-l)! 2 fc -! • Z ' J 
k , 

^ to! (n - 2m)! 2 m v 7 

The case n—\ even is similar to the above. □ 

Denote 

n(n - 2) . . . 5.3.1 if n > and odd 

nil < n(n — 2) ... 4.2 if n > and even 

1 ifn = -l,0. 

Corollary 2. Let z e L + zL and n G N. TTien i/ie following property holds: 

!(n — 1)U E(z 2 )% if n is even 
(2) 
if n is odd . 

Proof. Using part (2) of Proposition 1 and the linearity of the functional E we have 

[f] , 

E(z n ) = V —. — E(: z n - 2m :)E{z 2 ) m . 

y ' ^ to! (n- 2to)!2" 1 v 



m=0 



Notice that E(: z n 2m :) = for all n — 2to ^ 0. Assume that n is even, that is n — 2k for some fcsN. So, 

- |^^ 2 ) fe = ( 2fc - !) !! ^ 2 ) fc = (" " !) !! ^ 2 ) f ■ 

The case n odd is clear. □ 
The following theorem gives a formula of the expectation of products of the form : z™ : • • • : z™ : . 

Theorem 3. Let zi, . . . , z t G L + iL and neN with nt even. Then 

FY. _n . ... . _n .n n\ t E(z ll z n )---E(z is z :)s ) F( 2 sh F (^\h (o\ 

0<! fc <[¥] l<<fc<ih<2« V i; V ^ 



Kh<3 



0<k<t 

where 2s = nt — 2{l\ + • • • + Zj), the second sum ranges over i\ < i 2 < ■ ■ ■ < i s and Zh — Zj for (j — l)n — 
2(l H h + l<h<jn- 2(h H and 1 < j < t with l = 0. 

Proof. By part (1) of Proposition 1 we have that 

. ( iViH Ylt n \t F (n-2h n-2l t \ 

E{ -^ ■■■■■ Zt ' )= 2. Z 1 !...Z t ! (n -2I 1 )!...(n-2Z t )!2'i+-+'*- B(Zl) ' EM " (4) 

o<i fc <[f] V y V ; 

0<fc<t 

By Wick's Theorem [12, Theorem 1.3 (b)], we obtain 

E{z n-2 h . . . z n-2l t) = £ ^ - .^ . . . ^-.j 

l<'h<3h<2» 

l<fl<S 

where the sum ranges over i\ < i 2 < ■ ■ ■ < i s and the Zh are defined as the statement. So, we get the desire 
result. □ 

It is clear that if nt is odd in Theorem 3, then E(: z™ : • • • : z£ :) = 0. 



129 



4 



TERESA BERMUDEZ, ANTONIO MARTINON, AND EMILIO NEGRIN 



Lemma 4. Let z e L + iL and n, m e N with m < n. Then 

{0 ifm<n 
(5) 
n!£(z 2 )™ ifm = n. 

Proof. By (1) we have 

: z n : z m = (: z" +1 : +n : z™- 1 ^ 2 )) z" 1 ^ 1 

= (: z"+ 2 : +(n + 1) : z" : £(z 2 ) + n(: z™ : +(n - 1) : z™" 2 : E{z 2 ))E{z 2 )) z m ~ 2 . 
Repeating the property (1) and using the linearity of the renormalization we obtain the result. □ 

In the next corollary we present a particular case of Theorem 3. 
Corollary 5. Let z e L + iL and n,teN with nt even. Then the following property holds: 

0<fc<t 

7n particular, if t = 2 t/ien £7(: z™ : 2 ) = n! E{z 2 ) n . 

Proof. It is a consequence of (4) of Theorem 3 and Corollary 2. 
Suppose that i = 2. By Proposition 1 we have 



: z n : 2 =: z 



n : I V(-l) m ^7 ,, n z"- 2m g(z 2 ) m I . (6) 



Taking the expectation in (6) and using Lemma 4 we obtain 

/ / m , 

£(: z" : 2 ) = £7 : z" : V (-l)" 1 ^ — z n - 2m E(z 2 ) m 

\ m\{n-2m)\2 m v 1 

[f] ' , 

= V (-l) m -n E{: z n : z n - 2m )E{z 2 ) m 

^ y ' m\(n-2m)\2 m y > \ > 

m=0 y ' 

= n\E{z 2 ) n . 



□ 



Remark 6. In [12, p. 452] the author assures that if Z\, . . . , z t € L + iL with t even and n e N, then 

E(:z?:...:z?:) = J2Ii E ( z ^ q{i ' j) > ( 7 ) 

qeQi<j 

where Q is the set of all the functions g(i,j) having nonnegative integer values, defined for i,j = 1,2..., t 
and i Y j, and such that Y^ili^j) = n f° r a ^ J an d Q(hj) = sGm)- If we compare the expectation values 
obtained by Segal's formula (7) and by Corollary 5, we find a gap (see Table 1). 

Table 1. Comparation between the expectation values by Segal's formula (7) and by Corol- 
lary 5. 



Expectation 


By Segal's formula (7) 


By Corollary 5 


E(: z n : 2 ) 


E(z 2 ) n 


n\E(z 2 ) n 


E(: z 2 : 4 ) 


6E(z 2 ) 4 


60£(z 2 ) 4 


E{: z 6 : 4 ) 


lOE{z 2 Y 


3348£(z 2 ) e 
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Solving nonlinear Klein-Gordon equation with high accuracy 
multiquadric quasi-interpolation scheme 



M. Sarboland, A. Aminataei* 

Faculty of Mathematics, K. N. Toosi University of Technology, 
P.O. Box: 16315-1618, Tehran, Iran 



Abstract 

In this paper, we present a numerical method for solving the nonlinear Klein-Gordon equation. This method is 
based on the multiquadric quasi-interpolation operator £vv 2 - In the present scheme, the third order convergence 
finite difference method is used to disrcretize the temporal derivative. Then, the unknown function and its 
spatial derivatives are approximated by the multiquadric quasi-interpolation operator Cw2- Further, by using 
collocation method, the approximated solution of the equation is obtained. This method is applied on some test 
experiments and the numerical results have been compared with the exact solutions and the solutions in [1,2]. 
The Loo, L2 and root-mean-square (RMS) errors of the solutions show the efficiency and the accuracy of the 
method. 

Keywords: Nonlinear Klein-Gordon equation; Multiquadric quasi-interpolation scheme; Collocation scheme; 
Radial basis function. 

2010 Mathematics Subject Classification: 35K61; 97N50; 65N35; 33E99. 



1 Introduction 

In this paper, we concentrate on the numerical solution of one of the well known equation named as Klein-Gordon 
equation: 

u tt + ^u xx +F(u) = f(x,t), x e fl = [a,b] C E, < t < T, (1) 

with the initial conditions 
u(x, 0) = gi(x), x e Q, 

u t (x, 0) = g 2 (x), ieO, ( 2 ) 
and the boundary condition 

u(x,t) = g(x,t), x g dQ, (3) 

where u = u(x,t) represents the wave displacement at position x and time t, /i is a known constant, F(u) is the 
nonlinear force such that ^ > and g\{x), g 2 (x) and g(x,t) are known functions. 

In the present work, the numerical approximation of the following nonlinear Klein-Gordon equation: 

u t t + Vtu xx + au + (3u k = f(x, t), (4) 
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is considered wherein k = 2 or k — 3 and a and /? are known constants. In this case, the nonlinear force F(u) is 
equal to au + (3u k . 

The nonlinear Klein-Gordon equation appears in different application areas, including differential geometry and 
rclativistic held theory, and it also appears in other physical applications, such as the propagation of fluxons in the 
Josephson junctions, the motion of rigid pendula attached a stretched wire, and dislocations in crystals [3,4]. 

Various numerical techniques have been presented to solve Klein-Gordon equation such as finite difference [5], 
finite element, spectral and pseudo-spectral methods [6,7]. Although these methods have been widely used but 
they usually require the construction and update of a mesh and hence bring inconvenience during computation. To 
avoid the mesh generation, meshless methods have attracted the attention of researchers. These methods are based 
on radial basis functions (RBFs). The idea of using RBFs for solving partial differential equations (PDEs) was first 
proposed by Kansa (1990) [8,9]. The kansa's method is applied for solving of different kinds of nonlinear PDEs 
such as Burgers' equation [10], Sine-Gordon equation [11], Klein-Gordon equation [2], Korteweg-de Vries (KdV) 
equation [12] etc.. 

In most of the known methods for solving PDEs using RBFs, one must resolve a linear system of equations 
at each time step. Hon and Wu [13], Wu [14,15] and others have provided some successful examples using MQ 
quasi-interpolation scheme for solving differential equations. Bcatson and Powell [16] and Wu and Schaback [17] 
proposed other univariate MQ quasi-interpolations. In [18,19], Chen and Wu used MQ quasi-interpolation to solve 
Burgers' equation and hyperbolic conservation laws. Also, Xiao et al. [20] presented the numerical method based 
on Chen and Wu's method for solving the third-order KdV equation. Recently, Jiang et al. [21] have introduced a 
new multi-level univariate MQ quasi-interpolation approach with high approximation order compared with initial 
MQ quasi-interpolation scheme. This method is based on inverse multiquadric (IMQ) RBF interpolation, and Wu 
and Schaback's MQ quasi-interpolation operator Co that have the advantages of high approximation order. 

The aim of this paper is to present a numerical scheme to solve the nonlinear Klein-Gordon equation that is 
based on Jiang et al. MQ quasi-interpolation operator £yy 2 - This paper is arranged as follows. In Section 2, we 
describe a brief information about the MQ quasi-interpolation scheme. In Section 3, the method is applied on 
the nonlinear Klein-Gordon equation. In Section 4, the results of four numerical experiments are presented and 
compared with the analytical solutions and the results in [1,2]. Finally, a brief discussion and conclusion is presented 
in Section 5. 

2 The MQ quasi-interpolation scheme 

In this section, some elementary knowledge about three univariate MQ quasi-interpolation schemes, namely, 
£x>,£w an d £w 2 are presented. For more details about MQ quasi-interpolation operators, see [16-19]. 
For a given interval f2 = [a, b] and a finite set of distinct points 

a = x < xi < . . . < xjv = b, h = max (xi — Xi-\). 



and c e R + is a shape parameter. In [17], Wu and Scheback presented the univariate MQ quasi-interpolation 
operator £-p that is defined as 



quasi-interpolation of a univariate function / : [a, b] — >• R has the form 

N 



£(/) = £/(*i)&0»0, 



where each function fa (x) is a linear combination of the MQs 



tpi(x) = \J (?■ + (x - Xi) 2 , 



N 




(5) 



i=0 



133 



M. Sarboland and A. Aminataei 



where 



ipx(x) = 



2 2( Xl -x ) ' 

1p 2 (x) - "01 (x) _ V>i(x) - (a - Xp) 

2(x2-xi) 2(xi-x ) 



w{x) = — w} x 7T, n~ . 2^«s^A r -2, (6) 



ipN-\{x) 



2{x i+ i- Xi ) 2(x i -x i -i) 
(x N - x) - ip N -i(x) ip N -i(x) - ip N - 2 (x) 



2(x N -x N -i) 2{x N -\ - x N - 2 ) 

and 

~ 1 ip N -i(x) - (x N - x) 

Wn{x) = - H — r . 

2 2(x N -x N -i) 

In RBFs interpolation, high approximation order can be gotten by increasing the number of interpolation 
centers but one has to solve unstable linear system of equations. By using MQ quasi-interpolation scheme, one 
can avoid this problem, whereas, the approximation order is not good. Therefore, Jiang et al. [21] defined two MQ 
quasi-interpolation operators denoted as £yy and £yy 2 > which pose the advantages of RBFs interpolation and MQ 
quasi-interpolation scheme. The process of MQ quasi-interpolation of £yy an d £\y 2 are as follows which is described 
in [21]. 

Suppose that {x kj }f = i i s a smaller set from the given points {xi}fL where N is a positive integer satisfying 
N < N and = fc < fci < . . . < fcjy+i = N. Using the IMQ-RBF, the second derivative of f(x) can be 
approximated by RBF intcrpolant Sf» as 

N 

s f"( x ) = ^2^M\x-x kj \), (7) 
where 



<p(r) = 



s 2 



( s 2 +r 2)3/2' 



and s e R + is a shape parameter. The coefficients {Xj}j =1 are uniquely determined [22] by the interpolation 
condition 

N 

Sf"{xk i ) = J2 X M\xk i -x kj \)=f"{x ki ), l^i^N. (8) 
Since, the Eq. (8) is solvable [22], so 

^ = A x i ..a, (9) 

where 

X = {x kl ,...,x kft }, A= [Ai,...,A j v] T , A x = [<p(\x ki - x kj \)], fx = [f"(x kl ),•••, f"{x kft )] T . 

By using / and the coefficient A defined in Eq. (9), a function e(x) is constructed in the form 

N 

e(x) = f{x) - A< y/s 2 + (x-x ki y. (10) 

i=l 
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Then the MQ quasi-interpolation operator £yv by using Cx> defined by Eqs. (5) and (6) on the data (xi, e(xi))o^i^N 
with the shape parameter c is defined as follows: 

N 

C w f{x) = W* 2 + (x- x ki f + C v e{x). (11) 
i=i 

The shape parameters c and s should not be the same constant in Eq. (11). 
In Eq. (8), f" k can be replaced as 

,„ f(x k+1 )-2f(x k ) + f(x k !) b-a 
= ^ . with h 2 = 

when the data (x ki , f{xki))a<i<N are given, and (xi)o^i^N are equally spaced points. So, if in Eq. (9) replaced 

by 

fx = [fx kl ' • ' ' ' fx kfJ ] ) ( 12 ) 

the quasi-interpolation operator defined by Eqs. (10) and (11) is denoted by £yy 2 - I n this case, £yy 2 defined as 
follows: 

N N N 

£wj(x) = W* 2 + ( x ~ + S(/(*<) - E W S * + (** - x kj ) 2 )Mx). (13) 

j=l i=0 j=l 

For more information about the properties and accuracy of £yy and £w2j see [21]- In this paper, we use the MQ 
quasi-interpolation operator £yy 2 with h 2 — 2h. 



3 The numerical method 

In this section, the numerical scheme is presented for solving the Klein-Gordon equation (1) by using the MQ 
quasi-interpolation £yy 2 • I n our approach, the MQ quasi-interpolation approximates the solution function and 
the spatial derivatives of the differential equation and the fourth order finite difference approximation employs for 
discretizing of the temporal derivative similar to work that Rashidinia did in [1]. 

According of the fourth order finite difference, the term u r t \ = u u {x,t n ), t n — nAt, can be arranged as 

u ^wfkwf +omn (14) 

where S 2 = u n+1 - 2u n + u n -\ 

Substituting Eq. (14) into Eq. (1) yields the following time discretized form of Klein-Gordon equation: 



S 2 u n + MAt) 2 (l +7«?Kx + (At) 2 (l + j5 2 )F n = (At) 2 (l +1 6 2 t )f n , (15) 

where /" = f(x,t n ) and F n = F{u n ) = au n + j3{u n ) k . 

After some arrangements, Eq. (15) can be written in the following form: 

(-^ + a) u" +1 + „ <+* + /3 ( U " +1 ) fc = X (x), (16) 
where 

x{x) = " aK)u " ( tW + a)u "^ A<x + ~ mun)k + 

and K = lz±L. 

7 



135 



M. Sarboland and A. Aminataei 



Assuming that there are a total of N + 1 interpolation points, u n can be approximated by 

N N N 

u n (x) = ^s^ + {x-x ki f + E« - E a^si + ^-x^Mx), (17) 

j=l i=0 j=l 

where uf = u(xi,t n )- Now, substituting Eq. (17) into Eqs. (16) and (3) and applying collocation method yield the 
following equations: 

N n n N 

(-7^2 + a ) E W* 2 + (^-^) 2 + E« - E x iy/ s2 + ( x i- x kj) 2 )Mxi) + m (E Ws 2 + (^-^) 2 

™ ' i=l i=0 j=l i=l 

iV TV JV N N 

+ E« +1 - E A ^ ^^ + {x i -x kj Y)^: {xi)) + (3(J2 w* 2 + te-^) 2 + Y.w +1 - E ^ V s2 + fc-^) 2 ) 

i=0 j=l i=l i=0 j=l 

= x(xi), l = l,...,N-l, (18) 

and 

N N N 

^A iV /s 2 + (si - x ki f + J2« ~ E W* 2 + (x< " ^) 2 )^^) = « = 0,7V, (19) 

i=l i=0 j=l 

where g" +1 (x/) = g(xi,t n+1 ) and 

x(Xi) = _ - (^)2 + aK -1 te) - MO*) + <" 1 (x ; )] - /8[«(« n (x,)) fc + (« n_1 (xi)) fc ]. 

The coefficients {A*}^ arc determined by the solvable linear system 

N ii n — 9ti n 4- ii n 

A^(K-^|) = ^±i j = l,...,7V. (20) 

»=i " 2 

At n = 1, according to the initial conditions that was introduced in (2) and approach that Rashidinia did in [1] 
based on Taylor series, we apply the following assumptions 

i°(x) = u(x,0) = 5i (x), 



u 

and 



ana 

(At) 2 (At) 3 n (At)* 

u^x) = 9l (x) + Atg 2 (x) - y -^-[{iu xx + F- f}° - (x) + F t - f t + F u u t }° + n^-\piu xxxx + 

F x u x + F xx f xx -\- F xu ii x -\- u x (F xu -\- F uu ii x )] -\- 0((At) ). 

In each time step (i.e. time step n + 1), at first we set = u". Having this, Eqs. (18) and (19) are solved as a 

system of linear algebraic equations for unknowns j = 0, 1, . . . , N. Then, we recompute Uj +1 = u™ +1 where 

as we illustrate, can be obtained by solving Eqs. (18) and (19). Now, at each time level, we iterate calculating 
and solving the approximation values of the unknown, until the tolerance of any two latest iterations is not 

bigger than 10~ 8 , i.e. a predictor-corrector scheme is adopted in each time level, then one can move on to the next 

time level. 
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Figure 1: 

The graph of the estimated solution up to t = 10 with At = 0.0001 and N = 10 of experiment 1. 



4 The numerical experiments 



Four experiments are studied to investigate the robustness and the accuracy of the proposed method. We compare 
the numerical results of the Klein-Gordon equation by using presented scheme with the analytical solutions and 
solutions in [1,2]. These methods include Thin Plate Splines (TPS) RBF collocation method [2] and cubic B-spline 
collocation method (CBS) [1]. We denote our scheme by MQQI. The L2, and RMS errors which are defined by 



U = 



\ 



M 

E 

3=0 



max \u n (xj) — u n (xA\, 



RMS = 



\ 



(J2(u n (xj)-u n (x3)) 2 )/M, 



are used to measure the accuracy of our scheme where u is the approximation solution and M and h m are the 
number and the space of points that used to compute the errors, respectively. 

In this paper, we propose the following values for the shape parameters c and s : 



c= \<r\og(h)h\, s= |(Tlog(/i2)/i2|, 



(21) 



where a is an input parameter. Our numerical observations show that the accuracy of the solution depends on the 
magnitude of tr in such a way that the error drops to a minimum by adjusting the value of a so that the numerical 
solution provides a reasonable approximation to the exact solution. 

The computations associated with our experiments are performed in Maple 14 on a PC with a CPU of 2.4 GHZ. 
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Tabic 1 

The comparison of the Loo, L2 and RMS errors of our method with the results of [1,2] at different times of experiment 1. 



Time 






1 


Q 
O 





i 


1 n 

1U 


MOOT- AT 


in 

— 1U, 


M = 100 and At = 0.0001 










L 2 






a A7i 017 -1 -1 

d.u 1 iyjii-ii 
4.1778E-10 
4.1571E-11 


1.1651E-10 
7.6003E-10 

7 c ,fi9fiF 1 1 


1.4196E-10 
1.0234E-09 
1 m S9P 1 n 


1.1799E-10 
9.2925E-10 

Q 9zLfizLP 1 1 


3.3761E-11 
1.9398E-10 


Time 






1 


3 


5 


10 


20 


CBSM [1]; 


N = 


100 and At 


= 0.0001 










Loo 

L 2 

RMS 






4.7698E-13 
1.8986E-12 
2.6850E-14 


2.8899E-13 
1.0680E-12 
1.5105E-13 


4.3667E-13 
1.5686E-12 
2.2184E-12 


8.4593E-13 
5.3244E-12 
5.9738E-12 


3.1344E-12 
4.4324E-11 
2.2332E-12 


Time 






1 


3 


5 


7 


10 


TPSM [2] 


;N = 


100 and At 


= 0.0001 










Loo 

L 2 

RMS 






1.2540E-05 
6.5422E-05 
6.5097E-06 


1.5554E-05 
1.1717E-04 
1.1659E-05 


3.3792E-05 
2.2011E-04 
2.1902E-05 


3.7753E-05 
2.5892E-04 
2.5763E-05 


1.3086E-05 
7.9854E-05 
7.9458E-06 



Experiment 1. In this experiment, the Klein-Gordon equation (1) is considered with fj, = 1, f(x, t) — —x cos(t) + 
x 2 cos(t) in interval — 1 ^ x ^ 1 and the nonlinear force F(u) — u 2 ; so that the values of constants in (16) are 
a — 0, P — 1 and k = 2. The initial conditions are given by 

u(a;, 0) = x, — 1 ^ x ^ 1, 

u t {x,0)=0, -l<a;<l. 
The exact solution is given in [23] as 
u(x,t) — xcos(t). 

The boundary function c/(x, t) can be extracted from the exact solution. The L 2 , Loo and RMS errors in the solutions 
with At = 0.001 and At = 0.0001, a = 0.815, N = 10, M = 100 and 7 = ^ are listed in Table 1 and compared 
with the results in [1,2]. The space-time graphs of the estimated solution is drawn in Fig. 1. Table 1 indicates that 
the proposed method requires less nodes to attain the accuracy of the CBSM [1] and TPSM [2]. Also, it show that 
this scheme performs better than TPSM. 

Experiment 2. Consider the Klein-Gordon equation (1) with fi = 1, ,f(x,t) = 6xt(x 2 - t 2 ) + x 6 t 6 in interval 
< x < 1 and the nonlinear force F(u) = u 2 wherein a, j3 and k are considered as 0, 1 and 2, respectively. The 
initial conditions are given by 

u(x,0)=0, Os^xsCl, 

itt(a;,0) = 0, 0<ar<l. 
The exact solution is given in [23] as 
u(x,t) = x 3 t 3 . 

The boundary function g(x, t) can be extracted from the exact solution. Table 2 shows the L 2 , Loo and RMS errors 
in the solutions with At = 0.001, a = 0.815, N = M = 50 and 7 = t-L. Our numerical results are compared with 
the results in [1,2]. Moreover, the space-time graph of the estimated solution is drawn in Fig. 2. Table 2 shows that 
our scheme has better accuracy than TPSM whereas we use time step At = 0.001 and the time step At = 0.0001 
is used in TPSM [2]. 
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Figure 2: 

The graph of the estimated solution up to t — 5 with At = 0.001 and N = 50 of experiment 2. 



Table 2 

The comparison of the Loo, L2 and RMS errors of our method with the results of [1, 2] at different times of experiment 2. 



Time 




1 


2 


3 


4 


5 


MQQI; N = 50, M = 50 and At = 0.001 


Loo 




2.5756E-05 


2.0580E-04 


6.5461E-04 


1.4417E-03 


2.5914E-03 


L 2 




6.5854E-05 


6.0958E-04 


1.4182E-03 


2.4832E-03 


3.8577E-03 


RMS 




9.2213E-06 


8.5358E-05 


1.9858E-04 


3.4772E-04 


5.4019E-04 


CBSM [1]; N 


= 50 and At = 


0.0001 










Loo 




5.5733E-14 


3.0198E-13 


3.5829E-12 


5.1088E-12 


7.2456E-11 


L 2 




1.4257E-13 


8.7463E-13 


1.0177E-11 


1.7568E-11 


3.0183E-10 


RMS 




2.0162E-14 


1.2369E-13 


1.4392E-12 


2.4846E-12 


4.2685E-12 


TPSM [2]; N 


= 50 and At = 


0.0001 










Loo 




1.1012E-05 


1.6496E-04 


5.9728E-04 


1.8264E-03 


3.6915E-03 


L 2 




5.4998E-05 


1.1522E-03 


3.2588E-03 


9.8191E-03 


1.9139E-02 


RMS 




5.4725E-06 


1.1465E-04 


3.2426E-04 


9.7704E-04 


1.9044E-03 



Experiment 3. In this experiment, we consider the Klein-Gordon equation (1) with /j, = 2.5, f(x,t) = in 
interval x ^ 1 and the nonlinear force F(u) = u+ 1.5u 3 wherein a, /3 and k are considered as 1, 1.5 and 3. The 
initial conditions are given by 

u(x,0) = Btan(Kx), O^i^l, 

u t (x,0) = BCKsec 2 (Kx), < x < 1. 
The exact solution is given in [24] as 
u(x,t) = Btan(K(x + Ct)), 



120- 

100- 
50- 

iHVt] 60- 

*- 

20- 

0- 
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Table 3 

The comparison of the Loo,L2 and RMS errors of our method with the results of [1,2] with C = 0.05 at different times of 
experiment 3. 



Time 


1 


2 


3 


4 


MQQI; N = 30, M = 100 and A< = 


0.001 








Loo 


2.9293E-06 


3.1901E-06 


3.5819E-06 


4.1980E-06 


L 2 


1.5566E-05 


2.0814E-05 


2.3670E-05 


2.0758E-05 


RMS 


1.5489E-06 


2.0711E-06 


2.3553E-06 


2.0655E-06 


CBSM [1]; N = 100 and At = 0.001 


Loo 


1.1986E-08 


2.4733E-08 


2.8958E-08 


1.9916E-08 


L 2 


7.5619E-08 


1.7997E-07 


2.0797E-07 


1.4058E-07 


RMS 


7.5619E-08 


1.7997E-08 


2.0797E-08 


1.4058E-08 


TPSM [2]; N = 100 and At = 0.001 


Loo 


3.6497E-07 


3.8952E-07 


4.2123E-07 


4.5928E-07 


L 2 


1.7861E-06 


1.5383E-06 


1.7275E-06 


2.0097E-06 


RMS 


1.7772E-07 


1.5306E-07 


1.7190E-07 


1.9997E-07 



where B = ^Jj and K = y • ^he boundary function g(x,t) can be extracted from the exact solution. In 

Tables 3 and 4, the L 2 , L^ and RMS errors in the solutions are listed with At = 0.001, a = 1, N = 30, M = 100, 
T = T2 ant ^ C ~ anc ^ C = Tables 3 and 4 indicate that the proposed method requires less nodes to attain 
the accuracy of the CBSM [1] and TPSM [2]. 

Experiment 4. Consider the nonlinear Klein-Gordon equation (1) with [i = 1 and the nonlinear force F(u) = 
u + u 3 in interval — 1 < x < 1. In this case, the constants a, (3 and k are considered as 1, 1 and 3, respectively. The 
initial conditions are given by 

u(x, 0) = x 2 cosh(a;), —1 ^ x ^ 1, 
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Table 4 

The comparison of the Loo,L2 and RMS errors of our method with the results of [1,2] with C = 0.5 at different times of 
experiment 3. 



Time 




1 




2 


3 


4 


MQQI; N 


= 30, 


, M = 100 and At = 0.001 










Leo 

L 2 

RMS 




7.6149E-06 
3.9375E-05 
3.9179E-06 


2.1557E-05 
1.0820E-04 
1.0766E-05 


1.0041E-04 
4.2058E-04 
4.1849E-05 


2.2122E-03 
6.4696E-03 
6.4375E-04 


CBSM [1]; N = 


100 and At = 0.001 










Loo 

L 2 

RMS 




2.6949E-08 
1.9015E-07 
1.9015E-08 


8.7462E-08 
6.3813E-07 
6.3813E-08 


3.0903E-07 
2.2341E-06 
2.2344E-07 


1.9394E-06 
1.3439E-05 
1.3439E-06 


TPSM [2]; 


N = 


100 and At = 0.001 










Loo 

L 2 

RMS 




5.9964E-06 
4.0761E-05 
4.0559E-06 


2.1973E-05 
1.5769E-04 
1.5691E-05 


9.0893E-05 
6.4792E-04 
6.4470E-05 


8.2945E-04 
5.3572E-03 
5.3306E-04 


Table 5 

The comparison of the Loo, L2 and RMS errors of our method with the results of [1,2] at different times of experiment 4. 


Time 




1 


2 


3 


4 


5 


MQQI; N 


= 50, M = 50 and At = 0.001 










Loo 

L 2 

RMS 




2.5756E-05 
6.5854E-05 
9.2213E-06 


2.0580E-04 6.5461E-04 
6.0958E-04 1.4182E-03 
8.5358E-05 1.9858E-04 


1.4417E-03 
2.4832E-03 
3.4772E-04 


2.5914E-03 
3.8577E-03 
5.4019E-04 


CBSM [1]; 


N = 


50 and At = 0.0001 










Loo 

L 2 

RMS 




3.5666E-06 
2.5993E-05 
2.5930E-06 


3.1949E-06 3.9619E-06 
2.2013E-05 2.3990E-05 
2.2013E-06 2.3909E-06 


5.6889E-06 
2.9542E-05 
2.9542E-06 


6.3356E-06 
3.2638E-05 
2.9092E-06 


TPSM [2]; 


N = 


50 and At = 0.0001 










Loo 

L 2 

RMS 




5.0705E-05 
2.9474E-04 
2.0789E-05 


5.0260E-04 2.0612E-03 
2.7082E-03 9.7246E-03 
1.9102E-04 6.8592E-04 


6.5720E-03 
2.7881E-02 
1.9666E-03 


1.9067E-02 
7.7337E-02 
5.4549E-03 



u t {x, 0) = x 2 sinh(x), — 1 ^ x < 1. 
The exact solution is given as 
u(x, t) — x 2 cosh(x + t). 

The boundary function g(x,t) can be extracted from the exact solution. Table 5 shows the L 2 , Loo and RMS 
errors in the solutions with At = 0.001, a = 0.815, N = M = 50 and 7 = j^. We compare our results with the 
results in [1,2]. Also, the space-time graph of the estimated solution is drawn in Fig. 4. Table 5 shows that our 
scheme has better accuracy than TPSM whereas we use the time step At = 0.001 and the time step At = 0.0001 
is used in TPSM [2]. 

5 Conclusion 

In this paper, a numerical scheme based on high accuracy MQ quasi-interpolation scheme has been applied to 
solve the nonlinear Klein-Gordon equation with quadratic and cubic nonlinearity. The numerical results which are 
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given in the previous section demonstrate the good accuracy of the present scheme. Also, the Tables show that 
this scheme performs better than TPS method and requires less nodes to attain accuracy. Moreover, we have used 
bigger time step At, in comparison with [2]. Therewith, we would like to emphasize that, the scheme introduced in 
this paper can be well studied for any other nonlinear PDEs. 
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Abstract 

In the present paper we establish several strong differential subordinations regardind the ex- 
tended new operator L™, given by L™ : A* n( -> A* n( , L™f(z, C) = (1 - a)R m f(z, () + aS m f(z, (), 
where R m f(z, £) denote the extended Ruscheweyh derivative, S m f(z, £) is the extended Salagean 
operator and A* n( = {/ G H(U x U), f(z, C) = z + a n+1 (() z n+1 + . . . , z e U, ( 6 U} is the class 
of normalized analytic functions. A number of interesting consequences of some of these strong 
subordination results are discussed. For functions belonging to the class SL m (6,a,() , 6 G [0,1), 
a > and m £ N, of analytic functions in U x U, which are investigated in this paper, the author 
derives several interesting strong differential subordination results. Relevant connections of some 
of the new results obtained in this paper with those in earlier works are also provided. 

Keywords: strong differential subordination, univalent function, convex function, best dominant, 
extended differential operator. 

2000 Mathematical Subject Classification: 30C45, 30A20, 34A40. 

1 Introduction 

Denote by U the unit disc of the complex plane U = {z G C : \z\ < 1}, U = {z G C : \z\ < 1} the 
closed unit disc of the complex plane and H(U x U) the class of analytic functions in U x U. 
Let 

A* nC = {feH(UxU), f(z,() = z + a n+1 (()z n + 1 + ..., z€U, (£U}, 
where (£) are holomorphic functions in U for A; > 2, and 

H*[a,n,(] = {feH(UxU), f(z,() = a + a n (()z n + a n+1 (()z n+1 + ..., z G U, (eU}, 

for a G C and n G N, a& (£) are holomorphic functions in U for k > n. 

Generalizing the notion of differential subordinations, J. A. Antonino and S. Romaguera have in- 
troduced in [5] the notion of strong differential subordinations, which was developed by G.I. Oros and 
Gh. Oros in [7], [6]. 

Definition 1.1 [7] Let f (z, (), H (z, £) analytic inU xU. The function f (z, £) is said to be strongly 
subordinate to H (z, £) if there exists a function w analytic in U , with w (0) =0 and \w (z)\ < 1 such 
that f (z, () = H (w (z) , C) for all ( G U. In such a case we write f (z, () H {z,Q , z G U, ( G U. 
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Remark 1.2 [7] (i) Since f (z,() ^ analytic in U x U, for all £ G U, and univalent in U, for all 
(eU, Definition 1.1 is equivalent to f (0, () = H (0, C) , for all ( G U, and f (U x V) C H (U x U) . 

(ii) If H (z, C) = 7/ (z) and f(z,() = f ( z ) i the strong subordination becomes the usual notion of 
subordination. 

We have need the following lemmas to study the strong differential subordinations. 

Lemma 1.3 [4] Let h (z, £) be a convex function with h (0, () = a for every ( G U and let 7 G C* be 
a complex number with Re^f > 0. If p G H*[a, n, (] and 

p(z,() + -zp'(z,0 ~<~<h(z,0, 
7 

then 

p(z,C) «g{z,Q) «h{z,Q, 
where g (z, Q = — V /jf h (t, () tn _1 dt is convex and it is the best dominant. 

nzn 

Lemma 1.4 [4] Let g (z, £) be a convex function in U , for all £ G U, and let 

h{z, C) = g(z, C) + nazg'{z, (), zeU, (eU, 
where a > and n is a positive integer. If 

p(z,() = g(0,()+Pn(()z n + Pn+1 (()z n+1 + ..., Z£U, (eU, 

is holomorphic in U, for all £ G U, and 

p(z, C) + azp'(z, C) ■<-< h(z, C), z G [/, C e U, 

then 

P (z,0 «g{z,Q 

and this result is sharp. 

We extend the Salagean operator [9] and the Ruscheweyh derivative [8] to the new class of analytic 
functions _4£ introduced in [6]. 

Definition 1.5 [4] For f G A* nt ^, n, m G N, the extended operator S m is defined by S m : A^ — > A^, 

S°f(z,() = f(z,C) 

sV(*,C) = */'(*, 
S m+1 7>,0 = z(5 m /(z,C))', zeU,(eU. 

Remark 1^6 /# /// G A* n< , f(z, C) = n+1 a, (C) ffcen S™/ (*, C) = *+£~ n+ i i m «i (0 

z G 17, C € 17. 

Definition 1.7 /^/ For / G .A*^, n, m G N, the extended operator R m is defined by R m : A* n( ^ — > .A*^ 

i?°/(*,0 = /(*,C) 

#7(*,c) = */'(*, o 

(m + i)i? m+1 /(^C) = z(i? m /(z,C))' + mi? m /(z,C), zgLT, CeZ7. 

Remark 1.8 [4] If f € A* nC , f(z, () = z + Zf=n + i MO &en 
iT 1 / (z, C) = z + ZT=n+i C% +j -i"j (0 z j , zeU,(eU. 
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2 Main results 



We also extend the differential operator L™ studied in [1], [2], [3] to the new class of analytic 
functions A* n ^. 

Definition 2.1 [4] Let a > 0, m G N. Denote by L™ the extended operator given by L™ : A* n ^ — > A^, 

I%f(z, = (1 - a)R m f(z, C) + C), zeu, (e U. 

Remark 2.2 [4] If f G /(*, C) = ^ + £~ n+ i «i (0 &en 

= z + ET=n+i («J m + (!"«) <^ +j -i) (0 z*,z€U,C€U. 

Definition 2.3 Let 5 G [0,1), a > and n, m G N. A function f{z,() G A* nl * is said to be in the 
class SL m (8, a, () if it satisfies the inequality 

Be(L™f(z,Q)' z >6, z£U,(£U. (2.1) 

Theorem 2.4 The set SL m (6, a, () is convex. 

Proof. Let the functions 

oo 

f k (z,0 = z+ £ ajfc(C)^'. for fc = l,2, zeU,(eU, 

j=n+l 

be in the class 5X m (<5, a, £). It is sufficient to show that the function 

h (z, C) = Vih (z, C) + 77 2 /2 (2, 

is in the class SL m (6, a, £) , with n 1 and rj 2 nonnegative such that r] 1 + t] 2 = 1. 
Since ft (z, C) = 2 + E^n+i faity'i (0 + "2^2 (0) z<EU,(tU, then 
00 

L™M*,C) = *+ E [«i m + (!-«) Qi-i] (0 + %«i2 (0) 2 e [/, ( e F. (2.2) 

j=n+l 

Differentiating with respect to z (2.2) we obtain 

(L%h (z, C))' z = 1 + ZT=n+i [«7 m + (!-«) C- +j _J (r?!^! (C) + W (0) JV'- 1 , * € tf, C € t7. 
Hence 

(oo 
j=n+l 



+Re L 2 3 [<*j m + (!-«) a j2 (C) • (2-3) 

\ 3=n+l J 

Taking into account that /i, fi G SX m (6, a, () we deduce 

ReLk E J + (!-«) C ™+j-i] a * (0 ^ I > % (5 - 1) , * = 1, 2. (2.4) 

\ j=n+l / 

Using (2.4) we get from (2.3) 

Re {L™h (z, Q)' z> l + r]l (6-l)+r ]2 (6-l) = 6, z G U, C G U, 
which is equivalent that SL m (8, a, £) is convex. ■ 
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Theorem 2.5 Letg(z,Q be a convex function such that g (0,() = 1 and let h be the function h(z,() 



0(*>C) + sW*(*,C), ^ G 17, C G £/, c > 0. //a > 0, m G N, / G SL m (6,a,Q and F(z,() 



h (/) (z, = 0, J Z t c f (t, C) dt, z G U, C G 17, tf*en 

(L™/(*, 0); -X (*, C) , z £ U, C G 17, (2.5) 

imp/ies 

C))' z ^ 5(^,0, z£U, (eu, 

and this result is sharp. 
Proof. We obtain that 

z c+1 F (z, C) = (c + 2) f i c / (t, C) dt. (2.6) 

JO 

Differentiating (2.6), with respect to z, we have (c + 1) F (z, £) + zF' z (z, () = (c + 2) / (z, £) and 

(c + 1) L™F (z, C) + * (z, (% = (c + 2) L™/ (z, C) , * € U, ( G 77. (2.7) 

Differentiating (2.7) with respect to z we have 

(z, ())' z + ^z (L™F (z, C))'; 2 = (L™f (z, ())' z , zeU,(eU. (2.8) 

Using (2.8), the strong differential subordination (2.5) becomes 

(Z£F (z, C))' z + ^z (L™F (z, 0)" z2 « g (z, () + -^zg> z (z, () . (2.9) 

Denote 

p (z, C) = (L™F (z, C))' z , z G U, C G U. (2.10) 
Replacing (2.10) in (2.9) we obtain 

P (z, C) + —^zp'z (z, ^ 9 (z, C) + — -^zg' z (z,C), z G U, C G 77. 
Using Lemma 1.4 we have 

P (z,0^g(z,(), zeu, (eU, i.e. (L™F(z,0); ^ <K*,C) , ^ € £7, C € U, 
and this result is sharp. ■ 

Theorem 2.6 Let h (z, () = C+( 1 ^ C)z , z G 17, C G 17, 6 G [0, 1) and c> 0. // a > 0, m G N and I c is 
given by Theorem 2.5, then 

I c [SL m (6,a,C)]cSL m (6*,a,C), (2.11) 
where 6* = 26 - ( + 2 ^ +2 ^ [3 (£±2 - 2) and /3 (x) = £ g£<ft. 

Proof. The function h is convex and using the same steps as in the proof of Theorem 2.5 we get 
from the hypothesis of Theorem 2.6 that 

P (z, C) + -^ z P'z (*, « h (z, C) , 



where p(z,() is defined in (2.10). 
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Using Lemma 1.3 we deduce that 

p(z,C) «g{z,Q ~<~<h(z,0, 

that is 

(L™F(z,0)' z ^9(z,() «h(z,C), 

where 

9{z,Q = —7+2 7— ~, dt = 

nz i Jo i -t- 1 

^-o + 2(c+2) i- {) r& 

nz n JO -L ~r E 

Since g is convex and g (U x U) is symmetric with respect to the real axis, we deduce 

Re (L™F (z, ())' z > minRe g (z, () = Re g (1, C) = 6* = (2.12) 

2< 2 (c+ 2)(c-6) / £± 2_ 2 y 

n \ n J 

From (2.12) we deduce inclusion (2.11). ■ 

Theorem 2.7 Let # (z, C) fre a convex function such that g (0, C) = 1 ar ^ let ^ ^ e the function h (z, £) = 
g (z, () + zg' z (z, C) , z E U, ( E U. If a > 0, n, m G N ; / G .A*^ and the strong differential subordination 

(L™f(z, C))' z ^h(z,0, z G U, ( G CT, (2.13) 

holds, then 

L « f{ z zX) «g{z,0, zeu, (eU, 

and this result is sharp. 

Proof. By using the properties of the extended operator _L™, we have 

oo 

L%f(z, C) = z+ £ i<*J m + (!"«) C%±j-i) aj (C) z\ zeU,(eU. 

j=n+l 

Consider p(z_,() = ^1 = ^T^i^^-^-i)^ = 1 + ^ (() ^ + ^ {Q ^ + 
zeU,(eU. 

Let L™f(z, () = zp(z, (), z <E U, ( <E U. Differentiating with respect to z, we obtain (L™f(z, ())' z = 
p(z,()+zp' z (z,(), ze U, (eU. 
Then (2.13) becomes 

p(z, C) + zp' z (z, C) -X h(z, C) = g(z, C) + zg' z (z, C), zeU, (£U. 

By using Lemma 1.4, we have 

p(z,()^g(z,(), zeu,(eu, i.e. aJK ' u ^^,fl, ^^(Gf/. 
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Theorem 2.8 Let h{z,Q) be a convex function such that h(0,C) = 1- If a > 0> n, m G N, / G A* n ^ 
and the strong differential subordination 

(L™f(z, 0)' z ^h(z,C), z G U, ( G U, (2.14) 

holds, then 

ai \ — «g{z,C)«h{z,0, zeu,(eu, 
where g (z, C) = — x Jo h (*> C) t"~ 1 dt is convex and it is the best dominant. 



nzn 



Proof. With notation p (z, () = L "^' C) = 1 + £°1„ +1 («J m + (1 - a) C^ +j _i) «j (C) z^ 1 and 
p (0, C) = 1, we obtain for f(z, () = z + £~ n+1 a, (C) zi,p (z, () + zp' z (z, () = (L%f(z, ())' z . 

We have p (z, () + zp' z (z, £) -<-< h (z, £), z G U, £ G U. Since p (z, () G H* [1, n, £] , using Lemma 
1.3, for 7 = 1, we obtain p(z,C) s(*,C) ^ M*>0> zeU,(eU, i.e. ^ 5 (z,C) = 

— ly - J 2 ^ (i, C) t^~ 1 dt ~<~< h (z, C), ^ G £/, C G C7, and g (z, C) is convex and it is the best dominant. ■ 

nz n 

Corollary 2.9 Let h(z,() = C+( i+~ C) * a convex function in U x U, < (3 < 1. // a > ; m G N, 
/ G -4*£ and verifies the strong differential subordination 

(L™f(z, 0)' z h{z, C), zeU,(eU, (2.15) 

then 



where g is given by g(z, () = 2(3 — ( + 2 ^ P L 2 ^—j-dt, z G U, ( G U. The function g is convex and it 
is the best dominant. 

Proof. Following the same steps as in the proof of Theorem 2.8 and considering p(z, () = Lpi ^f z '^ , 
the strong differential subordination (2.15) becomes 

p(z, C) + zp' z (z, C) ^ h(z, C) = C+ ff ~ C)Z , z G U, C G U. 

By using Lemma 1.3 for 7 = 1, we have p (2, £) 5 (2, C) « h(z,(), z <E U, ( £ U, i.e., 

™^- 9 (,o^ r Mt ,o.i- i *=-^ r.i-f±M^* 

z nzn Jo nzn Jo 1 "r 1 

= 2/3-C+^^/ 2 ^, ,E[/,(GtJ. 

■ 

Theorem 2.10 Let g{z,Q be a convex function such that g(0,Q = 1 and let h be the function 
h (z, () = g (z, C) + zg' z (z, (), z G U, £ G U. If a > 0, n,m G N, / G -4*^ and the strong differential 
subordination 



holds, then 

L%f(z,() 

and this result is sharp. 
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Proof. For / G A* nC , f(z, C) = z + E?=n+i *3 (0 z j we have 
I%f(z, () = z + ZT=n+i («J m + (!"«) C^-i) aj (C) z E U, £ &U. 

Con S1 der p (z, C ) = = , +E ^ +l( ^ +(1 - a)g ^_; )aj( ^ = 

We have p£ (z, C) = ~ V (z, C) ■ ■ Then p (z, C) + V, (*, = ( i^/fff ) 1 ■ 

Relation (2.16) becomes p(z,£) + ^Pz (2, C) ^ 2 , = g{ z ,Q) + (^C): z £ U, C £ U, and 
by using Lemma 1.4 we obtain p (2, () ^ g (z, Q, z G U, ( G C7, i.e. _E m /(2 <) d( z X)> z € C/, 

C€tr. ■ 

Theorem 2.11 Let g(z,Q be a convex function such that g(0,C) = 1 an d let h be the function 
h (z, () = g (z, C) + z 9'z ( z , C); z G U, C G U. If a > 0, n,m G N ; / G A* n ^ and the strong differential 
subordination 

(g + v(..o): + (1 -° )m ,; ( ;7 (z - c)) "' ^M Z .c). , 6l r, C6 ff. (2.i7) 

holds, then 

[L%f(z,0]' z ^g(z,0, zeu, (eu. 

This result is sharp. 

Proof. By using the properties of the extended operator L™, we obtain 

L™ +1 f(z, C) = (1 - a)R m+1 f(z, C) + aS m+l f(z, Q, zeU,(eU. (2.18) 
Then (2.17) becomes 

(d - o^m, + as— a,, o)l + (1 - a) "'^"; /(z - c)) "' -M M«, 0, 

with zeU,(eU. 

After a short calculation, we obtain 

(1 - a)(R m f (z, C))' z + a (S m f (z, (% + z ((1 - a) (i?™/ (*, C)& + « (S"7 (*, 0&) ^ h (z, C), 
z G 17, C G U. 
Let 

p(z, C) = (1 - «) (R m f(z, 0)' z + « (5 m /(^, C))' z = (L™f(z, C))' z (2.19) 

00 

= 1+J] («J m+1 + (1 - a,- (C) = 1 +Pn (C) * n +Pn+i (0 z n+1 + .... 

J=n+1 

Using the notation in (2.19), the strong differential subordination becomes 

p(z, C) + zp' z (z, ■<-< h(z, C) = g(z, C) + zg' z (z, (). 
By using Lemma 1.4, we have 

P (z,0^g(z,0, zeu,(eu, i.e. (L™f(z,0)' z ^g(z,(), zeU,(eU, 
and this result is sharp. ■ 
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Theorem 2.12 Let h (z, £) be a convex function such that h (0, () = 1. 7f a > 0, n,m G N, / G .A*^ 
and i/ie strong differential subordination 

K +1 /(,,01i + d-°)^/('.0)^ ^ M , iC) , , £ c , ( £ Vt (M0) 

holds, then 

(L™f(z, C))' z -X 9 (z, C) -X M*. , z *E U, £ G U, 
where g (z, £) = —^-j- f Q z h (t, £) tn _1 dt is convex and it is the best dominant. 

nzn 

Proof. For / G A* nC , f(z, () = z + n+1 a, (C) ^ we have 

= * + E^„+i («J m + C^ +j _ x ) a, (C) *>, s G u, C e C7. 

Consider p (z, C) = (L%f(z, ())' z = 1 + ££= n+ l («J m+1 + (!-<*) jC™^) a, (() z^ 1 G [1, n, C] . 

We have p (z, C) + zp' z (z, () = [L^f(z, Q]' z + ^^fi^k ^ zGU,CeU. 

Then [L^ +1 f(z, OY^ ^™^/^'* 2 ^ ft (z, C), z E U, ( E U, becomes p (z, C)+^ (*, C) ^ 
h(z,(), z <E U, ( E U. By using Lemma 1.3, for 7 = 1, we obtain p(-2, C) g( z ,() h(z,(), 
zeU,(eTJ, i.e. (L™/(z, C))' z 5 (*, = A- J Z h (t, () t^dt « h (z, 0, zeu,(e U, and 

nzn 

g (z, C) is convex and it is the best dominant. ■ 

Corollary 2.13 Let h(z,() = C+( ^ C)z a convex function in U x U, < (3 < I. If a > 0, m G N, 
/ G *4.*£ and verifies the strong differential subordination 

[L™ +1 f(z, t)]' z + (1 " a)m ^7 ( ' ,0):2 « h ^ 0, zeu,ce U, (2.21) 

{I%f{z, 0)' z « 9 (z, C) ^ & (*, C) , z G L7, C G U, 

w/iere g is given by g(z, () = 2(3 — ( + 2 ^~f^ J 2 ^—dt, z <E U, ( £ U. The function g is convex and it 
is the best dominant. 



Proof. Following the same steps as in the proof of Theorem 2.12 and considering p(z,() 
(L™f(z,())' z , the strong differential subordination (2.21) becomes 

p(z, C) + zp' z (z, C) ^ h(z, C) = C+ ff ~ C)Z , z G U, C G U- 
By using Lemma 1.3 for 7 = 1, we have p (z, () g (z, () h (z, (), z G U, ( G £7, i.e., 

nz n Jo nz n Jo 1 > 1 

= 2(3- C+ 2 -^A f'^dt, zeU,(eU. 
nzn Jo 1 + 1 
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1 Introduction 

Let X be a real Banach space, C be a nonempty closed convex subset of X, A : 
X — > X be an m-accretive operator (possibly multivalued) and J r = (I + rA)^ 1 be 
the resolvent of A for all r > 0. The following iterative schemes is well-known: 



where {r n } is a sequence of positive real numbers. The convergence of (1.1) has 
been studied by many authors. See, for example, [2-4, 10, 12, 15, 16, 19, 20] and the 
references therein. 

On the other hand, Halpern [9] and Mann [14] introduced the following iterative 
schemes for approximating fixed points of nonexpansive mappings T of X into itself, 
respectively: 




n > 0, 



(1.1) 



x e x, 

x n +i = u n u + (1 - a n )T(x n ), n > 0, 



(1.2) 



and 



x e x, 

x n +i = a n x n + (1 - a n )T(x n ), n>0 



(1.3) 



lr This work was supported by the the Scientific Research Fund of Sichuan Provincial Education 
Department (10ZA136), the Cultivation Project of Sichuan University of Science & Engineering 
(2011PY01), and the Open Foundation of Artificial Intelligence Key Laboratory of Sichuan Province 
(2012RYY04). 
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where u € C and {a n } is a sequence in [0,1]. The iterative schemes (1.2) and 
(1.3) have been studied extensively by Takahashi [21] and others (see the references 
therein). Further, Kim and Xu [11] studied the sequence generated by the algorithm 

(1.2) when T = J r . n for r n > 0. 

Let C be a nonempty closed convex subset of X such that D(A) cCc n r> oR(I+ 
rA). We can consider the following corresponding iterative schemes to (1.2) and 

(1.3) , respectively: 

x n+ i = P(a n x + (1 - a n ) Jr n x n + /„), n > 0, 

and 

x n+ i = P(a n x n + (1 - a n ) J rn x n + /„), n > 0, 

where P is a nonexpansive retraction of X onto C and /„ is the term showing a 
computational error. 

Recently, Cho et al. [6] studied a new iterative scheme 

x n+1 = a n ii + (3 n J rn x n + -f n Pe n , n > 0, (1.4) 

where {a n }, {/3 n }, {in} are sequences in [0, 1], {e„} is a sequence in X and {r„} is 
a sequence in (0, oo) satisfying some conditions. 

Motivated and inspired by (1.1)-(1.4) and recent works of [5,8,13,17], in this 
paper, we introduce a new class of terative schemes with errors 

Z n X n X n -\- lJ>riJr n Xn ~t~ ^n^-n, 
Xn+1 d n U -\- f3 n J Tn y n -\- Infn: 

where {a n }, {/?„}, {j n }, {a n }, {&„}, {c n }, {A„}, {^i„}, {^„} are sequences in (0, 1), 
{In} {ffn}, {h n } are sequences in X and {r„} is a sequence in (0, oo) satisfying some 
conditions and show that, if A _1 ^ 0, then the sequence {x n } defined by (1.5) 
converges strongly to a zero of A. 



2 Preliminaries 

Throughout this paper, let X be a real Banach space with norm || • || and let X* 
denote the dual space of X. We denote the value of y* e X* at x e X by (x,y*). 
When {£„} is a sequence in X, we denote strong convergence of {x n } to i e I by 

Xyi > X. 

The (normalized) duality mapping J from X into 2 X is defined by 

J{x) = {f tX* ■.(xj) = \\x\\ 2 = \\ff} 

for any x e X. The norm of X is said to be Gateaux differentiable (and -E is said to 
be smooth) if 

lim Us + frll-M (2.1) 

exists for each x, y in its unit sphere U — {x E X : \\x\\ ~ 1} . The space X is said to 
have a uniformly Frechet differentiable norm (and £7 is said to be uniformly smooth) 
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if the limit in (2.1) is attained uniformly for (x,y) G U x U. It is known that X is 
smooth if and only if each duality mapping J is single- valued. 

Let C be a closed convex subset of X. A mapping T : C — > C is said to be 
nonexpansive if 

||T(aO-T(|,)||<||:c-y|| 

for all x, y G C. We denote the set of all fixed points of T by F(T). A closed convex 
subset C of X is said to have the fixed point property for nonexpansive mappings if 
every nonexpansive mapping of a bounded closed convex subset D of C into itself 
has a fixed point in D. Let D be a subset of C. Then a mapping P of D into itself 
is said to be a retraction if P 2 — P. A subset Z) of C is said to be a nonexpansive 
retract of C if there exists a nonexpansive retraction of C onto D. Further, a map 
Q : C —> D is sunny ( [18]) provided Q(x + t(x - Q(x))) = Q(x) for all x G C 
and t > whenever x + f(a: — Q{x)) G C. A sunny nonexpansive retraction is a 
sunny retraction, which is also nonexpansive. Sunny nonexpansive retractions play 
an important role in our argument. They are characterized as follows ( [7, 18]): If 
X is a smooth Banach space, then Q : C — > D is a sunny nonexpansive retraction if 
and only if there holds the inequality 

(x-Q(x),J(y-Q(x)))<0 (2.2) 

for all x G C and y € D. 

Reich [19] showed that, if X is uniformly smooth and D is the fixed point set 
of a nonexpansive mapping from C into itself, then there is a sunny nonexpansive 
retraction from C onto D and it can be constructed as follows: 

Lemma 2.1. ( [19]) Let X be a uniformly smooth Banach space and T : C — > C 
be a nonexpansive mapping with a fixed point Xt € C of the contraction C : x i— > 
tu + (1 — i)ix converges strongly as t — > to a /sired poini o/T. Define a mapping 
Q : C — > F(T) fry Q(u) = s — lim^o^t- r/ien Q is t/ie unique sunny nonexpansive 
retract from C onto F(T) and 

(u-Q{u),J(z-Q{u))) < 

/or all u £ C and z G F(T). 

Let 7 denote the identity operator on X. An operator A : X — > X with domain 
= {z G X : A(z) ^ 0} and range i?(A) = U{yl(z) : z G £>(A)} is said to be 
accretive if, for each Xi G and yi G A(xj), i = 1, 2, there exists j G J(xi — x 2 ) 

such that 

(2/1 - V2,j{xi - x 2 )) > 0. 
If A is accretive, then we have 

\\xi - x 2 \\ < \\x! -x 2 + r(y 1 - y 2 )\\ 

for any x,- t G D(A), y± G A(xj), i = 1, 2, and r > 0. 

If A is accretive, then we can define a nonexpansive single valued mapping J r : 
R(I + rA) -» D(A) by 

J r = (I + r^l)- 1 
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for each r > 0, which is called the resolvent of A. We also define the Yosida approx- 
imation A r by 

r 

An accretive operator A is said to be m-accretive if R(I + rA) = X for any r > 
( [I])- 

The set of zeros of A is denoted by F , that is, 

F={z£ D(A) : e = A _1 (0). 

For each r > 0, we denote by J r the resolvent of A, i.e., J r = (I + rA) -1 . Note that, 
if ^4 is m-accretive, then J r : X — > X is nonexpansive and F(J r ) = F = A _1 (0) for 
all r > 0. We also denote by A r the Yosida approximation of A, i.e., ^4 r = -(/— J r ). 
It is known that J r is a nonexpansive mapping from X to C := -D(-A). We assume 
that C is convex. 

On the other hand, we know that A r (x) G A( J r a;) for all x G + rvl) and 
||A.(x)|| <inf{||y|| : y G Ax} for all x G -D(-A) n + rA). 

Lemma 2.2. ( [23]) Let {a n }™ =0 6e a sequence of positive real numbers satisfying 

a n +l < (1 - in) On + in&n + C„, n > 0, 

where {t n }^ =0 C (0, 1) and {6„}^L and {c n }^L are two nonnegative real numbers 
sequences such that 

oo 

(i) lim^oo t n = and J2n=0 t n = oo, £ c„ < oo, 

n=0 

(ii) either limsup,^^ b n < or Y^=o in&n < oo. 
Then a n — > as n — > oo. 

Lemma 2.3. In a Banach space X, there holds the inequality 

\\x + y\\ 2 < \\x\\ 2 + 2(y,j(x + y)) 

for all x, y G X, w/iere j'(a; + y) G J(x + y). 

Lemma 2.4. ( [1]) For all A > 0, fj, > anrfi G X, J A x = (l- J\xj. 

Lemma 2.5. A Banach space X is uniformly smooth if and only if the duality 
map J is the single-valued and norm-to-norm uniformly continuous on bounded sets 
ofX. 

3 Main Results 

In this section, we shall give some strong convergence theorems of the iterative 
sequence {x n } with errors defined by (1.5) to a zero of the accretive operator A in 
Banach spaces. 

Theorem 3.1. Let X be a uniformly smooth Banach space and A be an m- 
accretive operator in X such that A~~ l {Q) ^ 0. Assume that the sequences {a n }, 
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{Pn}, {in}, {««}, {M , {c„}, {A„}, {fi n }, {v n } in (0,1), {/„}, {g n }, {h n } in X 
and {r n } in (0, oo) satisfy the following conditions: 

(i) a n + [3 n + 7„ = 1, a n + b n + c n = I, X n + >i n + v n = 1; 

oo 

(ii) a n = +oo, a n — > 0, 7„ — > and t/iere errisi a, 7 such that a n > a > 

00 

and 7„ > 7 > 0, J] 7™ < +°o, c„ -» 0, v n -> 0; 

n=0 

(iii) r„ — > 00 as n —> 00; 

( iv ) En°=l K - r «-l| < °°; EiT=l l A " ^ < °°; K ~ Vn-l\ < OO, 
Snll \ a n - a n -l\ < OO, X)n°=l l C ™ ~ C ™~ll < 00 > K> _ «n-l| < OO and |7„ - 

7„_i| < oo; 

(v) {/n}, {g n } and {h n } are bounded. 

Then, for any given u g C i/ie sequence {x n } defined by (1.5) converges strongly to 
a zero of A. 

Proof. We proceed with the following four steps. 

Step 1. We observe that {x n } is bounded. Indeed, if we take a fixed element 
p£ A _1 (0), and set 

M = max{||a;o - p\\, \\u -p||,sup ||/„ -p||,sup \\g n -p||,sup \\h n -p\\}, 

n>0 n>0 n>0 

then we have ||xo — p\\ < M and — p\\ < M. Assume that \\x n —p\\ < M for some 
positive integer n. Then, by using (1.5), we have 

\\z n ~P\\ < K\\x,i ~P\\ + Hn\\Jr n Xn ~ P\\ + V n \\K ~ p\\ 

< (1 - v n )\\x n -p\\ + v n \\h n -p\\ 

< M, 

\\Vn -p\\ < a n \\x n -p\\ + b n \\J rn z n -p\\ + c n \\g n - p\\ 

< a n \\x n -p\\ + b n \\z n -p\\ + c n \\g n - p\\ 

< (a n + b n + c n )M 
= M, 

\\x n+ l ~p\\ < Ot n \\u-p\\ + Pn\\Jr n y n ~ P\\ + 7n||/n ~ P\\ 

< a„||u-p|| +0„\\y n ~p\\ +7n||/n-p|| 

< K + 0„ + ln)M 

= M. 

Thus, by induction, we assert that \\x n — p\\ < M for all n > and hence {x n } is 
bounded and so are {y n } and {z n }. Further, {Jr n x n }, {Jr„2/n} and {Jr n z n } are also 
bounded since J Tn is nonexpansive. As a result, we obtain, by the condition (ii), 

\\x n+1 - J rn y n \\ = a n \\u- J rn y n \\+i n \\f n - J rn y n \\ ^ as n -» oo. (3.1) 
Step 2. We prove \\x n+ i — x n \\ — > 0. It follows from (1.5) that 

II Z n ^n — 1 1| — A n \\%n ^n— 1 1 1 ~t~ Mro 1 1 Jr n %n Jr n — \*^Ti— 1 II 

+ v n \\h n - h n -i\\ + |A„ - A„_i| • \\x n -i - Jr n ^ l x n -i\\ (3.2) 

+ \v n - Vn-l\ ■ \\Jr n - l X n -l - k n -l\\. 
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Lemma 2.4 implies that 

Jr n Xn — Jr n — i ( X n ~t~ ( 1 J Jr n Xn J • 

v r n \ v n / / 

By the assumption (iii) on {r n }, without loss of generality, we assume that e < 
r n -i < f n for some e > for all n > 1. Then we have 



< 



r n -i 



r n -i 



X n X n —\ 



X-n I f 1 ) Jr 

V T n / 

{Xn X n — \) H~ ( 1 J {JvnXn X n — i ) 

< II II -U Tn Tn ~ 1 II T II 

_ \\X n X n — 1\\ — H^r^^n 3Cn— l|r 



(3.3) 



Substituting (3.3) into (3.2), we get 

|| %n %n—l I 

— (A ?l ~t~ Mn) || X n —\ 1 1 ~t~ Mn ^ II Jr n X n %n— 1 1 

+ ^nll^n - ^n-lll + |A„ - A n _i| ■ ||a; n _i - J,.^ || 
+ \v n - Vn-\\ ■ || Jrn-^n-1 - h n -i\\ 

< \\x n - X n -\\\ + V n \\h n - h n -l\\ 

+ Mi(\r n - r„_i| + |A„ - A„_i| + \v n - v n -i\), 
where Mi is a constant such that 

Mi > max | H* 7 ^" Xn - 1 W ; _ j rn _ iXri _ 1 || ) || J rn _ 1 x n _i - ft„_i|||. 

Similarly, we have 

||j/n - 2/n-l|| 

^ Q-n 1 1 X n — X n — 1 1 1 I h n || Jr n %n Jr n - \ ^"n— 1 1 1 

+ c„||g„ - 5„-i|| + \a„ - a n -i\ ■ \\x n -i - J^^^n-ill 
+ \c„. - c„_i| • || J rn _ x z n -i - g n -\\\ 

< a n \\x n - a;„_i|| + b n (\\z n - z n -i\\ 

+ — rj "— -\\Jr n Zn - Zn-l\\) 

e 

+ c n \\g„ - g„-i\\ + \a n - a„_i| • ||a; n _i - J rn _ 1 z n -i\\ 

+ |c„ - C„_l| • || Jr n _ 1 Z n - 1 - g n -i\\ 

< \\x n - x n -i\\ + M 1 (\r n - r„_i| + |A„ - A„_i| + \v n - f„-i| 

T*n T n — 1 | 



(3.4) 



(3.5) 



+ 



" II ^r n %n Zn— 1 1 1 



+ \a n - a„_i| • ||a;„_i - J rn _ 1 z n -i\\ 

| c n c n— 1| ' || Jr n -i %n— 1 gn— 1|| 
+ Cn||.9n - ffn-lll + V n \\h n - h n -l\\ 

< \\x n - a;„_i|| + c n ||.g„ -.g„_i|| + v n \\K - h„-i| 
+ M 2 (2|r„ - r„_i| + |A„ - A„_i| 
+ Wn - v n -\\ + Wn - a n -i\ + \c n - c„_i|), 
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and it follows from the assumption (ii) that 

|| ^ro+l %n I 

= ||a n U + l3 n J rn Vn + 7n/n 

(^n—l^rn-iUn—l ~t~ 7n— lfn— l) || 

< /3n||Jr„2/n - Jr„_i3/n-l|| 

+ 7n||/n - /n-l|| + |"n - a n-l\ ' ||« ~ Jr n _iJ/n-l|| 
+ |7n - 7n-l| ' ||Jr„_iJ/n-l - /n-l|| 

< /3n(||j/n - J/n-lll + ~ ^^11 Jr„2/n - 3/n-l||) 

e 

+ 7n||/n - ./n-lj| + |"n - "n-ll ' II" ~ ^r„_i2/n-l|| 
+ |7n - 7n-l| ' ||Jr„_iJ/n-l - /n-l|| 

|| + /3„(c„||g„ - g n -i\\ + v n \\h n - h n -i\\) 
+ M 2 (2\r n - r„_i| + |A„ - A„_i| 

+ |^n - "n-ll + \a n - a n -l\ + \c n ~ C n _l|) 

?*ri r n —i .. .. 
H " lKr n J/n - J/n-lH 

+ |a n - a„_i| • ||u - Jr n _iJ/n-l|| 

+ |7n - 7n-l| ' ||Jr„_iJ/n-l - /n-l|| + 7n||/n - /n-l|| 

< [1 - (a„ + 7„)]||a; n - z„-i|| + M 3 (3|r„ - r n _i| + |A„ - A„_i| 

+ K - ^n-ll + I On - a n -l\ + \c n - C„_l| 

+ |a n - a„_i| + |7„ - 7n-i|) 

+ (7n||/n - /n-l|| +C„||c/„ - g n -l\\ + V n \\K - /l„-l||) 

< [1 - (a n + 7n)]lk« - ar„_i|| 

., v 7n||/n-/n-l||+C n ||5„-ff n _l||+l' n ||/l n -/l n _l|| 

+ (a„ + 7„) • ■ 

a + 7 

+ M 3 (3|r„ - r n _i| + |A„ - A„_i| + |i/ n - i/ n -i| 

+ |a„ - a„_i| + |c„ - c„_i| + \a n - a n _i| + |7„ - 7„_i|), 

where M 2 and M3 are constants such that 

M 2 > max I ^ r " z " - g^zL ; ||.t„_ 1 - J r „_ 1 z„_i||, || J r „_ 1 z„_i - g n _i 

M 3 > max I , \\U - Jr n _ i yn-l\\, ||Jr n _i2/n-l - /n-l||,-A 

By the assumptions (i)-(iii), we have that 

00 

lim (a n + 7„) = 0, + 7„) = 00, 

n— >oo * — ' 

71=1 

and 



^(3|r„ - r n -x\ + |A„ - A„_i| + |z/„ - i/„_i| 

- a„_i| + |c„ - c„_i| + \a n - a n _i| + |7„ - 7n-i|) < 



71=1 

+ la 
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Hence it follows from Lemma 2.2 and (3.6) that 

\\x„+i - x n \\ -> 0. 



(3.7) 



Step 3. limsup„^ 00 (u — Q(u), J(x n — Q(u))) < 0, where z — lim^oo J t u, which 
is guaranteed by Lemma 2.2. It follows from (1.5) that 

|| Jr n Xn X n I 

< \\x n - X n+ i\\ + ||.T n+ i - Jr n y n \\ + \\Jr n Vn ~ Jr n %n\\ 
<\\x n - Xn+l\\ + lkn+1 ~ Jr n Vn\\ + \\Vn ~ »n|| 

< ||x n - X n+ i|| + ||x n+ i - J rn 2/n|| 
H~ || J r n %n \ \ c n\\ %n Qn \ \ 

— \\%n ^n+l|| ~l~ ||*^n+l ^r n yn\\ ^n\\-^n t ^r n *^n|| 

< \\x n - X n+ i\\ + \\x n+ i - J rn y n \\ + b n \\x n - Jr n X n \\ 

+ b n \\x n - z n \\ + c n \\x n - g n \\ 

!i H^n — 2-n+lll "L ||^n+l — Jr n Vn\\ "L ^nll^n ^r„2-n| 

"t~ b n fX n \\x n Jr n X n || -\- h n V n ||x n fl n || -(- C n ||x n <M || > 



that is, 



(1 h n b n iJ, n }\\J rn x n x n \\ 

< \\x n - X n+ l\\ + \\x n+ i - Jr n Vn\\ + b n V n \\x n - K, 



C n X 



From (3.1), (3.7) and the condition (ii), we get 

||^r„^n X n \\ y 0* 

Taking a fixed number r such that e > r > 0, it follows from Lemma 2.4 that 

H^r^^n JrXfi 1 1 

Jr ( ~t~ ( 1 J Jr n X n J JrXn 

\x n ^r^^nH 



< 



< (1 - "T-Ml^n _ 

' n 

— \\x n Jr n X n \ 



and so 



\\Xn JrXn || — \\Xn Jr n X n ^\ -\~ || t 7 rT1 .T n t/^X^I 
— Il^r^^n *^n|| ~t~ ll^r^^n *^n| 
^ ^\\Jr n Xn 1 1 ^ 0. 

Since in a uniformly smooth Banach space, the sunny noncxpansive retract Q from 
X onto the fixed point set F(J r )(= F = A _1 (0)) of J r is unique, it must be obtained 
from Reich's theorem (Lemma 2.1). Namely, 



Q(u) = s — lim z t 
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for all u e X, where t G (0, 1) and z t solves the fixed point equation 

z t = tu+(l- t)J r z t . 

Thus we have 

\\z t -x n \\ = \\(l-t)(J r z t ~ x n ) + t(u- x n )\\. 
It follows from Lemma 2.3 that 

\\z t - x n \\ 2 < (1 - i) 2 j| J r z t - x n \\ 2 + 2t(u - x n , J(z t - £„)) 
< (1 - 2t + t 2 )\\z t - x n \\ 2 + f n (t) 
+ 2t(u - z t , J(z t - x n )) + 2t\\z t - x n \\ 2 , 

where 

fn{t) = (2\\z t - x n \\ + \\x n - J r a; n ||)||a;„ - J r x n \\ -> (3.8) 
as n — > oo. It follows that 

(z t - u,J(z t - x n )) < ^\\z t - x n \\ 2 + ^/ n (t). (3.9) 

Letting n — > oo in (3.9) and noting (3.8) yield 

limsup(z t — u, J(z t — x n )) < ^r, (3.10) 

where L > is a constant such that L > \\z t — x n \\ 2 for all t G (0, 1) and n > 1. 
Letting i — > 0, it follows from (3.10) that 

lim limsup(z t — u, J(z t — x n )) < 

and so, for any e > 0, there exists a positive number 6\ such that, for any t G (0, <?i ) , 

limsup(z 4 - u, J(z t - x„)) < f -. (3-11) 

n — >oo £ 

On the other hand, z t —* q as t — ^ and it follows from Lemma 2.5 that there exists 
S 2 > such that, for any i G (0, S 2 ), 

\(u - q,J(x n - q)) - (z t - u,J(z t - x n ))\ 

< | (it- q,J(x n - q)) - («-g, J(x n -z t ))\ 

+ \{u - J(x n - z t )} - (z t - u,J(z t - x n ))\ 

< \(u - q,J(x n - q) - J(x n - z t ))\ + \{zt - q,J{x n - z t ))\ 

<"-. 
~ 2 

Choose S = min{(5i, S 2 }- For all t G (0, S), we have 

(u - Q(u),J(x n - Q(u))) < (z t - u,J(z t - x n )) + |, 



that is, 



limsup(u - Q(u), J(x n - Q{u))) < limsup(z t - u, J(z t - x n )) + ^. 

77, — ► oo n. — >OCi ^ 
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It follows from (3.11) that 



limsup(M — Q(u), J(x. 



n 



Q(«))> < e- 



Since e is chosen arbitrarily, we have 



limsup(w — Q(u), J(x. 



n 



Q{u))) < 0. 



(3.12) 



Step 4. We shall show that x n Q(u) as n — > oo. 
In fact, by using Lemma 2.3 again we obtain 



\\x n+1 - Q(u)\\ 2 

= Wn{Jr n y n - Q{u)) + a n (u - Q(u)) + 7 „(/„ - Q(w))|| 2 

< P 2 n\\jr n yn ~ Q(U)\\ 2 

+ 2{a n (u - Q(u)) + 7„(/„ - Q(u)),J(x n+ i - Q(u))) 

< (l-K + 7n ))||x„-Q( U )|| 2 

+ 2(a n + 7„)(u - Q(u),J(x n+1 - Q(u))} 
+ 27„(/„ - Q{u), J{x n+1 -Q(u))). 



By Lemma 2.2 and (3.12), now we know that \\x n — Q(u)\\ — > 0. This completes the 



Remark 3.1. when 7„ = or c n = or !/„ = in (1.5), we can also obtain the 
corresponding results. Our results improve and generalize the corresponding results 
of recent works. For more detail, see [6,11,22,23] and the references therein. 
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NUMERICAL METHODS TO SOLVING OF VOLTERRA 
INTEGRO-DIFFERENTIAL EQUATIONS 

GALINA Y. MEHDIYEVA, MEHRIBAN N. IMANOVA, VAGIF R. IBRAHIMOV 



Abstract. One of priorities direction in numerical mathematics is the in- 
vestigation of the numerical solution of intcgro-differential equations. As is 
known, many vital tasks such as research in the field of atomic physics, ecol- 
ogy, geophysics, to extended infectious diseases and, etc. reduced to solving 
of integro-diffcrcntial equations. Here, applied forward-jumping methods to 
solving initial- value problem for Volterra integro- differential equations. Con- 
structed concrete methods, which are used to solving any model problems. 



In construction of the mathematical models for various processes of natural sci- 
ence, we are faced with the finding the solution of integro-differential equations 
(see [1]). It is known that V. Volterra in the make up of model for some problems 
in the theory elasticity received a new type of equations, which he called integro- 
diffcrcntial (sec [2, pp. 22-33]). V. Volterra shown that many problems of ecology, 
geophysics and etc reduced to the finding of the solution of integro-differential 
equations with variable boundary. Consider the following initial value problem for 
nonlinear integro-diffcrcntial equation of Volterra type: 



V 1 = f(x, y)+ K(x, s, y{s))ds, y(x ) =y , x Q < s < x < X. (1) 



Suppose that the problem (1) has a unique continuous solution y(x)dcfincd on 
the interval [xo, X]. To find the numerical solutions of the problem (1), divide 
the segment [xq, X] into N equal parts with the mesh points Xi — x + ih(i = 
0, 1, 2, ...). Here the parameter h > is the step size. Denoted by t/j- approximate, 
and after y{x{)- the exact values of the solution of the problem (1) at the mesh point 
Xi (i = 0, 1, 2, ...). 

Note that finding approximate solutions of the problem (1) the scientists in- 
volved, beginning with the works of V. Volterra. V. Volterra to solving of the prob- 
lem (1) used the method of quadratures. Using the quadrature method to solving 
of the problem (1) engaged in works written by many scholars (see e.g. [1] - [9]). 
The main idea of the quadrature method is to replace the integral with the integral 



Key words and phrases. Forward-jumping methods, hybrid methods, integro-diffcrcntial equa- 
tion, initial value problem, stability. 
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sum: 



y n 
&(x n ) = / K(x n , s, y{s))ds = h'^a l K{x n , x, t , y t ) + R n . (2) 

Here the variables a, (i = 0, 1, n) are the coefficients but R n is the remainder 
term of the quadrature formula. As is follows from (2), on the calculation of the 
values of "d{x n + h), the quantities of the conversion to calculation of the function 
K(x, s, y)are increases. Hence we find that in using the quadrature method volume 
of computing work is increases with the values of variation n. In [10], proposed the 
multistep method permutation to use the constant value of computational work 
on each step, and also constructed specific stable methods, which has the order of 
accuracy^ = 2 [k/2] + 2. The limitation obtained by Dahlquist for stable multistep 
methods can be written asp < 2[fc/2]+2 (see [11]). Because consider to constructed 
stable forward-jumping methods with the order of accuracy^ > 2 [fc/2] + 2. To 
solving of Volterra integral equations by using this scheme, considered in [12]. Here 
applied the forward-jumping methods to solving of the problem (1). To this end, 
the problem (1) let us write in the following form: 

y' = f(x, y) + &(x), y(x ) = yo, (3) 

X 

${x) = J K(x, s, y(s))ds. (4) 
o 

By the replacement solving of the problem (1) is reduced to solving of the system 
consisting from equations (4) and of the problem (3), involved many researchers. 
Consider the following forward-jumping method: 

k—m k 

Oitfn+i = h J2 P^'n+i ( m > °) • ( 5 ) 

After applying the method (5) to the solving of the problem (3) we have: 

k — m k k 

^2 (Xiy n +i = h ^ Pifn+i + h ^ PiK+i (m>0), (6) 

i=0 i=0 i=0 

If applied the method (5) to solving equation (4)then we have: 

^cuK+i = hY^2fi\ 3) K{x n+j , x n+i , y n+i ) (7>0). (7) 
i=o j=a i=a 

Consider the investigation of the methods (6) and (7). 

2. The construction and application of the forward- jumping methods 
to solving integro-differential equations of Volterra type 

Note that the methods (6) and (7) by using any schemes can be written in the 
several form as the single method, one of which as the following: 

yn+k — m ^{Xn: ■ • ■ 7 ^n+fc > yn+k 1 • ■ • > yn+k—m—1 1 yn+k — m: ■ • ■ 1 yn+k: 

"^n+ki ■ • • j fln+k-m-li ^n+k-m, ■ ■ ■ 1 ^n+fc)i (8) 

here we assume that the values of variables y n +k-m+vi $n+k-m+u iy = 0, 1, m) 
are found by any ways. Method (8) is used for increasing the order of accuracy 
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of the approximate values y n +k-m of the solution the problem's (1) at the point 
x n+k-m- As is known, the using of forward -jumping methods has some difficulties. 
To address these shortcomings, one can be use the predictor-corrector methods with 
special structures (see e.g. [13], [14]). Easy to prove that if a method (5) is stable, 
then (see e.g. [14]): 

p<k+m+l (0<m<3fc). (9) 
In particular, consider the following method: 

y n+2 = (lly„ + 8t/„+i)/19 + h(10f n + 57/„+i + 24/„ +2 - / n+3 )/57 (10) 

(y' = f(x, y)). 

For calculation the values y n +2 by the method (10) must be known the approx- 
imately values of quantities, y n +i, yn+2 and y n +3- Here the difficulty to contained 
in the computation of item y n +3, which will be determine by the methods (10) in 
the next step. Depends from the choosing of the scheme to calculate the values 
y n +3 in the method (10), one can be receive A-stable methods. Indeed, if we use 
the following method 

Vn+3 = Vn+2 + M23/„ +2 - 16/„+i + 5/„)/12, (11) 

in the method (10), then in result receive A-stable method, which will have the de- 
gree p = 5. Note that the corresponding forward-jumping methods is not A-stable. 
However, by using the forward-jumping methods constructed A-stable methods 
with the degree p — k + m + 1 (see[15]). 

If we use the method (11) in (10), then we have the following: 

y n+2 = (Uy n + 8y„+i)/19 + h(10f n + 57/„+i + 24/„ +2 )/57- 

-^f(x n +3, y n+ 2 + h(23f n+2 - 16/„+i + 5/„)/12). (12) 
57 

The receive method is implicit and has the degree p = 5. For applying the 
method (12) to solving of some problems one can use the predictor-corrector meth- 
ods. Now the method (11) replace with the following: 

yn+3 = Vn+\ + h(7f n+ 2 - 2/„ +i + /„)/3 

and to use it in the method (10). Then we get an implicit method that which 
has the degree p = 5 and stable. However, it is not A-stable. Consequently, the 
properties of the methods based on the scheme described above is highly dependent 
on the choosing of the predictor formula. As the forward-jumping method let us 
take the following: 

y n +i =Vn + h(8f n+1 + 5/„)/12 - hf(x n+2 , y„ +2 )/12. (13) 

If we replace the value y n +2^>y using the following formula: 

y n +2 = y n +i + h(3.f n+1 - f n )/2, (14) 

and use it in the method (13), then in result receive the method that is A-stable, 
and has the degrccp = 3. But, if we replace the method (14) to the following: 

y n +2 = 3y„+i - 2y n + hf n , (15) 

then by the application of these method to solving the model problem y' = Ay, 
y(0) = 1, we have: 

(12 - 5h\)y n+1 = (12 + 7h\ + h 2 X 2 )y n . 
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Hence, the method obtained after accounting (15) in the method (13) is stable, 
but not A-stable. 

Now consider the application of the forward-jumping method to solving of the 
problem (1). For this purpose, one can use the problem (3) and the integral equation 
(4). In these case we have the methods (6) and (7). 

As noted above, for using of the method (6), must be known y n+ k- m +i, Vn+k 
and the values i9 n +k-m+i, ■■■■,'&n+k- However, if are known the values y„+fc_ m +i, 
Vn+k, then one by using the methods such as (7) can be calculated $ n +fc-m+i, ■ 
fln+k- Note that if the method (6) has the degreep then the method by which 
calculates the values fin+k should be has the order of accuracy not less than p — 1. 
Therefore for using the forward-jumping method, with the order of accuracy greater 
than k + 3 arising is necessity to change the method (7) to the corresponding 
forward-jumping methods. Note that the same forward-jumping methods can be 
applied to solving the problem (3), and equation (4). In this case, if assuming 
the known's of the values y m , d m (ra = k — m + 1, k) then the forward-jumping 
method can be written as follows: 

k — m+1 k—m+1 

y n +k-m = - ^2 & iVn+i + h ^2 Pi(fn+i + &n+i) + 
»=0 i=0 

k 

+h Yl li(fn+i + K+i), (16) 
i—k— m — 1 

here f m = f(x m , y m ) (ra = 0, 1, 2, ...), and the coefficients a it ft, 7, (i = 
0, 1, k — m—1; j = k — m + 1, k) - are real numbers, which are determined 
by the items a*, ft (i = 0, 1, k). 

For example, consider a combination of the methods (14) and (13). Then we 
have: 

Vn+i =y n + h(8f n+1 + 5f n )/12-hf(x n+2 , y n +i + /i(3/„+i - /„)/2)/12+ 
+/i(8ft l+ i + 4i? n - h(K(x n+2 , x n+ i, y n +i) + K(x n+1 , x n+ ±, y n+ i)))/12. (17) 
These method is implicit and its application to solving of some initial value 

problem, one can use the predictor-corrector scheme. Here as a predictor formula, 

to proposing the midpoint method: 

Vn+l = Vn + M/n + f(x n+ U Vn + hf n ))/2 + h{$ n + 0„+i)/2, (18) 

= $n + h(K(x n+1/2 ,x n+1/2 ,y n + (h/2)f n ) + 
+K(x n+1 ,x n+1/2 ,y n + (/i/2)/„))/2. (19) 
Thus constructed forward-jumping method for solving of the problem (1). Ob- 
viously, if the functions f(x, y) and K(x, s, y) linear in y, then the method (17) 
can be applied to solving of the problem (1), otherwise by the method (19) can be 
determine the value of and by the methods (18) the value of item y n +i, then 

by the received values can be corrected the value of item y n+ \ by using the method 
(17). 

Note that the method (18) by its structure coincides with the method (16). 
This method is obtained by using the midpoint rule which to remind a hybrid 
methods. Hybrid methods have some advantages (see e.g. [15]-[19]). However, 
their application to solving some practical problems more difficult than forward- 
jumping methods. 
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Indeed, consider the following hybrid method 

Vn+i =Vn + h{y' n+l/2 _ a +y' n+l/2+a ) j2 (a = v / 6 / /3). (20) 

which is stable and has the order of accuracy p = 4. To apply the method (20) to 
solve some specific problems is needed to be known values of items y n +i/2-a an d 
Vn+i/2+a- If the values of the parameter a, a rational number, then among the 
known methods can select suitable formula. For example, when a = from the 
formula (20) receive the midpoint rule, and when a = 1/2 we get the trapezoidal 
method. Note that for the application the following hybrid method to solving of 
the problem (1) 

Vn+i =Vn + h{3y' n+1/3 + |£+i)/4, (21) 

appears necessity to determine the values of the solution of the problem (1) at an 
intermediate point x n + h/3. Take into account that the method (21) has the order 
of accuracy p = 3, to calculate the values y n +i/3 one can use the following scheme 

Vn+ a = Vn + ahy' nl (22) 
y n+a = Vn +ah(3y' n + y> n+a ) j 2 (a = 1/3). (23) 

Obviously by, the scheme (22)-(23) can calculate the values y n + a for any values 
of the parameter a. However, the order of accuracy of the calculated values must 
be small, than 0(h 3 ). But if to determine the values of y n + a use the more accurate 
methods, then appears of necessity to define the values of the variable y n +p( a ) ■ To 
this end, consider the following method: 

Vn+a =Vn + ah(y' n + 4y' n+a/2 + y' n+a ) / 6 . (24) 

For using the method (24) it is necessity to determine the approximate values 
of variables y n + a /2 and y n + a - Consequently, for the using of hybrid methods en- 
counters with some difficulties, which can be solved by the block methods (see e.g. 
[18]). 

If generalize the above mentioned hybrid methods, we have: 

k k k 

a t y n+i = h fcy'n+t + h JiVn+i+Ui (N < 1; i = 0,1,2,...,*;). (25) 

j=0 i=0 i=0 

Method (25) in the work [18] was used to solving differential equations of first 
order and in [20] to solving Volterra integral equations. 

3. Algorithm for using method (13) and its application to solving 

some concrete problems 

Now by using the method (13) consider to construction a specific algorithm for 
solving problem (1). For these aims use the scheme of the work [21, page 304]. 
To approximate the solution of the initial-value problem 

X 

y' = f(x, y) + J K(x, s, y(s))ds, x a < s < x < X, y(x ) = y , 

at N equal spaced numbers in the interval [xq, X]: 

INPUT end points x 0} X; integer N; initial condition y . 

OUTPUT i, Xi, yi where at the step yi approximates y(xi) at the N values of x. 
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Step 1 set h = (X - x )/N; 

x = x : z = y ; 

OUTPUT (x, z). 

Step 2 For i = 1, 2, N do Step 3-6 
Step 3 Set 

Vi+i =Vi + h(K(x i+1/2 , x i+1 / 2 , Vi + h(fi + Vi)/2)+ 
+K(x l+1 , Xi+i/2, y t + h(fi + Ui)/2))/2; 
Xi+i/2 = Xi + h/2; x i+ i = Xi + h; 

Step 4 Set 

Vi+i =Vi + h(fi + f(x l+1 , y t + h(fi + Vi)))/2 + h(vi + v i+1 )/2; 
(predict y i+1 ) 

Step 5 set 

Vi+i = Vi + H 8 .fi+i + 5/i - f(xi+2, Vi + 2/i/i+i + 2hv i+1 ))/12+ 
+h(8v i+1 + 4v, - h(K(x i+1 , x i+1 , y l+1 ) + K(x l+2 , x i+1 , y i+1 )))/12; 

(correct y i+1 ) 

x i+ 2 = Xi + 2h; 
Step 6 OUTPUT (», x i+1 , y l+1 ). 
Step 7 STOP 

By the above mentioned concrete method was shown that by the forward-jumping 
methods one can be to solve of the integral and integro-diffcrcntial equation. For 
the applying of the forward-jumping methods to solving problem (1), it is necessary 
propose the scheme to determine the values of the coefficients of the methods (6) 
and (7). 

We can show that if the order of accuracy for the method is determined by the 
formulas (6) and (7) equals to p, then its coefficients must satisfy the following 
conditions: 

k—m k k—m 

on = 0; A = S i a i 

k-t 3=0 (26) 

4=0 j=0 

But the coefficients (i, j = 0, 1, 2, fc) must satisfy the following conditions: 

k k 

E^ )= Eft' i = 0,l,2,...,fe. (27) 

j=o 3=0 

For the construction of the method with the higher order of accuracy let us 
consider application of the next modification of the method (25) 

k—m k k 

E a t y n+i = h ^ Piy' n+ i + h ^ 7iy' n+i+Vi ■ (28) 

i=0 i=0 i=0 
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For the determined variable on, pi, ji, Vi (i = 0, 1, 2, k) suppose here to solving 
the following system: 

k—m k k—m 

i=0 *=o j=o (2Q) 

It is easy to determine that system (29) for the values Vi — (i = 0, 1, fe) is 
linear and coincides with known systems that are used to determine the coefficients 
of the multistep method with constant coefficients. Furthermore, for the conditions 
l^o I + l^i I + ••• + \ v k\ 7^ 0j system (29) is nonlinear; by solving it, we determine 
the coefficients of method (28). In this system, the number of unknowns is equal 
to 4fc + 4 and the number of equations is equal to p + 1. Because system (29) is 
homogeneous, it always has a trivial solution, but to ensure that system (29) will 
have a solution that is different from zero, the condition Ak + 4 > p + 1 must hold. 
Thus, one can be write the following: 

p < 4k + 2 - to. 

It is clear that k — m > 0. Consequently if to = 1 then k > 2. Method 
constructed for the value (29) k = 2 is stable. Thus we receive that by solving the 
system consist from the algebraic equation we can be constructed stable method of 
type (28) with the degree p > 8. 

The methods (28) constructed in the joint of the forward-jumping and hybrid 
methods. So they have some properties as the forward-jumping methods and hybrid 
methods. These methods are more accurate than the known. Note that the study 
of the usual methods for finding the values of solutions of (1) at the point x n +i 
by using of its values in the previous points. But the forward-jumping methods 
are used information of the solution the considered problems. It follows that such 
methods is desirable to apply is to the study of those problems for which the solution 
is an oscillating function. With the need to solve such problems are faced when 
dealing with some scientific and engineering problems. For example in the study of 
the trajectory of guided ballistic missiles. 

Among the most popular hybrid methods are symmetric that can be construct 
built for even values k. For the k = 2 symmetrical type of method (28) has the 
following form: 

Vn+l =Vn + h(f3 2 y' n+2 + Piy' n+ 1 + Poy' n ) + 
+ Hl2yn+l+ a + HV'n+1 + loy'n+l-a), < a < 1. (30) 

Solving the system of equations with contained from the coefficients of the 
method (28), we obtain different solutions. For example, considers defining co- 
efficients of the method (30) . Then receive the following: 

A, = 133.82166032672427, 
fa = 124.2912214645596, 
P 2 = 0.00001615285793018, 

70 = 0.5237738917262333, 

71 = -124.0822376790813, 
7i = -133.55443415633394, 
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m = 0.5363788961926791, 
mi = 1.0001066023537044, 
m 2 = -0.00017423672396165. 

As the second variant consider case A = in the method (30). Then receive: 

A = 218.62792919687118, 
A = 0.06425150613651433, 
#2 = -0.00000270478210308, 

70 = -218.44818963227522, 

71 = 0.4184313953445676, 
7i = 0.33758023886880617, 
m = -0.00004558491684368, 
mi = 0.38645278117498433, 
m 2 = 0.7823087296154607. 

Note that of negative values the parameter a can get, are not interesting. To 
find the coefficients of the method (30) we set k = 2 in the system (29). Then we 
have: 

A + A + A + 7o + 7i + 72 = 1, 

A + 2f3 2 + m 7o + mi 7i + m 2 7 2 = 1/2, 

A + 2 2 A + m2 7o + m ?7i + ™i72 = 1/3, 

A + 2 3 A + mg7o + m?7i + mi^ = 1/4, 

A + 2 4 A + m 4 7o + m 4 7 i + m 4 7 2 = 1/5, 

A + 2 5 A + m§ 70 + mf 7i + m\ l2 = 1/6, 

A + 2 6 A + ™o7o + ™i7i + m% l2 = 1/7, 

Al + 2 7 A + m^o + m\ lx + m\ l2 = 1/8, 

A + 2 8 A + m§7o + mf 7l + m| 72 = 1/9, 

A + 2 9 A + mjfro + m?7i + m 9 72 = 1/10. 

Note that the solution of the system (31) is not unique. One of them is the 
following: 

A = 0.05082388467541876, 
A = 0.05137427406610529, 
A = -0.00000067307130487, 

70 = 0.35187646010359275, 

71 = 0.27254332133827536, (32) 
7i = 0.2733827328879044, 

m = 0.49929961804083894, 
mi = 0.17410576766585883, 
m 2 = 0.8247921251524742. 

Now consider the construction algorithm for using of the method (28). For this 
aim we are used a block by block method, which in single form can be written as 
follows 

Block I 

Vn+i/2 =Vn + hy' n /2, y n+1/2 =y n + h(y' n + y' n+1/2 )/4, Vn+i = Vn + hy' n+1/2 , 
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Vn+i =Vn + h(y' n + 4y' n+1/2 + y„+i)/6, 

Vn+1/2 =Vn~ Hy'n+l ~ Hi+1/2 ~ 5 Vn)/ 12 - 

Vn+i = Vn + h(y' n + 4y' n+1/2 + y' n+1 )/Q. 
Block II 

y«+3/2 = Vn+i + h(23y' n+1 - 16y' n+1/2 + 5y' n )/24, 
Vn+3/2 = Vn+i + h(9y' n+3/2 + I9y' n+1 - 5y'„ +1/2 + y^)/48, (33) 

Vn+1/2 = Vn + %\ +3 /2 ~ + Wn+1/2 + V n )/48, (34) 

i/n+i = y n +i + h(8y' n+3/2 - 5y' n+1/2 + 4y' n+1/2 - y' n )/6, 

y n +i+ a = Vn+i + ^(( 96 « 5 + 120a4 + 120 " 3 - 60a 2 ) y ; +2 - 
-(384a 5 + 240a 4 - 480a 2 )y' n+3/2 + 
+(576a 5 - 240a 3 + 720a)y' n+1 - (384a 5 - 240a 4 + 480a 2 )^ +1/2 + 

+(96a 5 - 120a 4 + 120a 3 + 60a 2 ) y ;). (35) 

+ Kv'n+l/2 + Vn)/ 24 + 5h (y'n+l/i- a /2 + y'n+l/A+ a /2 ) / 24 ' ( 36 ) 

y n +i =y n + h(5y n+1/2+a /2 + 8y' n+ i/ 2 + 5 2/n+(l-a)/2)/ 18 ' ( 37 ) 
y n+ 2 =y n + h{Uy' n+2 + 98y' n+1 + 18^/180+ 
+h(18y' n+1+ p + 98y' n+1 + 64 y ; +1 _ /3 )/180. 
Any variant of method (30) 

The block I proposed for calculating quantity y n +i/ 2 , because that is used only 
one time. But block II is used for all the values of variable n. 

For the receive results of more accuracy one can be used twice calculating of 
methods (36) and (37). 

For using formula (35) we must define approximately values of the solution of 
initial problem in five mesh points, but can be construct formula which has the 
same order of accuracy with the formula (35) and used approximately values of 
the solution of initial problem only in three mesh points. For example, the next 
formula 

Vn+i/2+a = 4/? 2 (l - 2/3 2 )(y n+1 + y n ) + (1 - 4f3 2 ) 2 y n+1/2 + 
+2/3 3 (5 - 12p 2 )(y n+l - y n ) + hp\Af3 2 - l)(y' n+1 - y' n )+ 

+h/3(l - W 2 ) 2 y' n+1/2 - h(3 2 Q - 2/3 2 ) (y' n+1 - y' n ). 

Note that the system (26) is a linear system of algebraic equations, which may 
have a unique solution, but the system (27) has more than one solution, as in which 
the number of unknowns is greater than the number of equations. From here follows 
that some of these unknown can be choices in free form. For example, if use the 
coefficients of the method (13) in the system (27), then obtain any methods for 
solving equation (4). Here are several of them: 

#„+i = tin + h(4K(x n+1 ,x n+1 ,y n+1 ) + 3K(x n+1 ,x n ,y n ) + 

+AK(x n+2 ,x n+ i,y n+1 ) + 2K( ) - K(x n+2 , x n+2 , y n+2 ))/l2, 

Vn+i =K + h(WK(x 

Ti+1) *£n+lj yn-\-l 

) + 6K(x n+1 ,x n ,y n )+ 
) - K(x n+ 2,x n+2 ,y n+ 2))/2A. 
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For illustrations of the results of this work, applied of the method (13) to solving 
the following problems by the above described algorithm. Let us consider determine 
the approximate values of the solution of the following problems: 

X 

1. y' = J xscos(s 2 )ds, < x < 2, y(0) = -1/4, 

o 

the step size h = 0, 125, exact solution for which is: y{x) = — cos{x 2 )/A. 

X 

2. y' = l + y - xcxp(-x 2 ) - 2 J xscxp(-y 2 (s))ds, < x < 2, y(0) = 0, 

o 

the step size, h = 0,05 and the exact solution : y(x) = x. 

3. y' = -x 3 /3 + 4exp(-y)/3+lf^exp(y{s))ds, 1 < x < 3, y{\) = 0, 

o 

the step size h — 1/125 and the exact solutions can be written as following form: 
y(x) = 1ii.t. 

X 

4. y' — J cos sds, < x < 2, y(0) = —1, the step size h = 0, 125 and exact 

o 

solution: y(x) = — cosx. 

The obtained results, place in the following table. 



Number of 


Step size 


Variable a; 


Error of the 


example 






method (13) 


I 


h = 0, 125 


0.25 


0.5E-04 






0.50 


0.97E-04 






1.00 


0.26E-03 






1.50 


0.11E-02 






2.00 


0.24E-02 


II 


h = 0,05 


0.10 


0.11E-06 






0.50 


0.42E-06 






1.00 


0.88E-05 






1.50 


0.28E-04 






2.00 


0.77E-04 


III 


h = 0,05 


1.1 


0.72E-05 






1.5 


0.17E-04 






2.00 


0.40E-05 






2.50 


0.12E-03 






3.00 


0.68E-03 


IV 


h = 0,125 


0.25 


0.24E-04 






0.50 


0.42E-04 






1.00 


0.62E-04 






1.50 


0.44E-04 






2.00 


0.16E-04 



Remark that for the constructed the methods to solving equation (4) with the 
best properties one can be used results from the work [24] . And for the constructed 
available methods to solving model problems, some authors after application finite- 
difference methods suggested using iterative methods (see for example [25]) in which 
used the midpoint method. 



173 



NUMERICAL METHODS TO SOLVING OF VOLTERRA IDE 



11 



4. Conclusion 

Here considered to application one of the little investigation method to solv- 
ing intcgro-differential equation, which is called forward-jumping method. These 
method in the first time was applied to investigation the motion of Halley's comet by 
Cowell (see [22]), because some authors calles forward-jumping methods as Cow- 
ell's methods (see[23, p.293]). Bu using any information about forward-jumping 
methods shown that the methods of Cowell's type has some advetages. For these 
aim has redused two forward-jumping methods and constructed algorithm to using 
one of them. For the comparse forward-jumping method with the known, here 
have used model problems, which sometimes ago have solving in the known works. 
Results of these illustration are agrees with the theoretical, it is shown that the 
forward-jumping methods have the some preference. 
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Abstract 

In this paper, we study some discrete-time portfolio optimization prob- 
lems. We introduce a discrete-time financial market model. The change in 
asset prices is modelled in contrast to the continuous-time market model 
by stochastic difference equations. We provide solutions of these stochastic 
difference equations. Then we introduce the discrete-time risk measures 
and the portfolio optimization problems. The main contributions of this 
paper are the closed-form solutions to the discrete-time portfolio models. 
For simulation purposes, the discrete-time financial market is often better 
suited. Several examples illustrating our theoretical results are provided. 

AMS Subject Classifications. 26Df5, 26E70, 34N05, 39AfO, 39Af2, 
39Af3. 

Keywords. Portfolio optimization, discrete-time financial market, mean- 
variance. 



1 Introduction 

In [5,6], the authors solved the continuous-time multi-period Earnings- at-Risk 
optimization problem 

{min EaR(o?) 
v eR™ ( L1 ) 
s.t. E(X*(T)) > C 

and the continuous-time multi-period mean-variance optimization problem 

{min Var(<p) 
V £R" ^' ( L2 ) 

s.t. E{Xf{T)) >C 



1 



176 



BOHNER-GOGGEL: PORTFOLIO OPTIMIZATION PROBLEMS 



with a constant rebalanced portfolio. A standard Black-Scholcs financial market 
was assumed, which was modelled by stochastic differential equations (see [1,4]). 
In this paper, we consider discrete-time versions of the problems (1.1) and (1.2). 
In Section 2, we briefly introduce the discrete-time financial market and the 
portfolio process. In Section 3, we prove some auxiliary results that are needed 
throughout the paper. Next, in Sections 4-7, we introduce several risk measures 
and solve the discrete-time one-period mean-Earnings-at-Risk problem, one- 
period Capital-at-Risk problem, one-period Value-at-Risk problem, and multi- 
period mean-variance problem. 

2 Discrete-Time Financial Market 

We construct our portfolio with n + 1 assets. In our model we are considering 
discrete trading times on [0, T] n No, where T € N. Let us denote the price of 
asset i at time t with P,(t) for i = 0, . . . , n. We have one risk- free asset in our 
model. Without loss of generality it is asset i = 0. The risk- free asset is the 
bank account which pays constant interest with rate r every year. Denote by 
Po(t) the price of the risk- free asset at time t. Then P follows the difference 
equation 

P (t + l)-P (t) = P (t)r. (2.1) 

Lemma 2.1 (Solution of (2.1)). The solution of (2.1) is given by 

Po(t)=Po(0)(l + ry, teN . (2.2) 

Proof. The relation (2.2) follows easily from (2.1) by induction. □ 

We now introduce the price processes of the risky assets. These are described 
by stochastic difference equations. First we need some notation to define the 
price processes of the risky assets. Let b — (b\, . . . , b n )' be the vector with the 
expected returns of the individual assets, and denote by a = {^ij)i<i,j< n the 
n x n-matrix with the stock volatilities. To simplify the calculations, b and a are 
assumed to be constant over the time. Now P 4 follow the stochastic difference 
equations 

Pi{t + 1) - Pi{t) = Pi{t) ^ + 5^y(fl J -(t + l)-fl J -(t))j , i = l,...,n, 

(2.3) 

where B(t) is a standard n-dimensional Brownian motion. 
Lemma 2.2 (Solution of (2.3)). The solution of (2.3) is given by 

t-i / n \ 

Pi(t)=P i (0)l[{l + b i + J2^j( B j(a + l)-B j (a))\ , t e N . (2.4) 

a=0 \ 3 = 1 J 

Proof. The relation (2.4) follows easily from (2.3) by induction. □ 

2 
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Now we define the portfolio for our model. With X v {t) we denote the total 
wealth at time t, and (fi(t) is the fraction of X v {t) invested in asset i at time t. 
The vector ip(t) = (<pi(t), . . . , fn{t))' € R" is called the portfolio construction 
process, and X v (t) is called the wealth process of the portfolio. In this paper 
we only consider so-called constant rebalanced investment portfolio strategies, 
i.e., ip(t) = ip is the same at each time t e [0, T] n No- We can calculate the 
weight of the risk-free asset in the portfolio by 

ip = 1 — <p'i, where 1 = (1, . . . , 1)'. 

If <po = 1, then the entire wealth is invested in the risk- free asset ("pure-bond 
strategy" ) . The numbers of shares of the assets in our portfolio are 

N i (t) = X*(t)^-, i = 0,l,...,n. (2.5) 
Lemma 2.3 (Total wealth). The wealth of the portfolio at time t is given by 

n 

X*(t)=Y J Ni{t)P i {t), teN Q . (2.6) 

i=0 

Proof. The calculation 



n n n 

i=0 i=0 ' i=0 

shows (2.6). □ 



The assumptions in this paper are: We have no transaction costs, no con- 
sumption over time, and a self-financing portfolio strategy. Now we find the 
change of portfolio wealth over one period. We obtain a stochastic difference 
equation. 

Lemma 2.4 (Change in portfolio wealth over one period). We have 

X*{t + 1) - X*(t) = X*(t) (r + ip'{b - n) + <p'a(B{t + 1) - B(t))) . (2.7) 
Proof. Using our assumptions, we find 

n 

X*{t + 1) - X*>(t) ( = 6) NiV)(Pi(t + 1) - Pi®) 

1 = 

n 

N (t)rP (t) + J2m)biPi(t) 
{2 - 6 > »=i 

n n 

+ J2^i (t)Pi (t) ]T *ij (Bj (t + V-Bj (t)) 
»=i j=i 

3 
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+ x * E a *i ( B i (* + X ) - B i (*)) 
»=i j=i 

= ^(t) ((1 - ^i)r + ^6 + + 1) - . 

This shows (2.7). □ 

Lemma 2.5 (Solution of (2.7)). The solution of (2.7) is given by 
t-i 

X v {t) = X ip {Q)Y\ [l + r + ip'{b-ri) + ip'o-AB(a)], teN . (2.8) 

Proof. The relation (2.8) follows easily from (2.7) by induction. □ 

We use the explicit formula (2.8) for X v (t) to calculate expectation and vari- 
ance of the portfolio. Some simple calculations using the properties of Brownian 
motion show the following results. 

Theorem 2.6 (Expectation and variance of the wealth process). With 

a:=r + (p'(b-ri), c:=a'ip, and x := X v (0), (2.9) 

we have 

t-i 

X*(t) = x JJ [l + a + c'AB(a)}, (2.10) 

a=0 

and therefore 

E(X*(t))=x(l + a) t , teN (2.11) 

and 

Vex(X^(t))=x 2 [((l + a) 2 + c , c) t -(l + a) 2t ], teN . (2.12) 

Proof. By (2.9), (2.10) is the same as (2.8). We use (2.10) and the fact that 
increments of Brownian motion are independent with expectation zero to find 

t-i I n \ t-i 

E(X v (t)) =x]jE l + a + Y.CjABjia) = x JJ(1 + a) = x(l + uf . 

a=0 y j = l J a=0 

This shows (2.11). Next, using (2.10) and the fact that increments of Brownian 
motion are independent with expectation zero and variance one, we find 

/ t-i \ 



E((X*(t)) 2 ) = E [ x 2 l[ [1 + a + c'AB{a)f 
( 



a=0 



t-1 

2 



X 

a=0 



(1 + a) 2 + 2(1 + a) E c jABj(a) + ]T c J AB j( a ) 



x 

a=0 



a=0 

2 J] ((1 + a) 2 + e'e) = x 2 ((1 + a) 2 + e'e)* . 
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By (2.11) and VarpT^t)) = E ({X^{t)) 2 ) - (E(X^(t))) 2 , we get (2.12). □ 

We now introduce the main component of the risk measures used in this 
paper. 

Definition 2.7. For a portfolio <p with wealth X v (l), we define the risk measure 
n(tp) corresponding to the /3-quantile of X v (l) by 

¥(X'*(l) < fj,(ip)) = p, where /?g(0,l). (2.13) 

In the next lemma we give an explicit expression for fj,(<p) for a given /3. 

Lemma 2.8. Let (3 g (0, 1). If zp denotes the (3-quantile of the standard normal 
distribution, then n(ip) in (2.13) is given by 

fi((p) = x(zp \\a'ip\\ + 1 + r + ip'(b - ri)). (2.14) 

Proof. Since X v (l) is standard normally distributed with expectation x(l + a) 
(see (2.11)) and variance x 2 c'c (see (2.12)), it follows that zp = (fi(<p) — x(l + 
a))/(xVc^c), i.e., using (2.9), (2.14) holds. □ 

3 Auxiliary Results 

In this section we provide some simple auxiliary results. For the rest of this 
paper we assume 

a is invert ible and b^ri, and let 9 := 1 1 cr 1 (£> — ri) || . (3.1) 

We first give the following three properties which are used often in Sections 
4-7. 

Lemma 3.1. Assume (3.1). We have 

\<p'(b-n)\ < \\o-'ip\\Q for all ip g R n . (3.2) 

Moreover, if we define 

, X(a<7 , )- 1 (b-ri) , , m 

ip* = -± '—^ '- with AeR, 

then we have 

((p*)'(b-ri) = A6 (3.3) 

and 

lkV*ll = |A|. (3.4) 
Proof. First, we let p g R n and use the Cauchy-Schwarz inequality to obtain 

W(b - n)| = \{o><p)'{a-\b - n))| < ||aV|| \\o-\b - n)\\ = \\<j><p\\ 9, 

5 
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which shows (3.2). Next, we get 



bW-rx) . X <» - ( t - rl ) - A (^£l) V)- V-tf> - rx) 



e 



e 



A (o^(b-r^)V^(6-^ = A J[a^(6 Z ri)Jj = AQ 



e 

which shows (3.3). Finally, we obtain 



e 



W<p*\ 



e 



a / (q , )- 1 ( 7- 1 (&-ri) 

— e 



l|A||| = |A|, 



which shows (3.4). 



□ 



Next we give a lemma that will be used frequently for the mean-CaR opti- 
mization problem (Section 5) and the mean-VaR optimization problem (Section 
6). There and for the rest of this paper we assume 

< /3 < ^ , and zp is the /3-quantile of the standard normal distribution. 

(3.5) 

Lemma 3.2. Assume (3.1) and (3.5). Let $eK ie independent of and let 
A := {ip e K" : ip'(b - ri) + z p \\a'ip\\ = *} . 

If <f G A, then 



ip'(b-n) > 



and 



(6 + Zf))<p'{b - ri) > *0. 
Proof. Note first that (3.5) implies < 0. Let (p £ A. Then 

- n) > -1^/(6 - n)| i3 > - ikVII e ^Vgzl^ e, 



(3.6) 
(3.7) 



i.e., 



i.e., 



-zp<p'(b - n) > *9 - Otp'(b - n), 



(6- z p )<f'{b -ri) > *9, 
which proves (3.6) since — zp > 0. Next, 

*/(6 - n) < W(b - n)| ( ? ikVII e ^ *-^(fc-") e, 



2/3 



i.e., 



2,3^(6 - ri) > *9 - 0yj'(6 - ri), 



which proves (3.7). 



□ 
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Finally, we give a lemma which we use for the multi-period mean-variance 
problem (Section 7). 

Lemma 3.3. Let ci, c 2 > and T e N and define f : [0, oo) R by 

f(x) = ((c 1+ x) 2 +c 2 ) T -(c 1+ x) 2T . 
Then f is increasing. 
Proof. We let x > and calculate 

f'(x) = T((c 1 +x) 2 +c 2 ) T - 1 2(c 1 +x)-2T(c 1 +x) 2T - 1 
= 2T(ci + x) [((ci + x) 2 + c 2 ) T_1 - (ci + x) 2T - 2 
> 2T( Cl + or) [(( Cl + x) 2 )^ 1 - ( Cl + .x) 2 ^ 2 ] = 0, 

which completes the proof. □ 

4 One-Period Mean-Earnings-at-Risk Problem 

In this section we introduce the discrete-time one-period mean-Earnings-at-Risk 
problem and provide a closed-form solution. The difference between the ex- 
pected wealth after one period and the risk measure fi(ip) with the same portfolio 
ip is called Earnings-at-Risk. 

Definition 4.1 (Earnings-at-Risk). EaR(<p) := E(X^(1)) - //(</?). 
We solve the optimization problem 

{min EaR(c9) 
s.t. E(XV(1)) > C\ 

where C € R is the expected terminal wealth at time T = 1. 

Theorem 4.2 (Closed-form solution of the discrete-time one-period mean-EaR 
optimization problem). Assume (3.1) and (3.5). The closed-form solution of 
the one-period mean-Earnings-at-Risk problem (4.1) is given by 



w/iere 

z if z > 

„ ., n for any z <E 

if z < 



77ie expected wealth after one period is C with Earnings-at-Risk —xzp\. 



7 
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Proof. Using (2.11) for t — 1 and (2.14), it suffices to show that ip, and 
g(<p) > ff( ( y 5 *) — —xzp\ for all <p G A, 

where 



g(<p) := -xz^j ||ctV|| and A := 
To show this, first note that 

("-I 



tpSW 1 : tp'(b-n) > 



C 



1 -r 



(<p*)'(b-ri) ( = } A6 



9 



-0 



> 



c 



implies p* € A. Next, if p € A, then 



e 



(3.2) 



e 



(//(6-ri)| > 



-xzp 

e 



c > + 

1 - r 

x 



xzp\ (3 = 4) -xzp ||ctV*II = g(<p*)- 



This completes the proof. 



□ 



As an immediate consequence of Theorem 4.2 we get that the optimal 
Earnings-at-Risk is a function of the expected terminal wealth. An investor 
is now able to plot a graph for different expected terminal wealths. Since the 
supremum of EaR is infinity and the constraint of (4.1) is unbounded from 
above, the solution of the corresponding maximum problem is infinity. We de- 
note with w := E(A^(1)) the expected wealth after 1 year. We plug to into A 
given by Theorem 4.2 and get 



EaR(cj) = — xzpX = —xzp 



(- 

V x 



l 



Example 4.3. Let 

r = 0.05, 

and 









•-( 







\a- x {b-r±) 



0.2 0.01 0.03^ 
0.1 0.3 0.04 
0.05 0.03 0.1 



1000, C = 1056, zp = -1.64. 



Now we calculate 



A = 



1056 
1000 



1-0.05 



|o" _1 (fc - ri) 



0.2 0.01 0.03> 
0.1 0.3 0.04 
,0.05 0.03 0.1 




0.002384. 
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With that A we calculate the Earnings-at-Risk for our portfolio with an expected 
terminal wealth of C as 

EaR(p») = -xz fj X = -1000 • (-1.64) • A w 3.908947. 

This is the minimal Earnings-at-Risk for the portfolio with an expected terminal 
wealth of 1056 at time 1. By Theorem 4.2, the optimal policy is given by 



0.041 
A ■ | 0.0242 
,0.0133 



0.0242 
0.1016 
0.018 



0.0133 N 
0.018 
0.0134, 




0.01 
0.3 
0.03 




-0.006349 
-0.001753 
0.026322 



This means 2.6322% are invested in asset 3 and the rest is invested risk free. 
Now we check if the expected wealth at time 1 really is 1056: 



Ep^(l)) = 1000 



'0.05^ 

1 + 0.05 + (¥>.)' I °- 15 
,0.25, 



1056. 



5 One-Period Capital-at-Risk Problem 

In this section we introduce the discrete-time one-period mean-Capital-at-Risk 
problem and provide a closed-form solution. The solution of the continuous- 
time optimization problem can be found in [3]. The difference between the 
possible risk-free profit after one period and the risk measure fj,(<p) is called 
Capital-at-Risk. 

Definition 5.1 (Capital-at-Risk). CaR(^) := x(l + r) — n(<p). 

We accept a certain amount as Capital-at-Risk and we want to maximize 
the expected return. We solve the optimization wealth 



max E(JW1)) 
s.t. CaR(^) = C, 



(5.1) 



and we also solve the problem 



™ n „ E(^(l)) 
s.t. CaR(^) = C, 



(5.2) 



where C is the CaR at time T = 1. An overview of the results given in this 
section can be found in Table 1. 



9 
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Table 1: Overview mean-Capital-at-Risk problem 



e + z f3 


c 


Result 


See 


< 


> 


Found max and min 


Theorem 5.2 


> 


> 


Found min 


Theorem 5.3 


> 


< 


Found min 


Theorem 5.4 


< 


< 


A = 


Theorem 5.5 



Theorem 5.2 (Closed-form solution to the discrete-time one-period mean-CaR 
optimization problem, part 1). Assume (3.1), (3.5), and 

6 + zp < and C > 0. 

The closed-form solution of the one-period mean-Capital-at-Risk problem (5.1) 
is given by 

if* = — '-— with X = - — - — . 

e e + zp 

The closed-form solution of problem (5.2) is given by 
<f* = — with {i = - 



e e - z p 

The corresponding expected wealth after one period is 

E(X V ' (1)) = x (1 + r + XO) and E(X V * (1)) = x (1 + r + n&) , 
respectively, with CaR(<^*) = CaR(<£*) = C. 

Proof. Using (2.11) for t = 1 and (2.14), it suffices to show that (p* , ip* e A and 

x(l + r + fj,G) =g(<p*) <g(<p) < g(f*) =x(l + r + XQ) for all ip e A, 
where 

g(<p) := x(l + r + ip'(b - ri)) 

and 

A:= l^eM" : <f?(b - ri) + zp \\o-'y\\ =-§}• 
To show this, first note 

(?*)'(& - n) + ( = 3) A6 + \X\zp = A(9 + zp) = -- 

(3.4) X 
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implies (p* G A and 

(ip*)'(b - ri) + z (i ||<tV*|| ( == ) M© + \tA z P = A*(© - z f3 ) = 

implies e A. Next, ii ip E A, then 

<?(<^) = a;(l + r + (^)'(6-ri)) 

( = 3) x(l + r + t ie) = x(l + r- -^ @ -) 

V B _ Z P J 

(3.6) (3.7) / Cq 

< x(l + r + <p (b — ri)) = g(<p) < xll + r 



e + zpj 

= x(l + r + A6) ( = 3) x(l + r + (ip*)'{b - ri)) = 

This completes the proof. □ 

Theorem 5.3 (Closed-form solution to the discrete-time one-period mean-CaR 
optimization problem, part 2). Assume (3.1), (3.5), and 

6 + Zji > and C > 0. 

The closed-form solution of problem (5.2) is given by 

_li(o-o-')- 1 {b-n) ^ 



(p* = — jU = 



e ^~ e-v 

TTie expected wealth after one period is 

E(X ip *(l))=x(l + r + fi<d) 

with CaR(( y 5 st ) = C. 

Proof. As in the proof of Theorem 5.2 and with the same g and A, it suffices to 
show that e A and 

g(<f) > 9{<f*) = x(l + r + /x6) for all tp e A. 

To show this, first note 

(ip*)'(b-ri) + z fj \\a'<p*\\ |==j /•*© + = A*(6 - = ~ 

implies ip* e A. Next, ii ip E A, then 



(3.6) / 

g , (<^) = a;(l + r + <£>'(& — ri)) > xll + r 



(3.3) 



= ar(l + r + /z0) = x(l + r + {<p*)'(b - n)) = g{<p*). 
This completes the proof. □ 
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Theorem 5.4 (Closed-form solution to the discrete-time one-period mean-CaR 
optimization problem, part 3). Assume (3.1), (3.5), and 

6 + zp > and C < 0. 

The closed-form solution of problem (5.2) is given by 



= '- with A 



e """ ' e + v 

The expected wealth after one period is 

E(X**(l))=x(l + r + \e) 

with CaR(<£*) = C. 

Proof. As in the proof of Theorem 5.2 and with the same g and A, it suffices to 
show that G A and 

9(f) > g(<P*) = x(l + r + AG) for all tp e A. 

To show this, first note 

W(b - n) + z fj ! = J A6 + \\\z p = A(6 + z p ) = -° 

implies tp* e A. Next, if <p e A, then 

(3-7) / ^0 \ 

g(ip) = x(l + r + ip (b — ri)) > x 1 + r - — — 



= a;(l + r + AG) ( = 3) z(l + r + (<p*)'(b - ri)) = g(^). 
This completes the proof. □ 

Theorem 5.5 (Closed-form solution to the discrete-time one-period mean-CaR 
optimization problem, part 4). Assume (3.1), (3.5), and 

+ zp < and C < 0. 

TTien 6o£/i (5.2) and i/ie mean- Capital- at- Risk problem (5.1) are unsolvable. 

Proof. Let A be the feasible set as in the proof of Theorem 5.2. If ip e A, then 

0< ^ < if/(b-ri) < 7T <0. 

x — zp x + zp 

This contradiction shows A = $, and hence both (5.1) and (5.2) are unsolvable. 

□ 
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Example 5.6. We calculate the maximal expected wealth with CaR = C. Let 



'o.r 

;• = 05. b = | 0.2 
.0.3, 



and 
Then 



0.1 








(7= 


0.3 










0.2 




1.64. 





o + z = 



0.1 







_1 /0.05 





0.3 




0.15 








0.2/ 


\0.25 



1.64 ft -0.203859 



so that all assumptions of Theorem 5.2 are satisfied. Next, 

20 

A = ^02 ~ 0.098107. 



0.1 







_1 /0.05 





0.3 




0.15 








0.2/ 


\0.25 



- 1.64 



By Theorem 5.2, the optimal investment strategy is given by 

-l 



'0.01 
A - I 0.09 
0.04, 





/ 0.341564\ 
0.113855 
,0.426955/ 



This means 34.1564% are invested in asset 1, 11.3855% are invested in asset 2, 
and 42.6955% are invested in asset 3. Now we calculate the expected wealth of 
this strategy: 

/ /0.05^ 
E(X*(l)) = 1000 • 1 + 0.05 +(<p*Y I 0.15 | | = 1190.895254. 
V \0-25y 

We finally check if the CaR of this strategy really is 20: 

'0^ 

CaR(<^*) = -1000 • ( (-1.64) • A + (ip*)' \ 0.15 J J = 20. 

,0.25; 
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6 One-Period Value-at-Risk Problem 

In this section we introduce the discrete-time one-period mean- Value-at-Risk 
problem and provide a closed-form solution. 

Definition 6.1 (Value-at-Risk). VaR(ip) := fi((f). 

We accept a certain amount as Value-at-Risk and we want to find the port- 
folio strategy which maximizes our expected wealth. We solve the optimization 
problem 

f max EOWl)) 

) vpGK" ( 6 .1) 

[ s.t. VaR(» = C, 
and we also solve the problem 

f min E(X^(1)) 



(6.2) 

{ s.t. VaR(^) = C, 

where C is the VaR at time T = 1. An overview of the results given in this 
section is displayed in Table 2. 



Table 2: Overview mean- Value-at-Risk problem 



Q + zp 


c_ 1 _ r 

X 


Result 


See 


< 


< 


Found max and min 


Theorem 6.2 


> 


< 


Found min 


Theorem 6.4 


> 


> 


Found min 


Theorem 6.3 


< 


> 


A = 


Theorem 6.5 



Theorem 6.2 (Closed-form solution to the discrete-time one-period mean- VaR 
optimization problem, part 1). Assume (3.1), (3.5), and 

<d + zp<0 and C < x(l + r). 

The closed-form solution of the one-period mean- Value- at- Risk problem (6.1) is 
given by 

ip* = — with X = ^- . 

e e + z p 

The closed-form solution of problem (6.2) is given by 

= — — St mth M = • 

W W — Zfj 

14 
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The corresponding expected wealth after one period is 

E(A^*(1)) =x(l + r + A6) and E{X V * (1)) = x (1 + r + fiQ) , 
respectively, with VaR(<^*) = VaR(<^*) = C. 

Proof. Using (2.11) for t = 1 and (2.14), it suffices to show that (p* , p* € A and 

x(l + r + fj,G) = g(ip*) < g(ip) < g(tp*) = x(l + r + A6) for all tp e A, 
where 

g(p) := x(l + r + p'(b - ri)) 

and 

A := |^ e R n : tp'(b - n) + z p \\a'ip\\ = ^ - 1 - r J . 
To show this, first note 

(<p')'(b - n) + z p ( = 3) AG + |A|^ = A(6 + z ) = - - 1 - r 

(3.4) £ 

implies (p* £ A and 

(3 3) C 

(<£*)'(&- ri) + z l} ||ctV*|| = A 1 © + H z /3 = M© - zp) = 1 - r 

(3.4) X 

implies tp* G A. Next, ii (p E A, then 

g(^) = x(l + r+(tp*)'(b-ri)) ( = 3) .t(1 + r + ^9) 

/ (^ - 1 - r) e\ (3-6) 
= x l + r+^— ^— < z(l + r + <//(&- ri)) 

V B _ Z /3 / 

, N (3-7) / (Q. -l-r)0\ 

= °M * x { 1 + r+ e + z , ) 

= x{l + r + A6) ( = 3) x(l + r + {ip*)'{b - ri)) = g{<p*). 
This completes the proof. □ 



Theorem 6.3 (Closed-form solution to the discrete-time one-period mean-VaR 
optimization problem, part 2). Assume (3.1), (3.5), and 

9 + z /3 >0 and C<x(l + r). 

The closed-form solution of problem (6.2) is given by 

p., = — '—p± with fi = ^— . 

— Zf) 

The expected wealth after one period is 

E{X V *(1)) =x(l + r + fiO) 

with VaR(<£*) = C. 
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Proof. As in the proof of Theorem 6.2 and with the same g and A, it suffices to 
show that G A and 

9(f) > g{<P*) = x{\ + r + (j,®) for all p e A. 

To show this, first note 

(ip*)'(b-n) + z fj \\a'<p*\\ (3=3) A*© + = m(© - -z^) = — - 1 - r 

(3.4) X 

implies ip* e A. Next, if <p G A, then 

(3-6) / fC_i_ r )e\ 
= x(l + r + <p'(b - ri)) > x ( 1 + r + e _ Z/g J 

= x(l + r + yu6) ( = 3) x(l + r + (<£»)'(& - n)) = #(<£>*). 

This completes the proof. □ 

Theorem 6.4 (Closed-form solution to the discrete-time one-period mean-VaR 
optimization problem, part 3). Assume (3.1), (3.5), and 

+ Zfi > and C>x(l + r). 

The closed-form solution of problem (6.2) is given by 

XiaaTHb-n) £-l-r 
p. = ^ with A = ^— . 

The expected wealth after one period is 

E(X V '(1)) = x(l + r + \&) 

with VaR(<£*) = C. 

Proof. As in the proof of Theorem 6.2 and with the same g and A, it suffices to 
show that ip t € A and 

g{<f>) > g{<P*) = x(l + r + AG) for all ip e A. 
To show this, first note 

(Lp*)'(b - ri) + z fj \\o-'<p4 ( = } AG + |A|^ = A(6 + z fj ) = ^ - 1 - r 

implies ip* e A. Next, if p € A, then 

(3-7) / (C _ 1 _ j .\q\ 
g(p) = x(l + r + tp'(b-ri)) > x[l + r+^— '—) 

\ & + Zfj J 

= x(l + r + AG) ( = 3) x(l + r + (^)'(b - n)) = g(<p,). 
This completes the proof. □ 
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Theorem 6.5 (Closed-form solution to the discrete-time one-period mean-VaR 
optimization problem, part 4). Assume (3.1), (3.5), and 



9 + Z£<0 and C>x(l + r). 
Then both (6.2) and the mean- Value- at- Risk problem (6.1) are unsolvable. 
Proof. Let A be the feasible set as in the proof of Theorem 6.2. If ip £ A, then 



{)< [ - I 

x 



e 



&-Zp 



(3.6) (3.7) fC 

< ip'(b-ri) < 1-r 



e 



e + Zfj 



< o. 



This contradiction shows A — 0, and hence both (6.1) and (6.2) are unsolvable. 

□ 

Example 6.6. We calculate the maximal expected wealth with VaR = C. Let r, 
b, a, x, and zp be as in Example 5.6 and let C = 1030. Thus C < x(l + r) so 
that all assumptions of Theorem 6.2 are satisfied. Next, 



A 



1030 
1000 



1 - 0.05 



0.1 







_1 /0.05 





0.3 




0.15 








0.2/ 


\0.25 



0.098107. 



- 1.64 



By Theorem 6.2, the optimal investment strategy is given by 

-l 




0.01 
0.09 
0.04 / 

-l 




'0.341564\ 
0.113855 . 
,0.426955/ 



This means 34.1564% are invested in asset 1, 11.3855% are invested in asset 2, 
and 42.6955% are invested in asset 3. Now we calculate the expected wealth of 
this strategy: 



T).05> 

E(X V (1)) = 1000 • ( 1 + 0.05 + {ip*)' \ 0.15 

>0.25, 



1190.895254. 



We finally check if the VaR of this strategy really is 1030: 

/0.05^ 

VaR((/3*) = 1000 • ( (-1.64) • A + 1 + 0.05 + (ip*)' 0.15 ) ) = 1030. 

\0.25> 
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7 Multi-Period Mean- Variance Problem 

In this section we introduce the multi-period mean-variance problem (see also 
[7]) and provide a closed- form solution. We solve the optimization problem 



min Var(X^(T)) 
s.t. E(X^(T)) > C, 



(7.1) 



where C is the expected terminal wealth at time T. We assume that the expected 
wealth of the investor is greater than the wealth of the risk- free asset. 

Theorem 7.1 (Closed-form solution of the discrete-time multi-period mean-va- 
riance optimization problem). Assume (3.1). The closed-form solution of the 
multi-period mean-variance problem (7.1) is given by 



p* 



A(ctct')~ 1 (&-«.) 



with A 



T/C_ 1 _ r 



e e 

The expected wealth after T periods is C with variance 

T 

Varpf^(T)) = x 2 



A 



Proof. Using (2.11) and (2.12) for t = T, it suffices to show that p>* e A and 

\ T 



g(<p) > g(<p*) 



C 



+ A 2 



for all ^ei, 



where 



g(ip) := x 2 ((1 + r + <p'(b - ri)) 2 + ip' ' aa' ' p) T - (1 + r + - ri)) 



27' 



and 



/I := £ R" : 1 + r + p'(6 - ri) > \/ - 



T C 



To show this, first note that 

x(l + r + (^Y(b-ri)) T ( = 3) x(l + r + A9) T 



■r \ l + r+ -^—q ©I =C 



implies p* e A. Next, ii p G A, then 



j 2 (3^) |y/(fe-n)| 2 > <//(& - n) 



e 2 



e 



> A 



(7.2) 
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and thus 

g(ip) = x 2 [((1 + r + ip'(b - n)) 2 + ip'aa'ipf - (1 + r + ip'(b - n)) 2T 
2 [((1 + r + v'{b - n)) 2 + A 2 ) T - (1 + r + tp'(b - n)) 



(7.2) 

> 



\2T 



> 




= X 



((l + r + A6) 2 + A 2 )-(l 



AG) 



IT 



(3 = 3) 
(3.4) 



= X 



((1 + r + M(b - n)) 2 + (^)WV*)' 



-a; 2 (l + r + (^)'(6-ri)) 



2T 



where in the second inequality sign we have used Lemma 3.3. 



□ 



As an immediate consequence of Theorem 7. 1 we get that the mean- variance 
is a function of the expected terminal wealth. An investor is now able to 
plot a graph for different expected terminal wealths. Let us denote with lo := 
E(X (p (T)) the expected wealth after T periods. Now we can plug it into the 
result of Theorem 7.1 to get 



Var(w) = x 2 




e 



If we know our desirable expected terminal wealth, then we can calculate A and 
the portfolio construction strategy. Another way is that we accept a certain 
amount as variance, and then we calculate uj and set this equal to C. Then we 
are able to calculate the optimal portfolio. 

Example 7.2. Let r, 6, a, and x be as in Example 4.3 and let C — 1110 and 
T = 2. Now we calculate 



A = 



mo _i_nn«i 

1000 1 u - uo 



0.01 0.03 N 
0.3 0.04 
0.03 0.1 




0.001416. 
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Then we find the variance of our portfolio with expected terminal wealth C as 

T 



Var (<£>*) = x 2 




100(T 



1110 
1000 



1 /1110\ 2 



V iooo J 



4.453. 



This is the minimal variance for the portfolio with an expected terminal wealth 
of 1110 at time 2. By Theorem 7.1, the optimal investment strategy is given by 



A • 



0.041 
0.0242 
,0.0133 



0.0242 
0.1016 
0.018 



0.0133\ 

0.018 

0.0134/ 




0.01 
0.3 
0.03 




-0.003773 
-0.001042 
0.015641 



This means we invest 1.5641% of our initial wealth in asset 3. The rest is 
invested risk free. Now we check if the expected wealth at time 2 really is 1110: 



E(X ip (2)) = 1000 ■ 1 + 0.05 + (v?*)' 




1110. 



Remark 7.3. The presented results can also be generalized from difference equa- 
tions to dynamic equations on isolated time scales (see [2]). This will be done 
in a forthcoming paper of the authors. 
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2 Dept. of Technomathematics 
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joerg.wenz@hshl.de 

This issue of "Journal of Applied Functional Analysis" is dedicated to Pro- 
fessor Heiner Gonska who will celebrate his 65th birthday on January 6, 2014. 

Heiner Gonska was born and grew up in Gelscnkirchcn, Germany, which is 
located in the region called Ruhrgcbict (meaning the area of the river Ruhr). 
After finishing high school (Gymnasium) in 1967 in Gelsenkirchen, he studied 
mathematics, economy, philosophy and education science at the newly founded 
Ruhr University in Bochum, where he was a student of Hartmut Ehlich and 
Werner HauBmann. Both scholars had recently come from the south of Ger- 
many: Professor Ehlich was the head of the Institute of Numerical Mathematics 
and Applied Approximation Theory, and, at the same time, director of the data 
center of the Ruhr University, with Werner HauBmann being his assistant. So 
Heiner Gonska was present when applied mathematics started to grow in Ger- 
many, and universities in the Ruhr area were founded (next to Bochum, the 
universities of Dortmund, Hagcn, Essen and Duisburg) and offered the chance 
of higher education in this region. 

His academic studies were interrupted by military service from 1968 to 1969, 
and in 1975 Heiner Gonska finished his studies at the Ruhr University of Bochum 
with a diploma thesis on convergence theorems of Bohman-Korovkin-type for 
positive linear operators. He followed then Werner Haussmann who, in that 
year, became a full professor at the University of Duisburg (now University of 
Duisburg-Essen); the University of Duisburg seems to be a point in Heiner Gon- 
ska's life to which he always returned, after quite a few longer absences. While 
being assistant (Wissenschaftlicher Assistent) to Prof. Simm and Prof. HauB- 
mann from 1975 to 1982, he was at the same time, visiting assistant professor 
at the Rensselaer Polytechnic Institute, Troy, NY, from 1981 to 1982. Then he 
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was assistant professor (Hochschulassistent) at Duisburg University from 1982 
till 1987, and also during this time, from 1983 till 1987, he worked as assistant 
professor at Drcxcl University, Philadelphia, PA. From 1987 to 1989, Hcincr 
Gonska was appointed temporary professor at University of Duisburg. 

During this time, he finished his doctoral degree in 1979 with a dissertation 
on quantitative results on the approximation by positive linear operators, super- 
vised by Werner Haufimann and, in 1986, his "Habilitationsschrift" Quantitative 
Approximation in C{X); two works that greatly influenced many researchers in 
this topic. 

Also while working as an assistant and later professor for mathematics at 
Duisburg, Troy and Drexel, Gonska became interested in the new topic of com- 
puter science and studied this field at the FcrnUniversitat Hagcn, Germany, 
an open university, from 1980 to 1984. During his stays at US universities, he 
also learned to appreciate a certain brand of computers (at that time hardly 
known, but very popular nowadays). At his recommendation, when the mathe- 
matics department at the University of Duisburg decided to equip the stuff with 
personal computers, all of them were (and still are) marked with a certain fruit. 

After this period of very intensive activity - graduation in mathematics, 
holding two positions on two continents at the same time over seven years, and 
studying computer science, Heiner Gonska became a full professor for Theoret- 
ical Computer Science at the European Business School, a private university 
near Frankfurt, Germany, in 1989. He held this position till 1993, when he 
was appointed full professor at the University of Duisburg. This is the position 
Heiner Gonska has held since then. 

The list of publications of Hcincr Gonska contains so far more than 150 
papers and contributions. Most of them deal with different topics in approxi- 
mation theory, some also with applications in computer aided geometric design. 
His work on positive linear operators, in particular, pushed the research to the 
very limits of what can be achieved in this area, solved problems that remained 
open for a long time and formulated further questions and conjectures that 
inspired many researches around the world. 

Next to his research activities, there are other things that are very special 
to Professor Gonska: one of them is his early interest in Eastern European 
and Asian works, another one is his awareness of the social aspects of being a 
mathematician. 

Let us start with the second aspect and mention one example of this aware- 
ness which is typical for him. In 1989, Hcincr Gonska and Ewald Quak, at that 
time University of Dortmund, realized that they frequently met at different 
places all over the world, but never in the Ruhr area, where their universities 
were located at a distance of 50 kilometers from each other. So they came 
with the idea to bring mathematicians with common interests in approximation 
theory (and neighboring disciplines such as numerical mathematics) together; 
this was the starting point of the Obcrscminar Rhcin-Ruhr. Predominantly, 
mathematicians were addressed that were in a close regional distance. Since 
then, every year six to eight such local meetings have regularly been taking 
place, and now five universities collaborate to make this happen. At the end 
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of each winter semester, a two-day workshop is being organized and attracts 
people also from the rest of Germany. Heincr Gonska made sure that especially 
young mathematicians got the chance to present their research results, without 
the pressure of a large international conference. Also, a lot of German senior 
experts participated regularly in these workshops, giving friendly advises to the 
youngsters. It has been almost 25 years now that Heiner contributes to bring 
people together in a casual setting and help young people start their conference 
experience. Not only the authors of this contribution, but also many others are 
very grateful to him for this fruitful experience he enabled. 

Gonska's early interest in Eastern European and Asian research activities 
was - to a certain extend - shared by other members of the Duisburg approxi- 
mation group as well (Proff. Haufimann, Jetter and Knoop). Being aware of the 
strong contribution of eastern European mathematicians (Heiner Gonska and 
his later wife Jutta Meier compiled a first bibliography on Approximation of 
Functions by Bernstein-type operators in 1983, analyzing piles of Eastern Eu- 
ropean journals) to approximation theory, he frequently contacted and visited 
Eastern European scientists, in spite of the Iron Curtain. As early as 1986, 
his first publications with coauthors from China and Romania appeared. Af- 
ter 1990, he was strongly engaged to help many mathematicians from Eastern 
Europe to visit him at Duisburg and to collaborate with him and several other 
people from his group. Aside from these collaborations with individuals, he 
was among the initiators, organizers and members of the scientific committee of 
RoGcr (Romanian-German Seminar on Approximation Theory and its Applica- 
tions), a bi-national conference held every second year since 1994. He also was in 
the scientific committee of two international conferences on Numerical Analysis 
and Approximation Theory in 2006 and 2010 in Cluj-Napoca, Romania. 

His activies yielded, among others, many joint papers with co-authors from 
China and Eastern Europe. Among the ten habilitations and dissertations he 
supervised so far, there are two PhD theses he supervised at Babes -Bolyai 
University from Cluj-Napoca, Romania. Professor Gonska received a price from 
the Ministery of Education of the People's Republic of China (1993), and an 
honorary doctorate from the Babes-Bolyai University (1999). His collaboration 
work was supported by many diverse grants, among which the largest one is the 
Center of Excellence for Applications of Mathematics, financed by the German 
Federal Foreign Office and the German Academic Exchange Service (DAAD) 
with an amount of about one million Euros so far. This center, with Prof. 
Gonska as coordinator, involves 15 partner universities from ten south-eastern 
countries. 

Heiner's daughters, Jenny and Nadine, are both accomplishing now their 
academic studies, Nadine being also very successful in sports. 

The authors of this article are positive to speak on behalf of all of Professor 
Gonska's students when expressing our best wishes for the future, in particular 
for continuing success in his various professional activities and a life full of health 
and happiness. 
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Abstract 

Several inequalities of Ostrowski-type available in the literature are 
generalized and improved. New bounds for the error in some numerical 
integration rules are derived. 
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1 Introduction 

In the last years, Grass- and Ostrowski-type inequalities have attracted much 
attention, because of their applications in mathematical statistics, econometrics 
and actuarial mathematics. In this paper, we improve and generalize some 
Ostrowski-type inequalities involving differentiable mappings. The connection 
between the Ostrowski and the Grass inequality is emphasized, explaining in 
this way the term " Ostrowski-Griiss-type inequalities" used in the literature. 
Some generalizations of these inequalities, using the least concave majorant of 
the modulus of continuity and the second order modulus of smoothness, are 
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considered. B. Gavrea and I. Gavrea [6] were the first to observe the possibility 
of using moduli in this context. The functional given by 

T(f,g) := j-*— [ f(t)g(t)dt--^— [ /( t )dt. -J- [ g(t)dt, (1.1) 
b-a J a b-aj a b-a J a 

where /, g : [a, b] — * M. are intcgrable functions, is well known in the literature as 
the Chebyshev functional (see [2]). In 1935, G. Griiss [9] obtained the following 
result. 

Theorem 1 Let f and g be two functions defined and integrable on [a, b] . If 
m < f( x ) < M and p < g(x) < P for all x G [a, b], then we have 

\T(f,g)\<±(M-m)(P-p). (1.2) 
The constant 1/4 is the best possible. 

In 1882, P.L. Chebyshev [2] obtained the following inequality. 
Theorem 2 If f,g e C^a.b], then 

\T(f,g)\<^\\f'\U\g'\Ub-a) 2 (1.3) 

holds, where ||/'||oo SU P |/'(*)|- The constant ^- cannot be improved in the 
t€[o,6] ' 12 

general case. 

In 1970, A. Ostrowski [12] proved the following result, which is a combination 
of the Chebyshev and the Griiss results (1.3) and (1.2). 

Theorem 3 If f is Lebesgue integrable on [a, b] satisfying m < f(x) < M, 
x G [a, b] and g : [a, b] — > M is absolutely continuous with g' <G [a, b], then the 
inequality 

\T(f,g)\ < i(&-a)(M-m)||s , || 00 (1.4) 
holds. The constant ^ is sharp. 

Remark 4 The inequalities (1.2) and(1.4) are known in the literature as Griiss- 
type inequalities, but we consider them to be of Chebyshev-Griiss-type. 

Another celebrated classical inequality was proved by A. Ostrowski [11] in 
1938, which we cite below in the form given by G.A. Anastassiou in 1995 
(see [3]). 
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Theorem 5 Let f be in C^a, b], x G [a, b]. Then 

(x - a) 2 + (b - x) 2 



fix) 



< 



2(6 -a) 



ll/'l 



(1.5) 



This inequality gives an upper bound for the approximation of the average 
value of the function / by the value f(x) at the point x G [a, b]. In 1997, 
S.S. Dragomir and S. Wang [5] applied Theorem 1 to the mappings f'(t) and 

p(x, t) = \ f ' * ^ , , obtaining a new result for bounded differentiate 
L t — b, t G (x, b\ 

mappings, which is known as the Ostrowski-Griiss-type inequality. 

Theorem 6 (see Theorem 2.1 in [5]) Let f : L C R — > R be a differentiable 
mapping in Int(I) and let a, b G Int(I) with a < b. If f G L\ [a, b] and 
7 < f'( x ) < T, V i £ [o, ii], i/ien we /lave i/ie following inequality 



fw-^-Jjm- 



f(b)-f(a) ( x a 



b — a 



< \(b-a)(T- 7 ). 



This inequality has been improved by M. Matic et al. ([10]), as shown in the 
follwing theorem. 

Theorem 7 (see Theorem 6 in [10]) Let f : I — > R. where I C R is an interval, 
be a mapping which is differentiable in the interior Int(I) of I , and let a, b G 
Int(I) with a < b. If 7 < f'{x) < T, for x G [a, b] and some constants 7, T G R, 
then, for all x G [a, 6], we have 



1 

b — a 



— a 



s ^ ( »-.)(r- 7 ). 



This result is improved by X.L. Cheng in [4], as follows in the next theorem. 
He also proved that the constant 1 /8 is sharp. 

Theorem 8 (see Theorem 1.5. in [4]) Let the assumptions of Theorem 7 hold. 
Then, for all x G [a, b], we have 



b~a J a b - a 



<-(6-a)(r- 7 ). (1.6) 



In [14], N. Ujevic proved the following, involving the second derivative of the 
mapping /. 

Theorem 9 (see Theorem 4 in [14]) Let f : I — > R, where I G R an interval, 
be a twice continuously differentiable mapping in the interior Int(I) of I with 
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/" € L 2 (a, b), and let a, b e Int(I), a < b. Then we have, for all x <G [a, b], 

fM 1 P fM* m^tt^f a + 6\ (b-g)3/2 
f[x) -—aj a f{t)dt - b-a { X -—J ^^7T II/I12 ' 

(1.7) 

Remark 10 77ie a&ove results are known in the literature as Ostrowski-Griiss- 
type inequalities, because on the left hand-side there are Ostrowski-type expres- 
sions present, while the right hand-side looks of Grilss type. Nevertheless, be- 
cause Griiss-type inequalities involve the Chebyshev functional on the left hand- 
side, we consider these inequalities to be of modified Ostrowski-type. 

For brevity, in the sequel we will denote 

ka m t, \ 1 f b tu^ /(&) ~ /(<*) ( a + b\ 
M x [f] = fix) - — a J a fit)dt b a {*-—), 

where / : [a, b] R is an integrable function and x € [a, b]. 

The structure of this paper is as follows: in Section 2 we give new bounds 
and improve some inequalities available in the literature for the functional 
■A^M/] (see [4], [14]), involving the least concave majorant of the modulus of 
continuity and the second order modulus of smoothness. In Section 3, using 
Peano's theorem, we propose a generalization of some Ostrowski-type 
inequalities. Finally, in Section 4, we provide new estimates for the error in 
some numerical integration rules. 



2 Ostrowski-type inequalities in terms of the least 
concave majorant and moduli of smoothness 

The aim of this section is to give new inequalities for the functional Ala;[/], 
involving the second derivative of the mapping /. Also, we will extend the 
inequalities mentioned in the previous section, by using the least concave 
majorant of the modulus of continuity, K-functionals and second order 
moduli of smoothness. 

Theorem 11 Let f : [a,b] — > R be twice differ entiable on the interval (a, b), 
with the second derivative bounded on (a,b), i.e., ||/"||oo := sup \f"(t)\ < oo. 

te(a,b) 

Then, for all x e [a,b], we get \M x [f}\ < • ||/"||oo, 

( Ul {x;a,b), xe[a, ^] , 
where u(x;a,b) — < , ,. n 

\u 2 (x;a,b), xe(<¥,b] , 
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Ui(x; a, b) 
u 2 (x; a, b) 
Proof. Wc define 



Aabx + °— -^-x 3 + b - + 3bx 2 + ^-ba 2 -3xa 2 + 5ax 2 + \ab 2 -xb 2 



2 3 



Aabx— — + -x 

2 3 6 



; " 3ax 2 -^-ab 2 + 3xb 2 -5bx 2 -l-ba 2 +xa 2 



V(x,t)=\ f 



(t + b- 2x)(t -a),te [a,x], 



(2.1) 



-(t + a-2x)(t-b),t£ (x,b\. 



Integrating by parts, we have 



J T(x, t)f"(t)dt = J f(t)dt - (6 - a)f(x) +(x- (f(b) f(a)) . 



From the above relation, we get 



\M x [f}\ 



b — a 



V(x,t)f"(t)dt 



< 



b — a 



in 



\V(x,t)\dt. 



f" 

Since / \V(x,t)\dt = u(x;a,b), the inequality (11) is proved. ■ 

J a 

(b - a) 3 

Remark 12 Since u(x;a,b) < — — — , from inequality (11) it follows 

\M x [f]\<^^-\\f"\\oo. 

Theorem 13 Let f : [a,b] — > M be twice differ entiable on the interval (a, b), 
with f" G L 2 [a, b]. Then, for all x G [a, 6], we have 



|Mc[/]| < V/pKM|| r n 2} „,,„.„ 



b — a 



(2.2) 



1 i 

fj,(x; a, b) = -(b - a)x A - -{b 2 - a 2 )x 3 + x 2 



\{ab 2 -a 2 b)+ l -{b 3 -a 3 ) 



+x 



I (ba 3 ab 3 ) + ^(a'- & 4 ) 



-L ( 65-a 5 ) + l(a6 4 -6a 4 ) + l(a 2 6 3 -6 



Proof. If we consider the function V(x,t) defined in (2.1), it follows 



\M x [f}\ 



b — a 



V(x,t)f"(t)dt 



< 



\\f"h 
b — a 



f\v(x,t)y 

J a 



dt 



1/2 



_ y/n(x;a,b) 



b — a 



I! 
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Remark 14 For a = and 6=1, i/ie inequalities (1.7) and (2.2), respectively, 
become 

l^x[/]|<^||/ ,, ||2«0.0919||/"||2, and 



\M,.[I < \l — + — - — - — + — - Wf'h < — 1|/"||2~0.0913||/"|| 2 , 
I xuj|_y 120 -r 4 2 12 3 11 60 "•' 11 H,/ 11 ' 

respectively. In this particular case, our estimates are better than N. Ujevic's 
result (1.7). 

Theorem 15 Let f : [a,b] — > K fee £wice differentiable on the interval (a,b), 
with f" e Li[a, 6]. TTien, /or a// x e [a, 6], we /ia?;e 



1 / a+b 



|^x[/]|<^^-|iri|i, wfcere u(x;a,b)- ) 2 V 2 



xe[xi,X2], 



-(a;-a)(6-a:), xe[a, 6] \ [xi,x 2 ], 

(2.3) 



for 



_ (2 + v/2)a + (2 - \/2)6 _ (2 - \/2> + (2 + ^2)6 
xi - | . £2 - | • 

Proof. If wc consider the function P(x,t) denned by (2.1), it follows 



\M x [f}\ = 



1 



V(x,t)f"(t)dt 



<JZ^ SU P \V(x,t)\ = v(x;a,b)- 



te[a,b] 



uriii 

b — a 



In order to formulate the next result we need the following 
Definition 16 Let f e C[a,b]. If, for t G [0, oo), the quantity 

aj(f;t)=sup{\f(x)-f(y)\, \x - y\ < t} 
is the usual modulus of continuity, its least concave majorant is given by 



to(f; t) = sup 



(t - x)uj(f; y) + (y- t)u(f; x) 



y-x 



0<x<t<y<b — a,x^y 



Let I = [a,b] be a compact interval of the real axis and / <G C(J). In [13], 
the following result for the least concave majorant is proved: 

K Q,/;C[a,6],(7 1 [a ) &]) := ^iof /} (\\f - gW^ + \ \\g'\\2) - ^(/;t), * > 0. 
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Theorem 17 /// E C^b], then 



w/iere £/ie constant u(x;a,b) is defined in Theorem 11. 
Proof. Let A x : C[a, b] -> E be defined by 



We have 

< 11/11 



; ■'■ f /(t)dt + / f* - a: - ^ ) /(t)dt. 





b — a 




b — a 






t x + 2 


dt+ f 


t — x 






J X 


2 





(2.4) 



Let 5 € C^a, 6] and V(x,t) be the mapping defined by (2.1). We obtain 



J V(x,t)g'(t)dt=- J (t-x+ b -^jg{t)dt- J (t- x - h -^j 



g(t)dt, 



namely 



\A x [g]\ = 



I V(x,t)g'(t)dt < ll^'IU- f \V(x,t)\dt=\\g'\\ 00 -u(x;a,b). (2.5) 

J a J a 



From relations (2.4) and (2.5), we have 

.9 + .9)1 < M 

-||/-ff||oo + llff'lloo -u(x;a,b) 



\A x [f)\ = \Mf - .9 + .9)1 < \Mf - .9)1 + l^(.9)l 
(6 -af 



< 
< 



4 

(6- 

4 



a ) 2 • f /„, n , 4u(z;a,&) 



Therefore, 



\AAf]\< {b ^^(f-, 8u{x]aS 



■ (b -a) 2 

If we write (2.6) for the function /', we obtain inequality (17). 
Theorem 18 If f £ C[a, b], then for all x £ [a, b], we have 



\M x [f}\ < 3K (||^; /! C[a, b],C 2 [a, b] 



(2.6) 



(2.7) 
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where 

K(t;f;C[a,b],C 2 [a,b]):= irif {||/ - + t\\g"\\ x }. 

g£C 2 [a,b] 

Proof. For any / e C[a,b], \M x [f]\ < 3||/||oo. For g e C 2 [a,6], from 
Theorem 11 we get 

|A«<^M||</'IU. 

So, for / e C[a, b] fixed and g e C 2 [a,b] arbitrary, we have 

\M,[1\\ < |JU,[/ + < 311/ - 9|U + ^y^llsloo 

= MII/-»IU + |^IIp"IW. 

Passing to the infimum over g € C 2 [a, 6] gives relation (2.7). ■ 

An upper bound in terms of the second modulus of smoothness will be 
considered in the next part of this paper. For brevity, in the sequel we will take 
[a, b] = [0,1]. In order to formulate our result, we need the following lemma 
(see [12], [8]). 

Lemma 19 For f G C[0, 1], < h < ^ fixed and any e > 0, there are polyno- 
mials p = p(/, h), such that 

11/ - Plloo < h) + e, ||p"||oo < ^ 2 (/; h) 

hold. 

Theorem 20 If f e C[0, 1], then for all x e [0,1], the following inequality 
holds 

\M x [f] I < (/; 0,1)) • (2-8) 

Proof. Let e > be arbitrarily given. For / e C[0, 1] and < ft. < -, we 

consider the polynomial p = p(f, h) in Lemma 19. Since p € C 2 [0, 1], from the 
proof of Theorem 18 we have 

\M x [f}\< 3 { 11/ "Plloo + ^Y^-\\p"\\oo] 

< 3 {| W2 (/;ft)+ e +^^ W2 (/;/ l )}. 

Letting e tend to zero shows that 

{3 u(x- 1)1 1 
- + V 2h ; ' I LU 2 (f; h), where < h < - is arbitrary. 

8 
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Now choose h = \Ju{x\ 0, 1) < ~7==- This implies relation (2.8). 



3 A generalized Ostrowski-type inequality 

Inequalities for a linear functional in terms of a variety of norms are given 
in this section. For the particular cases, some inequalities of Ostrowski- and 
Ostrowski-Griiss-type from the literature are retrieved. Let L : C n+1 [a, b] — > R 
be a linear functional, with degree of exactness n (i(e^) = 0, e^(x) = x l ,i = 
0,n). Using Peano's theorem, the functional has the following integral rep- 
resentation L[f] = f a K{t)f n+1 \t)dt, where K(t) = L . Denote by 

L[f) = L[f]-A [/(")(&) - f (n) (a)] , where A = — l — f K{t)dt. Since the func- 

O 0> J a 

f b _ 

tional L has degree of exactness n, it follows L[f] = / K(t)f (n+1 \t)dt, where 
X"(t) = L ~;^ + ) = L ( ~ ~ A = K ^ ~ A From the above rela " 



tion, we remark that / K(t)dt = 0. 

J a 

Remark 21 a) The functional 

L[f] = m-^- a fmdt 

has degree of exactness n = and it holds that 

f(b)-f(a) 



(3.1) 



Uf] - M x [f] ■■= f(x) fV) dt 



b — a 



with K(t) = < 



, t e [a, x] 



. b — a 
b) The functional 



t — a 

b t Zl andK{t)={ 
, t € (a;, 6], 



1 



b — a 
1 

K b — a 



t-x + 
t — x — 



2 

b — a 



t e [a, a;], 

f e (x,b]. 



L[f}= 2 [/(*) + /(«)] 



ftas degree of exactness n — and 



b — a 



f(t)dt 



(3.2) 



/(t)dt - 



(s - b)/(b) - (£- a)/(o) 
2(6 - a) 



9 
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with 



1 b-t 



, t e [a,x], 



( 1 



K ^=< 2 b h t a K[l)= \ 



b — a 
1 

b — a 



t 

t - 



x + a 



2 

x + b 



, t E [a,x], 
, te (x,b}. 



Denote by W£[a, b] = {/ e C n [a, b], /(") absolutely continuous, < oo} , 

where 

i 

l/ll. 



y |/(x)| p (ix> , for 1 < p < oo, 



sup 

[a,b] 



Using the following relation 



L[f} = f k{t)f^ +1 \t)dt= f K(t)--^ f K(t)dt 

J a J a u a J a 

= (6-a)T(iT,/("+ 1 )), 



f {n+1 \t)dt (3.3) 



we obtain the next results. 



Theorem 22 Let f E W"[a,b] and 7 < f (n+1) (t) < T, for all t E [a,b] and 



some constants 7, T E M. Then the inequality 
[ K(t)dt = 0, 

J a 



L[f] 



< E=2 
— 2 



holds. 



Proof. Since 



we have 



< sup 

te[a,b] 



f k{t)f^ +1 \t)dt = [ K(t) (f {n+1 \t) 

/("+!)(*) 



r + 7 



dt 



f(n+l)u r + 7 



b ~ r-7 - 



Remark 23 Using Remark 21 and applying Theorem 22 for the functionals 
Af x [f] md M. x [f], we obtain the results given by X.L. Cheng in [4], namely 

\M x [f]\ < 1(6 - a) (r - 7), |A^[/]| < ^Z^|z^! (r-7). 
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Theorem 24 Let f e W?[a, b] and 7 < f {n+1) (t), for all t e [a, &]. Then 

-/(«)(&) -/(«)(«) 



< ll^llc 



b — a 



-7 



(6 -a). 



Proof. Since / K(t)dt = 0, we have 



£[/] 



K(t)f( n+1) (t)dt 



< sup 

te[o,6] 



• / (r +1 (t)-7)* = n^iic 



K(t) (.f(" +1 )(t)- 7 )dt 
/(»)(&) -/(«) (a) 



b — a 



(b-a). 



Theorem 25 Le£ / e W?[a, b] and f {n+1) {t) <T , for all t e [a, &]. Then 

/(»)(&) -/(») (a) " 



< ll^l 



r - 



b — a 



(b-a). 



Theorem 26 /// e W 2 n [a,6], tfien 



\L[f}\ <(b- a)y/T(K, K) ■ ^/r(/(«+i),/(»+i)). (3.4) 

TTie inequality (3.4) is sharp, in the sense that the constant (6— a) ^JT{K, K) 
cannot be replaced by a smaller ones. 

Proof. The inequality (3.4) follows easily from relation (3.3). 

To prove that the constant (b — a)y // T(K, K) cannot be replaced by a smaller 
ones, we define the function F G C n+1 [a,b], such that F^ n+1 \x) = K(x), 
x € [a,b]. For the function F, the right hand-side of (3.4) is equal with 
(b — a)T(K, K) and the left hand-side becomes 



L[F] 



K(t)K{t)dt : 



K(t) - ^—^ J K(t)dtj K(t)dt 



= f K(t) 2 dt--^— f K(t)dt f K(t)dt=(b-a)T(K,K). 



b — a 



Corollary 27 If f,g e C l [a,b], then \M x [f]\ < ■ y/T(f',f'), 



and \Af x [f}\ < 



\/a 2 - 3xa + ab + b 2 - 3bx + 3a 



12 
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In [3] P. Cerone and S.S. Dragomir proved the following inequality for the 
functional T(f,g). 

Theorem 28 Assume that f : [a, b] — > R is a measurable function on [a, b] and 
1 f b 

such that f := f — / f(t)dt, ef G L 2 [a,b], where e(t) = t,t € [a,b]. 

b ~ a J a 

If g : [a,b] — > R is absolutely continuous and g' G L 2 [a,b], then we have the 
inequality 



\T{f,g)\<— a \\g'h 



[ f{tfdt ■ f t 2 f{t) 2 dt - I [ tf{tfdt 



2 1 



f(t) 2 dt 



1/2 



<^IM|e/||, 



Using P. Cerone and S.S. Dragomir's result, a new inequality for the 
functional L[f] in L2-norm can be given. 

Theorem 29 Let f : [a, b] — > M be (n + 2)-differentiable on the interval (a,b), 
with /(™+ 2 ) e L 2 [a,b}. Then 



|i[/]||<2||/(" +2 )|| 2 - 



b r b 

2j+ / 4.2i>(.\2, 



K{tydt- / t 2 K{t) 2 dt-\ / tK{t) 2 dt 



I K(t)" 

J a 



dt 



1/2 



. (3.5) 



Proof. Since L[f] = (b-a)T (K, / (n+1) ), using Theorem 28, the inequality 
(3.5) holds. ■ 

Corollary 30 Let f : [0,1] — > R be twice differ entiable on the interval (0,1), 
with f" G i 2 [0, 1]. Then, for all x G [0, 1], we have 

\M x [f}\ < ^- V-1800a; 6 + 14400a; 5 -16200a; 4 +8400x 3 -1800x 2 +45 • ||/"|| 2 , 

(3.6) 

r/ll ^ >/l5 /40x 6 -120x 5 + 180a; 4 -160x 3 + 84a ; 2 -24a ; +3 ..,„.. .„ 
l^[/]|<— ^ 3;^,-^ ||/"|| 2 . (3.7) 



Proof. Let us consider the functions K and K, defined in Remark 21 a). Since 
A4a:[/] = L[f], applying Theorem 29, the inequality (3.6) holds. In a similar 
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way, for the functions K and K defined in Remark 21 b), we prove the inequality 
(3.7). . 

4 Application to numerical quadrature rules 

In this section we give some applications of the Ostrowski-typc inequalities. 
Using the previous results, we derive new error-bounds in some numerical 
integration rules. 

Let A„ : a = xq < x\ < ■ ■ ■ < x n -\ < x n — b be a partition of [a, b], and £ = 
(£o)£i) - "" >£n-i)) C» e [^ii^i+i]; « = 0, n — 1 be an intermediate point vector. 

n— 1 n — 1 y s 

Denote by Q(f, A„,£) := £ ~ £ (& ~ a* ) (/fo+i) - 

i=0 i=0 ^ ' 

a quadrature rule, where /ij = x i+ i — Xi, i = 0,n — 1. 



Theorem 31 Le£ / : [a, 6] — > M &e £wice differentiable on the interval (a,b), 
with second derivative bounded on (a,b), i.e., ||/"||oo := sup \f"(t)\ < 00. 

te(a,b) 



Then 



[ f(t)dt-Q(f,A n ,$ 

J a 



n-1 



< ^2u(€i;Xi,x i+ i) ■ holds, where the 



i=0 

fll\\(i) _ 



function u is defined in (11) and ||/"||oo = sup \.f{t)\. 

te[xi,x i+1 ] 

Theorem 32 Let f : [a,b] — > R be twice differentiable on the interval (a,b), 



withf" G L 2 [a,b]. Then 



f f(t)dt-Q(f,A n ,0 

J a 



n-1 

< X! VKfr,Xi,Xi+l)\\f 



2 i 



i=0 



w/iere the function ^ is defined by (2.2) and H/"!!^ = (^J f"(t) 2 dt^j 



1/2 



Theorem 33 Let f : [a, b] — > K fee £wice differentiable on the interval (a,b), 



with f" e Li[a,b}. Then 



f f(t)-Q(f,A n ,Z) 

J a 



< 



i=0 



(i) f Xi+1 

where the function v is defined m (2.3) and \\f"\\\ l> = / \f"(t)\dt 



Remark 34 Taking £j 



Xi + x i+ i 



, i = 0, n — 1 in the above theorems, the 



error bounds of the mid-point quadrature rule, defined by 

™ 1 fx - + x- \ 
Qm(/, A„) = £ hif ( - 1+1 J, are obtained. For & = x t and & = x l+1 , 

respectively, in the above theorems, bounds for the error in the trapezoid 

quadrature rule, defined by Q T (f,A n ) = hi ~^f( Xl +^ ^ are obtained. 

i=o 2 
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1 Introduction 

This article is inspired by the famous theorem of Z. Opial [10], 1960, which 



Theorem 1 Let x (t) E C 1 ([0, h]) be such that x (0) = x (h) = 0, and x (t) > 
in (0, h) . Then 



In (1), the constant | is the best possible. Inequality (1) holds as equality for 
the optimal function 



Abstract 



follows. 




(1) 
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where c> is an arbitrary constant. 

To prove easier Theorem 1, Beesack [4] proved the following well-known 
Opial type inequality which is used very commonly. 
This is another inspiration to our work. 

Theorem 2 Let x (t) be absolutely continuous in [0, a], and x (0) = 0. Then 
£\x(t)x'(t)\dt<^£(x'(t)) 2 dt. (2) 

Inequality (2) is sharp, it is attained by x (t) = ct, c > is an arbitrary constant. 

Opial type inequalities are used a lot in proving uniqueness of solutions to 
differential equations, also to give upper bounds to their solutions. 

By themselves have made a great subject of intensive research and there 
exists a great literature about them. 

Typical and great sources on them are the monographs [1], [2]. 

We define here the balanced Canavati type fractional derivative and we prove 
related Opial type inequalities subject to boundary conditions. 

These have smaller constants than in other Opial inequalities when using 
traditional fractional derivatives. 

2 Background 

Let v > 0, n := [v] (integral part of v), and a := v — n (0 < a < 1). The gamma 
function T is given by F (v) = J °° e~ t t v ~ 1 dt. Here [a, b] C M, x, xo € [a, b] such 
that x > xq, where xq is fixed. Let / € C ([a,b]) and define the left Riemann- 
Liouville integral 

(j*°f) & ■■= ^ [ (x *r 1 / w dt, (3) 

xo < x < b. We define the subspace C v Xa ([a.b]) of C n ([a, b]): 

C: Q ([a, 6]) := {/ e C" {[a, b]) : J?°_J^ e C 1 ([xo.6])} . (4) 

For / e C^ ([a, 6]), we define the left generalized ^-fractional derivative of 
/ over [x , b] as 

D" X J ■■= {J?°-J (n) )' > (5) 

see [2], p. 24, and Canavati derivative in [5]. 
Notice that D V X J e C {[x , b}) . 

We need the following generalization of Taylor's formula at the fractional 
level, see [2], pp. 8-10, and [5]. 

2 
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Theorem 3 Let f e C£ ([a,b]), x £ [a, b] fixed. 

(i) Ifv>\ then 

f (x) = f (x )+f (x Q ) (x x )+f" (x ) {X ~ 2 X0)2 +...+&-V (x ) ( "°|), 1 

(6) 

+ (J*°D V X J) (x) , all x e [a, b] : x > x Q . 

(ii) IfO<v<l we get 

f (x) = (J? D V XQ f) (x) , allxe[a,b}:x>x (7) 

We will use (6) and (7). 
Furthermore we need: 

Let a > 0, m = [a], f3 = a - m, < /3 < 1, / € C([a,b]), call the right 
Riemann-Liouville fractional integral operator by 



1 



-b 



(Jt-f) (*) ■= Y{a)j x {J - X) f {J) rfJ ' (8) 
x e [a, b], see also [3], [6], [7], [8], [11]. Define the subspace of functions 

C£. ([a, b}) := {/ G C m ([a, b}) : iff™ G C l ([a, b])) . (9) 
Define the right generalized a-fractional derivative of / over [a, b] as 

D%_f ■■= i-V™' 1 (Jl- 13 f {m) ) > (10) 

see [3]. We set = /. Notice that D%_f e C ([a, b]) . 

From [3], we need the following Taylor fractional formula. 

Theorem 4 Let f e C£_ ([a, b]), a>0,m:= [a]. Then 

1) If Oi > 1, we get 

f(x)=J^ f{k) ^(x-b) k + (J^DU)(x), Vie [a, 6]. (11) 

fe=0 

2) 7/0 < a < 1, we c/et 

/(*) = J b Q _^_f(x), Vxe[a,4], (12) 

We will use (11) and (12). 
We introduce a new concept: 

Definition 5 Let f e C([a,6]) ; x € [a, 6], a > 0, m := [a]. Assume that 
f e C h a _ ([^,b]) and / € C£ ([a, ^]). FFe dearie t/ie balanced Canavati 
type fractional derivative by 

/W i^/W, fora<x<^. [U) 
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3 Main Result 

We give our main result. 

Theorem 6 Let f e C ([a, b}), a > 0, m := [a] . Assume that f e C b Q _ ( b] ) 
and f € C" ( [a, ) . Assume further that 



/(*) (a) = /« (6) = 0, fc = 0,l,..,m-l; 

i 1 1 i 7 1 

p, g > 1 : — I — = 1, ana a > -. 

P 9 Q 



(i) Case of 1 < q < 2. T/ien 



|/( W )||D a /M|dw< 

2-("^)(6- a) ( £ ^) 
r(a) [(p(a-l) + l)(p(a-l) + 2)]p 
fwij Case of q > 2. Then 



D a f(uj)\ q doj 



f \f(u)\\D a f(u)\du 

J a 

2-( a+ \) (6-a)( P<CV ^ 1)+2 ) 
r(a)[(p(a-l) + l)(p(a-l) + 2)]» V Q 
fmj WTien p = q = 2, a> g, t/ien 



< 



\D a f(oj)\ q duj 



\f(co)\\D<*f(u)\cLo< 
2-KD (o-a) a 



D a f{u)Ydu 

r(a) V 2 " ( 2a - 1) 

Remark 7 Let ms say iftatf a = l, then by (17) we obtain 

(b-a) I 



\f(w)\\f'( U )\du< 



no 

/ (/»)' 

, J a 



dtu 



(14) 



(15) 



(16) 



(17) 



(18) 



that is reproving and recovering Opial's inequality (1), see [10], see also Olech's 
result [9]. 
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Proof, of Theorem 6. Let x € [a, , we have by assumption (a) 
0, k = 0, 1, ...,m — 1 and Theorem 3 that 



(19) 



Let x e [^2 > ! we nave by assumption (b) = 0, fc = 0, 1, m — 1 and 
Theorem 4 that 

/ (*) = r^y jf - *) Q_1 £>?-/ M ^- (2°) 

Using Holder's inequality on (19) we get 



!/(*)!< 



p(o-l) + l 

1 (x — a) p 



jf l^/tol'dr)' . (21) 



Set 

Then 
and 



T ( a ) (p(a - 1) + 1)p \Ja 

z(x):= [ X \D«f(T)\UT, (z(a)=0) 

J a 

*'(*) = TOW, 



\D«J{x)\ = {z>{x))K ^ a <x<^-. 



Therefore by (21) we have 

p(q-l)+l 

l/MI TO HI < rr \;"7 - P i (* M M)* , (22) 
r H (p(a-l) + l)» 

all a < u < x < °4±. 

Next working similarly with (20) we obtain 

1/ (*)l < £ (t- - ^ 1 |^-/ W | rfr < 



I» 



-xT-^dX (j^DU {r)\ q dr\ = 
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p(g-l) + l / b 



1 {b-x) P 
r ( a ) (p(a-l) + l)* 

Set 

A(x) 

Then 



DZ_f(T)\ q dr 



f \D%_f{ T )\ q dT = ~ f \D£_f (r)\ 9 dr, (A(6)=0). 

Jx Jb 

A' (*) = - 1^6- /(*)!' 



and 

\DU (x)\ = (-Y (x))* , all < x < 6. 

Therefore by (23) we have 

p(a-l) + l 

|/ H| |l>gL/ (w)| < ^-v^f^ - P -i (-A (a,) V ( w ))* 
r H (p(a-l) + l)* 

all ^ < x < cj < b. 

Next we integrate (22) over [a, x] to obtain 

\f{u)\\DZf{w)\du< 



1 p(t»-i)+i i 

(u> - a) " (z (w) z (w)) 9 < 



r(a) (p (a - 1) + 1) * 
1 

r(a)(p(a-l) + l)' 



r ^ jf (w - a) p(Q " 1)+1 dw^ P ^ jf z (w) z' (w) dw^ 



p(a-l) + 2 2 

(x — a) p z (x) •> 



r(a)(p(a-l) + l)5 (p(a-l) + 2)5 2 

p(o-l) + 2 



2~« (x- a)~ 



I» [(p(a-l) + l)(p(a-l) + 2)] 
So we have proved 

/X |/HITOMI^< 



r(jfi^/M 



_ 1 p( Q -l) + 2 

2 9 (x — a) p 



r(a)[(p(a-l) + l)(p(a-l) + 2)]* V« 



£\DZf{u)\*d»y , 



for all a < x < 
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By (26) we get 



\f{w)\\DZf{u>)\<k*< 



(b-a) 



(p(c-l) + 2) [ p(a-l)+2 | I] 

p 2~t P ^ 



r(a)[(p(a-l) + l)(p(a-l) + 2)]5 \Ja 
Similarly we integrate (24) over [x, b] to obtain 



\D%f(uj)\ q duj 



f \f(uj)\\D%_f(u)\clu< 

J x 



T{a) (p(a-l) + l) 



r b p(c-i)+i , i 

r / (6-w) * (-A(w)A'(w))«dw< 

p Jx 



[ ' r (6-w) p(a - 1)+1 

r(a)(p(a-l) + l)5 ' ' 



-A (w) A' (w) cJcu 



1 



p(a-l) + 2 2 

(fe-jc) » (A (x)) 1 > 



r(a)(p(a-l) + l)r (p(a-l) + 2)* 2« 
We have proved that 

I \f{uj)\\D<£_f{uj)\(Lj< 

J X 



1 p(a-l) + 2 

2^9(6-2;) 



I» [(p(a-l) + l)(p(a-l) + 2)]p 
for all 2i± < x < 6. 
By (29) we get 



p \Jx 



duj 



J a+b \ f(u)\\DZ_f(cu)\duj< 



(p(q-l) + 2) r p(q-l)+2 ll 

(6 -a) " 2~l ? + *J 

r (a) [(p (a - 1) + 1) (p(a - 1) + 2)]» V 7 
Adding (27) and (30) we get 



/ |/H||^/H|^< 2 ° 

A T(a) pa 



2-(^)(6- a )( £ ^ ±H ) 



(a) [(p(a-l) + l)(p(a-l) + 2)]» 



|£E/( W )| 9 dw + / \DZ_f(uj)\ q duj 



=■ (*•) 



Assume 1 < q < 2, then - > 1. 
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Therefore we get 

(*)< 



T(a) [(p(a-l) + l)(p(a-l) + 2)]p 



BZf(u>)\ q du+ / \D?_f (u>)\ 9 du> 



I I 1 \ / £(a-l) + 2 \ 

2-(°+p) (6-q)( > ) 
r(a)[(p(a-l) + l)(p(a-l) + 2)]» \A 
So for 1 < q < 2 we have proved (15). 
Assume now q > 2, then < | < 1. 



\D a f(u)\ q duj 



Therefore we get 



(*)< 



2-\ a+ p) (b-a) ( p > 2 1 "? 

I» [(p(a-l) + l)(p(a-l) + 2)]p 



J a 



|D?/(w)| a dw- 



|£» 6 Q _/(w)| 9 dw 



2-( a+ ^) (6-o)( 



p(o-l) + 2 



|I> a /(w)| a dw 



(32) 
(33) 



(34) 



r(a)[(p(a-l) + l)(p(a-l) + 2)]? V/a 

So when q > 2 we have established (16). 

(hi) The case of p = g = 2, sec (17), is obvious, it derives from (15) imme 
diately. ■ 
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1 Introduction 

Preamble. 

The aim of this note is to highlight, put into context, and review several results 
about if-spectral sets of continuous linear operators acting on complex Hilbert 
spaces. We focus on some recent "asymptotic" results which were proved in 
[8, 6, 7] jointly with Bcrnhard Beckermann from Lille, Michel Crouzeix from 
Rennes and Bernard Delyon from Rennes. 

Notation. 

Throughout this paper H will denote a complex Hilbert space. We denote by 
B(H) the C*-algebra of all continuous linear operators on H endowed with the 
operator norm || • || and involution A* (the Hilbertian adjoint of ^4). The 
spectrum of A, defined as the set of complex numbers z for which zl — A is not 
invertible, is denoted by a{A). Here / is the identity operator. The inverse of 
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an invertible operator A is denoted by A 1 and A*- will stand for the operator 
A or its inverse. The numerical range W{A) of A is defined by 

W(A) = {(Ax,x) :x€H, \\x\\ = 1}. 

We refer to the books [27, 20] as basic references for the spectral theory of linear 
operators. 

The open disk of center a and radius r is denoted by D(a, r) and its closure 
by D(a,r). We set D = D(0, 1). 

For a (possibly unbounded) set X in the complex plane we denote by 1Z(X) 
and C(X) the algebras of complex-valued bounded rational functions on X, and 
complex- valued bounded continuous functions on X, respectively, equipped with 
the supremum norm 

\\f\\ x = sup{\f(x)\ : x € X}. 
Dedication and acknowledgements. 

Hciner Gonska was one of the coauthors of my first published mathematical 
paper (about a completely different topic) in 1986, and this note is dedicated to 
him. I would like to thank Bernd Bcckermann, Michel Crouzeix and Bernard De- 
lyon who are the coauthors of the main mathematical results of this manuscript 
(Theorems 4.2, 5.1, 5.2 and 5.3). The present note is a modified version of talks 
delivered by the author at several institutions during the last years, including 
the Erwin Schrodinger Institute in Vienna, the Mathematical Institute of the 
Romanian Academy in Bucharest and the Universite de Lorraine in Mctz. I 
would like to thank these institutions for their support during my visits. 

Organization of the paper. 

The rest of the paper is organized as follows. In the next section we recall the 
definition of spectral and if-spectral sets and we present several examples and 
results. Section 3 deals with the theorem and the problem of Shields [31] about 
an annulus as a if-spectral set. The next section presents several results about 
the numerical range of an operator as a if -spectral set. Different results of 
asymptotic nature are discussed in Section 5. The present note concludes with 
a discussion about the proofs of some of the results presented here. 

2 Spectral and K-spectral sets 

The notion of spectral set of a Hilbert space linear operator has been introduced 
in 1951 by John von Neumann [34] . We refer to two books [27, 23] and one recent 
survey [5] for more detailed presentations and more information. 

2 
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Let X be a closed set in the complex plane. Suppose that A is a bounded 
linear operator acting on the Hilbert space H . Suppose now that the spectrum 
a(A) of A is included in the closed set X and that / = p/q e Tl{X) denotes a 
rational function with poles off X. As the poles of the rational function / are 
outside of X, the operator f(A) is naturally defined as f(A) = p(A)q(A)^ 1 or, 
equivalently, by the Riesz holomorphic functional calculus [27]. 

Definition 2.1. For a fixed constant K > 0, the set X is said to be a K- 
spectral set for A if the spectrum a {A) of A is included in X and the inequality 
11/04)11 < K\\f\\x holds for every / e K(X). The set X is a spectral set for A 
if it is a i-T-spectral set with K = 1. 

Example 2.2. (Normal operators.) Suppose that A is a normal operator, that 
is A commutes with its adjoint A*. The spectral theorem for normal operators 
implies that a(A) is spectral for A. More generally, the same result holds true 
if A is subnormal [11]. It was proved by Stampfli [33] that if the spectrum of an 
operator is -fT-spectral for some K > 1, then the operator possess a nontrivial 
closed invariant subspace. The case K = 1 of spectral sets has been previously 
proved by Jim Agler [1]. This also shows one reason why we are interested in 
if-spectral sets. 

The main example of spectral sets given in [34] is provided by the celebrated 
von Neumann inequality for contractions. 

Example 2.3. (Spectral sets for Hilbert space contractions) Suppose that A e 
B(H), \\A\\ < 1, is a Hilbert space contraction. Then the spectrum of A is 
included in the closed unit disk D. Let / be a rational function in TZ(D). The von 
Neumann inequality, proved in the same paper [34], states that ||/(A)|| < 
This actually provides a functional calculus for functions in the disk algebra 
A(V>) for every given Hilbert space contraction. In particular, the closed unit 
disk D is spectral for every A € B(H) with ||A|| < 1. 

Example 2.4. (Disks of the Riemann sphere) The above example generalizes 
to arbitrary closed disks: the closed disk D(a,R) of center a and radius R 
is spectral for A e B(H) if and only if \\A — al\\ < R. Also, the exterior 
D(a,r) c — {z : \z — a\ > r} of the open disk D(a,r) is spectral for A if and 
only if A — al is invcrtible and \\(A — a/) _1 || < r _1 . The right half plane 
C + := {z E C : Re(z) > 0} is spectral for A e B(H ) if and only if the numerical 
range W(^4) is included in C+. In conclusion, it is easy to recognize when disks 
of the Riemann sphere (interior/exterior of a disk or a half-plane) are spectral 
for a given operator. 

Example 2.5. (The results of Berger and Ando/Okubo) It was proved by 
Okubo and Ando [22], and by Berger (see [9]) with a larger if-spectrality con- 
stant, that if W^(A) C D, then D is 2-spectral for A. Berger proved this fact 

3 



241 



BADEA: K-SPECTRAL SETS 



using a "skew dilation" theorem: if VF(^4) C D, then A has a 2-dilation: there 
is a unitary operator U acting on a larger Hilbert space K D H such that 
A n = 2PnU n \h for every n > 1. Here Ph denotes the orthogonal projec- 
tion onto H. Ando/Okubo proof uses a similarity to a contraction theorem: if 
W(-A) C D then there is an invertible operator L with ||L|| • < 2 such 

that ||i _1 ^4L|| < 1. The von Neumann inequality for contractions implies then 
the 2-spectrality of H^A). The famous counterexample to Halmos' similarity 
problem of Pisier [25] implies the existence of an operator A for which D is 
if-spectral for some K, but A is not similar to a contraction. 

Example 2.6. (The Sz.-Nagy dilation theorem) A geometric explanation of 
the validity of von Neumann's inequality is provided by the classical dilation 
theorem of Sz.-Nagy. This now classical and nice theorem says that for every 
Hilbert space contraction A e 13(H) there is a larger Hilbert space K D H and 
a unitary operator U acting on K such that A n = PnU n \h for n > 0. Here 
Ph denotes the orthogonal projection onto H. 

Example 2.7. (Aglcr's theorem for the annulus) The relation between the von 
Neumann inequality and the Sz.-Nagy dilation theorem (for the unit disk) has 
a counterpart for annular domains. For R > 1, set Ar = {z : < \z\ < R}. 
Agler [2] proved that if A e B(H) has the annulus A R as a spectral set, then 
A has a normal dilation U with cr(U) C dAj^. Thus, for annuli, the ana- 
logue of the von Neumann inequality implies the analogue of Sz.-Nagy dilation 
theorem. According to counterexamples due to Dritschel-McCullough [16] and 
Agler-Harland- Raphael [3] the corresponding implication for some domains with 
at least two "holes" is false. See also [24]. 

Example 2.8. (In general, the intersection of two spectral sets is not a spectral 
set) We can write = D(0,R) n D(0, ^)°. Consider the invertible matrix 

Am=(H) , with .4(0- = (J-/), 

acting on C 2 endowed with the Euclidean norm. For t = R — we have 
\\A(t )\\ = ||A(t ) _1 || =R- Therefore 75(0, i?) and D(0, ±) c are spectral sets for 
A(t ). However, A R = D(0, R) n D(0, j^) c is not a spectral set for A(t ) if R is 
large. Indeed [19], the example of the function f(z) = z — l/z which verifies 

||/(A)||/||/|| Aa =2^li 

shows that is not a spectral set for R > \/3. 

The following sharper statement seems to be new. For the function f{z) — 

g( z ) - 9(V z), 9(z) = R w^> we g et 

||/(A)||=2, ||/|| Aa = \\ R # + + 2 * < g- 

4 
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Thus Aji is even not |-spectral for A(to), for any R > 1. 

It is an open problem to know if the intersection of two if -spectral sets is 
always a if '-spectral set for a suitable constant if'. The above example shows 
that we cannot always take if' = if. 

3 The annulus as a iC-spectral set 

Shields [31] proved in 1974 the following result: 

Theorem 3.1 (Shields). Let R > 1. If A £ B(H) verifies \\A\\ < R and 
< Rj then the annulus Kr is a K{R)-spectral set for A, with a constant 
K{R) such that 



Some comments are in order here. The bound for K{R) provided by (3.1) 
goes to infinity when R — > 1. As mentioned in Example 2.8, it is an open problem 
to know if the intersection of two if -spectral sets is always a if '-spectral set. 

Problem 3.2 (Shields [31]). Is there a universal constant if such that the 
annulus A R is a if -spectral set for A whenever R > 1, \\A\\ < R and < R 

? 

This question of Shields is a first explanation for the use of the word "asymp- 
totic" in the title of this note. The limit case R = 1 means that A verifies 
\\A\\ < 1 and ||^4 _1 || < 1, which means that A is a unitary operator. In this 
case the unit circle is spectral for A. We should note however that this does not 
imply immediately an answer to Shields' problem. 

We will discuss the positive answer to Shields' problem later on. For the 
moment, let us mention the following result proved by Stampfli [32], generalizing 
the above mentioned elementary characterization of unitary operators. 

Theorem 3.3 (Stampfli [32]). An invertible operator A is unitary if and only 
ifW(A ± ) C D, that is, W(A) C D and W^ 1 ) C D. 

4 The numerical range as a iC-spectral set 

The following result, proved in 1999 by Bernard and Francois Delyon [15], came 
quite as a surprise to the operator theory community. 

Theorem 4.1 (Delyon brothers' theorem). Let A e B{H). Then W{A) is a 
K-spectral set for A, with 




(3.1) 




(4.1) 
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Using this property of the rational functional calculus on the numerical 
range, a proof of a conjecture of Burkholder concerning almost everywhere con- 
vergence of products of conditional expectations was given in [15]. We refer the 
reader to [13] for other applications of Theorem 4.1. 

It was remarked independently by Putinar-Sandbcrg [26] and Badea-Crouzeix- 
(B.) Dclyon [8] that, as in Example 2.5, there is a similarity-dilation result be- 
hind Theorem 4.1. We follow here the version presented in [8]. In the next 
result, I + P, P = -P(fi), designates the C.Neumann's (or Poincare- Neumann's) 
double layer potential operator (cf. [8, 26, 18, 30, 29]) associated with a non- 
empty convex set Q, which is possibly unbounded. In the case when f2 is a 
bounded convex set, a modern proof of the invertibility of I + P is given in 
[30, 18]. A description of P will be given in Section 6, together with a proof 
that Theorem 4.2 implies the skew dilation theorem of Berger. 

Theorem 4.2 ([8]). We assume that the convex domain 0, possibly unbounded, 
is such that I + P is an isomorphism ofC(dft) and that the operator A e B(H) 
satisfies W(A) C 0. Then there exists a larger Hilbert space K containing H, 
and a normal operator N acting on K with spectrum <r(N) C dtt, such that, for 
all rational functions r bounded in Q, 

r(A) = P H g(N) \ H . 

Here P H is the orthogonal projection from K onto H and g = 2(I+P)~ 1 r. 

The upper bound for the constant of if-spectrality of the closure of the 
numerical range W{A) provided by Equation (4.1) blows up when the area of 
the numerical range of A goes to zero. The limit case, when area(W (A)) = 0, 
is thus obtain for operators A such that e l ° A is self-adjoint for a suitable real 
number 9. In this case W(A) is even spectral for A. As in Shields' problem, 
the question of the existence of a universal constant arises, and this is the 
second appearance of the "asymptotic" aspect of if -spectral sets in this note. 
The existence of such a universal constant is a beautiful result due to Michel 
Crouzeix [12]. 

Theorem 4.3 (Crouzeix' theorem). Let A e B{H). The closure of the numer- 
ical range W(A) is a 12 -spectral set for A. 

It is a conjecture of Michel Crouzeix that the best possible constant for K- 
spectrality in the above theorem is 2. See [17, 10] for recent contributions about 
Crouzeix' conjecture. 

5 Some asymptotic results 

The following result [6] gives a positive answer to the problem of Shields. 

6 



244 



BADEA: K-SPECTRAL SETS 



Theorem 5.1 ([6]). There is a universal constant K with 2 < K < 2+^j ; such 
that A R is K-spectral for A whenever A G B(H), \\A\\ < R and \\A~ 1 \\ < R. 

Think again of the annulus A# as the intersection of one closed disk and 
the exterior of an open disk. The following more general result looks at the 
intersection of several disks of the Riemann sphere as a if -spectral set, with a 
universal constant. 

Theorem 5.2 ([6]). Let n > 2 and let A e B(H). Suppose that n disks Dj, j = 
1, ■ ■ ■ i n , °f the Riemann sphere are spectral sets for A. Then X = D\ (~l • • • D n 
is K-spectral for A, with 

n(n — 1) 
K <n+ K - ' . 

This result provides a positive answer to a question of Michael Dritschel 
(private communication). 

In relation to Stampfii's result given in Theorem 3.3, the following estimate 
was proved in [7]. See also [14]. 

Theorem 5.3 ([7]). Let e > 0. Suppose that A e B(H) verifies W(A ± ) C 
(l + e)D. Then 

inf { 1 1 A — U\\ : U unitary operator } < Cs 1 ^ 4 
for some constant C > 0. Moreover, the exponent 1/4 is the best possible one. 
Theorem 3.3 is obtained for e = 0. 

6 Some ingredients of, and comments about, the 
proofs 

About the proof of Theorem 4.2. 

We consider in what follows only the case when is a bounded convex set in 
the complex plane and we refer to [8] for the general case. We start by recalling 
the definition of the operator P, following [30]. As is a bounded convex 
set in the complex plane, its boundary C = 90 is a rectifiable Jordan curve. 
Moreover, C is a curve of bounded rotation: that is, one-sided tangents exist 
at every point of C, and the angles which they make with a fixed direction are 
of bounded variation with respect to arc length. So except for a countable set, 
a tangent angle r is defined and continuous with respect to arc length, and its 
discontinuities are jumps which can be assumed to be at most n in modulus. 
Represent C as a function of arc length by the equation z — ((s), < s < L, 
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in such a way that s = is a point of continuity of r. The Poincare-Neumann 
integral operator can be defined [30] as 



P(f)(s)= f L /(*)#(*,*), 
Jo 



where 

\ arg (C(t) - COO) for < t < s < L 

arg ((C(i) - C(s)) + 1 /or < s < t < L 

ip(s, s + 0) for < s = t < L 

ip{s, s — 0) for s = t = L. 



ip(s,t) = < 



Notice that branches of the argument function arc chosen so that for s ^ { 
the function tp is continuous and ip(s,t) = ip(t,s). Since C is convex, ip(s, ■) is 
nondecreasing and dip(s,t) = 1 for all s. For points ((s) e C at which the 
tangent angle r is continuous, we have 

(Tf)(s)= [ L f{t)K{s,t)dt, 
Jo 

where K(s, t) is the classical Poincare-Neumann kernel of two-dimensional po- 
tential theory (cf. [29]). 

The proof of Theorem 4.2 uses the classical Naimark's dilation theorem about 
the existence of a spectral measure dilating a certain regular positive measure. 
If fl = D is the unit disk and r(z) = z n , with n > 1, we have (see [8, Remark 
4.1]) g = 2(1 + P)~ 1 r = 2r. In this case, Theorem 4.2 reduces to the skew 
dilation theorem of Berger mentioned above: every A e B(H) with W^A) C D 
satisfies 

A n = 2P H U n \ H , Vn>l, 
for a suitable unitary operator U acting on K. 

About the proof of Theorem 5.2. 

Let A e B(H), and consider the intersection X = D\ fl D2 fl • • • fl D n of n disks 
of the Riemann sphere C, each of them being spectral for A. 

Convention. In what follows we will always suppose that for each spectral set 
Dj, the spectrum a (A) of A is included in the interior of Dj. The general case 
will then follow by a limit argument by slightly enlarging the disks. Note that 
each superset of a spectral set is spectral. 

Decomposition of the Cauchy kernel. Consider a disk D among D\,-- ■ ,D n , 
which is centered in u e C (if D is a half-plane we take uj = 00). We chose 
an arclength parametrization s \-t o = a(s) G dD of the boundary of D with 
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orientation such that \ is the outward normal to D. Let A <G B{H) be a 
bounded operator with <r(A) C int(D). For a <E dD, we consider the following 
Poisson kernel 

rta,A,D) = & ((«-A)^% - {o-A*)^f s ^ ) . (6.1) 

Notice that in case w = oo of a half-plane, the term involving w on the right-hand 
side of (6.1) vanishes. 

The first important step in the proof is the decomposition of the Cauchy 
kernel 

— (a - A)^ 1 da = fj,(a, A, D) ds + v(a, A, D) da 

ZIYI 

as the sum of the Poisson kernel and a residual kernel. 

Decomposition of f(A). For a rational function / e 1Z{X), the above decompo- 
sition of the Cauchy kernel leads to a decomposition of f(A) as 

f(A)=g p (f)+g r (f), (6.2) 

with 

Up Up 

• =1 JxndDj - =1 JXndDj 

Here p stands for "Poisson" and r for "residual". The given proof consists in 
showing that the norm of the map / i-> g p (f) is bounded by n, while the norm 
of the map / i-> g r {f) can be estimated by n(n— l)/\/3. This is done using 
two basic lemmas on operator-valued integrals which leads to an estimation of 
the Poisson term. For the residual term, the decisive step is the invariance un- 
der Mobius maps (also called fractional linear transformations or homographic 
transformations) of our representation formula. We also use the fact that the 
variable a which appears in g r (f) can be expressed in terms of a due to the 
particular form of dX. Subsequently, a new path of integration is used in order 
to monitor the norm of the residual term. The new path of integration will be 
the circle of radius 1 in case of the annulus < \z\ < R}, and the positive 

real line in case of the sector {|arg(z)| < 9} for 9 e (0,7r/2). We call these 
median lines. 

The proof of our result is obtained by constructing a Voronoi-likc tessellation 
of the Riemann sphere based on the reciprocal of the infinitesimal Caratheodory 
pseudodistance, sometimes also called infinitesimal Caratheodory metric. Here 
the new paths of integration (the median lines) are obtained using suitable edges 
of this tessellation, which requires some combinatorial considerations. 
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About the proof of Theorem 5.3. 

Notice that it can be proved that 

1 



inf{||j4 — U\\:U unitary operator } = max y\\A\\ — 1, 1 - , . 

The proof of the required estimate uses some techniques similar to ones from 
[28] and [4]. 

The proof that the exponent 1/4 is the best possible one in Theorem 5.3 
follows from the following construction. For each positive integer n of the form 
n = 8k + 4 it is constructed in [7] a n x n matrix A n verifying 

The matrix A n , defined for n = 8k + 4, is given by A n — DBD, where D 
is the diagonal matrix D = diag(e"/ 2n , . . . , e (2*-iW2n . . . , e (2n-i)i7r/2n) an d 
B = I + 2n 3 /2 _E, where E is a matrix whose entries are defined by eij = 1 if 
3k + 2 < \i — j\ < 5k + 2 and — otherwise. 
Taking 

1 + £= C osf = 1+ 2& +0 ^ 
we see that the exponent 1/4 cannot be improved. 
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Abstract 

We derive sampling representations for integral transforms whose ker- 
nels are Green's functions of Stone-regular eigenvalue problems multiplied 
by the characteristic determinant. Unlike the Birkhof-regular case, such 
sampling representations are generally speaking not convergent. We prove 
that the convergence can be achieved by adding a certain finite number 
of extra sampling points. 
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1 Introduction 

Sampling theory deals with the reconstruction of certain functions (signals) 
from their values (samples) at an appropiate sequence of points. Classical sam- 
pling theorem of Whittaker [35], Kotcl'nikov [19] and Shannon [24] (the WKS 
theorem) states that any function of the form 




(1.1) 



1 
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can be reconstructed from its samples F(k), k G Z, by the formula 

in7r(A — k) 
n(X-k) ' 



, , , , sin7r(A — k) 



fc— — oo 



where the series converges absolutely and uniformly on R. Moreover, it can be 
written as a Lagrange interpolation series, since 

simrtX-k) A(A) , A/ix , , / A : 



— with A(A) = sinA7r^An(l-^)- 



Tr(A-fc) (A-fc)A'(fc) v ' J-JL V k 2 t 

The WKS theorem deserved grate popularity by virtue of important applications 
in radio electronics and theory of signals. 

Weiss [34] showed that there is a connection between sampling and expan- 
sions into series with respect to eigenfunctions of eigenvalue problems for certain 
ordinary differential operators. For example, formula (1.2) can be obtained with 
the help of the boundary value problem 

iy'(x) = \y{x), -tt < x < tt, y(-n) = y(n). (1.3) 

The kernel exp(— iXx) of the integral transform (1.1) is a solution of the dif- 
ferential equation in (1.3) and the sampling points A fc = k, k e Z, coincide 
with the eigenvalues of (1.3), which, in turn, coincide with the zeros of its 
characteristic function A(A) = sinA7r. Moreover, the system of eigenfunctions 
cxp(— ikx), k e Z, forms an orthogonal basis of the space L2(—n, n) and there- 
fore any function / e L 2 (— it, tt) can be expanded into the L 2 -convergent Fourier 
series 

f( x )= £ a k cxp(ikx), a k = ^[ f{x)e- lkx dx= F ^-. (1.4) 

Substituting (1.4) into (1.1) we arrive at (1.2). It can be shown that the series 
in (1.2) converges absolutely on C and uniformly on horizontal strips of C. 

Kramer [20] shaped this approach into the following abstract form known as 
Kramer's lemma. Let the function F(X), A 6 K, has the form 

F{X) = Jj{x)K{x,X)dx, feL 2 (I), 

where the kernel K(x, A) possesses the following properties: K(x, X) e L 2 (I) for 
each A € R and there exists a sequence {Afc} such that {K (x, X k )} is a complete 
orthogonal system in Z^OO- Then the following representation holds: 

F(X) = £ F(k)S k (X), S k (X) = ( jf \K(x, A„)| 2 dx)~ l jf K(x, X)K(x,X k )dx. 
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The proof is similar to the given above proof of (1.2). Kramer's Lemma al- 
lowed to derive sampling representations for a wide class of eigenvalue problems 
not necessarily selfadjoint. For the non-sclfadjoint case there exists so-called 
biorthogonal form of Kramer's lemma (see, e.g., [15]). In this case eigcnfunc- 
tions need to form a biorthogonal basis in Li- 

For obtaining sampled transforms one can also use the (compact) resolvent 
of a Hermitian operator [14]. For example, the kernel in (1.1) can be obtained 
as 



is the Green function of (1.3). Instead of exp(— iXx) one can use more general 
kernel <p(x,\) — A(X)G(x, t , A), where t € [— ir,n] is fixed. However, this 
generalization obviously does not change the class (1.1) of functions F(X) being 
sampled. For the Sturm-Liouville differential operators using the Green function 
also does not enrich the variety of sampled transforms by virtue of existence of 
the transformation operator (see, e.g., [12]). Moreover, because of this reason for 
first and second orders it is usually sufficient to consider only simplest boundary 
value problems with zero coefficients when constructing sampled transforms. 

In [1] the authors suggested another approach of deriving sampling repre- 
sentations. This approach uses the analytic nature of the Green function and 
seems to be more natural for boundary value problems. It does not require 
neither basisness of eigenfunctions, nor even their completeness. The only re- 
quirement was the Birkhoff-regularity of the boundary value problem. The cor- 
responding sampling series are generally speaking of Hermite interpolation type 
because of a possibly multiple spectrum and appearance together with eigen- 
also of associated functions. In the present paper we generalize this approach 
for Stone-regular boundary value problems. For this purpose we summarize in 
the next section necessary information on Stone-regular problems. In section 
3 we derive sampling representations for the corresponding integral transforms. 
It turns out that one has to add a finite number of extra sampling points. 

2 Stone-regular problems 

Let L be the differential operator generated by the differential expression 



exp(-iXx) = -2A(X)G(x, it, A), 



where 




n-2 



i( y ) : = iV n > + Y,Pj( x )y {j) = x v =■■ p n y> < x < 1 



(2.1) 



3=0 



3 
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with complex-valued coefficients pj e L(0, 1) and n linearly independent bound- 
ary conditions 

U v (y):=U vO {y) + U vl (y)=0, v = l^i, (2.2) 



where 



k„-i 



k„-i 



U V0 (V) = a v y^\<S) + ]T W>(0), U vl (y) = Ky^\l) + ]T /W°(l) 



1=0 



1=0 



and a„, &„, a„;, G C. Without loss of generality we assume that the bound- 
ary conditions are normalized, i.e. n — 1 > k\ > &2 > ... > k ni k v > fcj,+ 2 , 
and | a u \ + \ b v |> for v = l,n. The number k v is called the order of the 
condition U v (y) — and k = k\ + ... + k n is the total order of (2.2), which 
we assume minimal among all equivalent boundary conditions. The operator 
L : D(L) — > ^2(0, 1), y 1— )■ Z(y) has the domain of definition 

- {y I y w G AC[0, 1], j = M=T, %) e L 2 (0, 1), = 0, 1/ = M}. 

Let 2/1 (•, A), • • • ,y n (-,X) be the fundamental system of solutions of the dif- 
ferential equation (2.1) with y£ ^(0, A) = Sjk, j,k — l,n. Then for all fixed 
x, j, k the functions y^ X \x,X) are entire in A. The eigenvalues Afc, k e N, of 
L coincide with the zeros of its characteristic determinant 



A(A) =det\\U j (y k ) 



\j,k— l,n' 



(2.3) 



which is also is entire function. 

If A is not an eigenvalue of L, then for any function / € £2(0, 1) the solution 
of Ly = Xy + f exists and is given by the formula 



)= f G(x,S,\)f(Z)dt, 0<x<l, 
Jo 



y(x 

where G(x, £, A) = (A(A))~ 1 _ff (x, £, A) is the Green function of L (see [23]) with 
H(x,£,\) = (-l) n 



yi(x,X) . .. y„(x,X) g{x,£,X) 
Ui(yi) ... E/i(y n ) U x {9) 



g(x,€,x) 



Ui(y n ) ... U n (y n ) U n (g) 
1 ™ 

y A x ' A ) z J^' A )' for x > z> 

1 n 

^^S/jfoA^foA), forx<^, 



3 = 1 
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Z ^ X) = W{X) = det H^" 1) ^ A )ll^=^' 

where Wj(£, A), is the cofactor of y^ n A) in the determinant W(X). Thus, 
G(;r, £, A) is meromorphic in A (for fixed x, £) with the poles Afe, 

Denote by m g (Xk) the geometric multiplicity of Afe (i.e. the number of lin- 
early independent cigenfunctions of L corresponding to A fe ). Let 



Vk,j,o, Vk,j,i, .'//.,/./..» i- i = l,w s (A/ s ), 
be a complete system of cigen- and associated functions related to Afe, i.e. 



KVk,j,n) = ^kUk,j,tJ, + Uk,j,ti-i, U v {y k j^) =0, v = l,n, ^ = 0,m fe .,_i, 

where yu.j-\ — 0. The value rnfcj is called the multiplicity of the eigenfunction 
Vk,j,o- Denote by m a (Xk) the algebraic multiplicity of A&, i.e. the multiplicity of 
Afe as a zero of the characteristic determinant A(A). It is known (see [23]) that 

m g (X k ) 

m a (X k ) = ^ m kj 
The principal part of G(x,£, A) in a vicinity of Afe has the form (see [23]) 



m g (X k )m kj m k j + l-v 



P-f "V"'"'" 7 = jp^ 51 Zk,j,l-l(Qyk,j,m kj +l-v-l(x), 

c=xk 3=1 „=1 {X - Xk > 1=1 

(2.4) 

where 

Zfc.j.Oi Zk,j,l, ■ ■ ■ 7 Zk,j,m kj -1, 3 — 1, ^g(Afe), 

is a system of eigen- and associated functions of the adjoint operator L* corre- 
sponding to the eigenvalue Afe that is appropriately normalized: 



Jo 



llk,j,q( x ) z ki,ji,qi ( x ) dx — 5k^ki^j,ji^q+qi,m kj -l- 



Put C s = C \ D s , 6 > 0, with D s = {p n e C : \p- Pk \ < 6, P l = X k , k G 
N}. Following [2], we call the problem (2.1), (2.2) and also the corresponding 
operator Stone-regular (of order a <G No := {0} U N) if here exists M > such 
that 

\G(x,£,\)\ < M|A|^ (Q+1 - n) for A e C s . (2.5) 

Otherwise we call them irregular. We note that the set of Stone-regular problems 
of order a = coincide with the set of Birkhoff- regular ones (see [23], [25], [26]). 

Birkhoff [3], [4], Tamarkin [31], [32] and Stone [29] proved convergence, 
equiconvergence and summability results for eigenfunction expansions in eigen- 
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and associated functions of Birkhoff-rcgular problems; their results have later 
on been generalized in various directions (see the survey in [13]). 

Stone [30] determined for the case n = 2 the class of boundary conditions 
that are not Birkhoff- regular (he called them irregular). He gave an exhaus- 
tive treatment of this narrowed topic, in particular he proved results on the 
summability of the corresponding cigenfunction expansions. 

The work of Stone was extended by Khromov [16] and Benzinger [2] to a class 
of problems of the form (2.1), (2.2) for arbitrary n > 2. They defined a class 
of Stone-regular problems containing the Birkhoff-rcgular ones as a subclass. 
A detailed investigation of Stone-regular boundary value problems has been 
published recently by Locker [21]. We note that unlike Birkhoff-regularity, which 
depends only on boundary conditions, the Stone-regularity depends also on 
the differential equation (2.1). The definition of Stone-regularity (sometimes 
also called: almost regularity) can be easily extended to include more general 
boundary conditions (multipoint conditions, conditions including the eigenvalue 
parameter or general functionals) and also more general differential equations: 
pencils and systems (see [7], [8], [11], [22] [28], [33]). 

Irregular eigenvalue problems, where Green's function grows exponentially, 
have properties completely different from those of Birkhoff- or Stone-regular 
problems and have been studied only by a few authors (see Eberhard [5], [6], 
Freiling [9], [10], Shkalikov [27], Khromov [17], [18]). 

The purpose of the present paper is to show, how the sampling results of [1] 
for Birkhoff-regular problems can be modified for Stone-regular problems. 

The eigenvalues of a Stone-regular problem (2.1), (2.2) (counted with mul- 
tiplicities) form two sequences {A' fe }fc £ N and {A^'I^n with the asymptotics 

A' fe = (2 7 rfc)"(l+0( 1 ^)), X 'l = (-2nkr(l+0(^)), a = 1-S afi . (2.6) 

Choose m € No with ran > a — (n — 1) and numbers fi\,..., fi m € C, which we 
let for simplicity be distinct and lie outside {Afc}fe G N- Put D{\) = nZLi(A — 

Gd(x,£,X) = j^G(x,£, A), A£{Afe} feeN U{/ii,--- ,/i m }=:o>. (2.7) 

Lemma 1. For A ^ cr M the following representation holds: 

-S-^ + gg,*^. (2 - 8) 

where m k — max 1<J<TO m kj an d Qk,v{ x ->£) are continuous functions. The 
series and its derivatives with respect to A converge uniformly for x, £ G [0, 1] 
and for A on bounded subsets of C. Moreover, < 2 for large k and 

\QkAx,£)\<C, | Qk, 2 (s>0 |< Ck n -\ (2.9) 
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Proof. Fix sufficiently small 5 > and consider circles Tn := {A : |A| = Rn}, 
N e N, in Cg with max \fj, v \ < Rn < Rn+i and limi?jv = oo. Denote 

MA) = / GD ^;° de, A e intrjv. (2.10) 
2m Jr N A - C 

Using (2.5) and the definition of m and Z?(A) for |A| — >■ oo, A e C5 we obtain 
G D (ar,£,A) = O^ 1 ), and hence (2.10) yields = o(l) as TV -> 00 uni- 

formly in e [0, 1] and A in bounded subsets of C. On the other hand, we 
have 

InW = ~G D (x, £, A) + > Res — — + > Res — - — - — 

for certain g^GN with limg^v = 00. Coming to the limit as N — > 00 we get 

G D (*,*,A) = £ Res G 4 2 ^M ) + £ Res G ^^M> (2.11) 
Since according to (2.4) 

G(x,£,Q _ ^ 
£g k A-C ^(A-A fc )"' 

with certain continuous functions Rk, v {x, £), formula (2.7) gives 

cS A-C " A-m, ' C=t A-C "^(A-A fc )"' ( ] 
where 



C=A fc 



Substituting (2.12) into (2.11) we arrive at (2.8). Further, according to (2.6) 
mi < 2 for sufficiently large k and as in the proof of Lemma 3.3 in [1] we get 
(2.9). □ 



3 Sampling theorems 

Fix £ € [0,1]. Denote ip(x, A) := A(\)G(x,£ , A) and iV(A) := D(A)A(A). 
Consider the set F of integral transforms of the form 

F(X)= f f(x)<p(x,\)dx, /(x)€L 2 (0,l). 
Jo 



7 
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Our goal is to derive a sampling representation for functions F(X) G F. Recall 
that the WKS theorem corresponds to the case n = 1 and that for n — 1 each 
problem (2.1), (2.2) different from an initial value problem is Birkhoff-regular. 
For definiteness we assume that n > 1. At first we also assume that m a (X k ) < 2 
for all k G N, which according to (2.6) for sufficiently large k holds anyway. 
Denote 

Ni = {k G N : m a (A fe ) = 1}, N 2 = {fc e N : m a (A fe ) = 2,m s (A fc ) = 1}, 

N 3 = {fc G N : m a (A fe ) = m g {\ k ) = 2}. 
Under the preceding assumption we have N = Ni U N2 U N3. 

Theorem 1. Let (2.1), (2.2) be Stone-regular and m a (\ k ) < 2, k G N. Then 

, V /" p/> ^ 2JV(A) 2iV"'(A fc )iV(A) 

^ I k) {(\-\ k )2N»(\ k ) 3(A-A fc )(7V"(A fc )) 2 



(3.1) 



2N(X) 



(x-x k )N"(x k y 



The series in the right-hand side of (3.1) and all its derivatives converge abso- 
lutely and uniformly on bounded subsets ofC. Moreover 



F(X k ) 



N'(X k ) 
F(X k ) 



N"(X k ) 
F'(X k ) 



N"(X k ) 



<C, 

< Ck n -\ 

<c, 



F'(X k ) F(X k )N"'(X k ) 



N"(X k ) 3(iV"(A fc )) 2 



k G Ni, 
< C, k G N 2 , 
k G N 3 . 



(3.2) 



The proof is similar to the proof of Theorem 4.2 in [1]. In the general case 
we get the following theorem, which is analogous to Theorem 4.3 in [1]. 

Theorem 2. Let (2.1), (2.2) be Stone-regular. Then 



F(A)=^F(^) 



N(X) 



00 m a (A fe )-l 



(A - h„)N'(im v ) 



+ E E ^ M (A fc )S fc ,„(A), (3.3) 



fc=l v=m a (\ k ) — m k 



where 



j ma(A fc )-i^ 
S k , v (X) = — ^ C k,, 



N{X) 



(A - A fe ) m »( A '=)- I/ + 1 -j 
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and the numbers Ckj, j = 1, nik, can be found from the triangular non-singular 
system of linear algebraic equations 

' N (m a (\ k )+s- 3 ) {Xk) 

£ Cy WA*) + .-i)! = 5 " 1 ' * = W 

The series in (3.3) and all its termwise derivatives converge absolutely and uni- 
formly on every bounded subset ofC. Moreover, the estimates (3.2) remain valid. 
In particular, for each fixed I > they yield 

i m (A fc )-l 

E ^(A fe )^(A) = 0(-), 

;y=m a (A fc )-m fc 

uniformly in A /rom bounded subsets of C. 
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Abstract 

Let {a(a) : a G Z d } be a finitely supported real sequence. The 
dilation equation associated with {a(a)} is defined by 



Assume that tp is continuous and nontrivial. We study in this paper the 
volume of the support for tp. We will show that if d £ {1,2} then the 
minimal volume among all those p is d + 1. Under the restriction that 
ip is shift stable the above holds also for d = 3. Moreover, the minimal 
volume can be reached by some {a(a)}. 
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1 Introduction 

Denote Z d the ci-dimensional integer lattice. Let {a(a) : a € Z d } be a finitely sup- 
ported real sequence (mask) satisfying a(a) = 2 d . It is known (see [3]) that under 
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some suitable conditions the dilation equation 



ip{x) — a(a)ip(2x — a) 



(1.1) 



has up to a constant a unique nontrivial solution - a refinable function. In this paper 
we focus on those refinable functions, which are continuous and have compact support. 
It is well known that such functions play an important role in wavelet theory for the 
construction of wavelets and in geometric modeling for fast generation of curves and 
surfaces. In our case the support of p is the convex hull of SI — {a : a(a) 7^ 0} 
(see [3]). Denote [SI] to be the convex hull of SI and d[Sl] the boundary of [fi]. It 
is clear that [Si] is a convex polytope, whose vertices are integers. Let vol[fl] be the 
volume of [SI] we are interested in the minimal value of vol[f2] among all those SI, i.e. 
Q — {a : a(a) 7^ 0} and the dilation equation (1.1) defined by {a(a)} has a nontrivial 
continuous solution. We note that for d = 1 this problem is trivial. Indeed, if the 
refinable function ip from (1.1) is continuous and nontrivial, then there is at least one 
element from SI which is the inner point of [Si] (see [3]). Thus, Si has at least three 
elements, which gives vol[fi] > 2 (see also [4]). On the other hand, the hat function 
given by N(x) = 1 — |x| if \x\ < 1 and zero otherwise is continuous and satisfies 



with SI = {-1,0,1}. We obtain [SI] = [-1,1] and vol [ft] = 2. Therefore, for d = 1 
the minimal value among all those SI equals to 2. What is the analogue for d > 2? 
It is interesting to see that this problem is far from trivial and appears to be rather 
difficult. We will show in this paper 

Theorem 1.1. Let d € {1,2}. Then the support SI of the continuous nontrivial 
solution p of (1.1) associated with {a(a)} satisfies vol[Sl] > d + 1. 

We do not know whether the above theorem is true for all d > 1. However, we 
have an analogue for d = 3. We need the concept of shift stability for functions (see 
[61). A continuous function q in E d is shift stable if there are two positive constants 
Ci and C2 so that for any finitely supported A = {A(q)} € loc 



where | ■ jj is the uniform norm of C(K d ). Our next result is 

Theorem 1.2. Let d — 3. If the nontrivial continuous solution of (1.1) is shift stable, 
then vol[Sl] > d + 1. 

In the next section we first collect and prove some propositions concerning sub- 
division algorithms and cascade algorithms. Some results concerning polytopes will 
also be presented there. Finally, we give an example, which shows that the minimal 
volume can be reached by some continuous refinable function <p. Moreover, p is shift 
stable and belongs to Lip 1. The two theorems will be verified in Section 3. 





(1.2) 



a 
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2 Basic Properties 

A subdivision scheme is defined by a fixed finitely supported mask a = {a(a) : a G 
Z d }. The Laurent polynomial 

a(z) = ^>(«)^ 

is associated with this mask, where z = (zi , z d ) T G E d and z a — z" 1 • • • z^ d for a = 
(011, ctd) T ■ Given an initial finite sequence of data values, v° = a subdivision 

scheme with mask a defines recursively a new sequence of values v k by applying the 
rule 

«5 = X)«p _1 o(a-2/3), fc = l,2,.... 

This scheme is said to be convergent if for each v° there exists a continuous function 
/„ such that 

lim sup|/„( — ) - v k \ = 

fc— »oo a z 

and fv^O for at least one v°. If this is the case, the limit function f v can be expressed 
as 

fv(x) = ^v° a ifi(x - a), 

a 

where if is the refinable function given by (1.1). In fact, (p is the function obtained by 
subdivision from the initial data v% = 5o, a - On the other hand, ip can also be obtained 
by the so-called cascade algorithm. Thus, beginning with <po(x) = N(xi) ■ ■ ■ N(x d ), 
where N(y) is the hat function given in Section 1, one defines recursively 

<Pk(x) = ^2a(a)(f k -i(2x - a), k = 1, 2, .... 

It is known that the uniform convergence of (fk to a nontrivial function is equivalent 
to the convergence of the corresponding subdivision scheme (see [3]). To describe the 
necessary and sufficient conditions of the convergence of the above present schemes 
we denote a k (a) — J2p a k ~ 1 (P)a(a — 2/3) with the understanding a 1 (a) = o(a). It is 

easy to check that a k (a) are the coefficients of the Laurent polynomial W'iZo a ( z2 ) 
where z M = • • • z%, if fx G R. Let us recall the following known result as (see e.g. 
[5,6,9]) 

Theorem 2.1. A subdivision scheme associated with a finitely supported real mask 
a = {a(a) : a G Z d } converges if and only if 

5^o(a + 2/3) = l, VaGZ d (2.1) 

P 

and for E d = {0, l} d 

lim sup \a k (a) - a k (a - e)| = 0. (2.2) 

k ^ ac a ez. d , eeE d 

Furthermore, assume that ip satisfying (1.1) is shift stable, then (2.1) and (2.2) are 
valid. 
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Thus, by Theorem 2.1 if ip is shift stable, ip can be obtained by the subdivision 
algorithm with the initial data v% = 8o, a or by the cascade algorithm. For our goal 
we need also the following 

Lemma 2.2. Let {a(a) : a G Z d } be a finite mask in E d and fl = {a : a(a) 7^ 0}. 
Assume that the subdivision scheme associated with {a(a)} converges to p. Ifa(a') / 
for some a' and 

{a{a + 2(3): a(a + 2/3) + 0, (3 G Z d } = {a(a')}, (2.3) 

then a' € fl \ d[Q] and ip(a') — 1 . Moreover, Let a G fl be an extreme point of the 
polytope [fl], tten |a(a)| < 1. 

Proof. It follows from Theorem 2.1 (see (2.1)) that a(a') — 1. On the one hand, we 
know that 

Urn |^)-a fc (a)|=0 
and <p(x) = if x € <9[fl] n [fl]. On the other hand, one can easily see that 
a fc ((2 fc - l)a') = ^]a fe - 1 (/3)a((2 fc -l)a'-2/?) 

= a(a')a fc_1 (a'(2 fc_1 - 1)). 

Thus, a k ((2 k - l)a') = (a(a')) fc = 1- We conclude 

,(2*-l)a\ , 
hm fc ) = *>(a) = l. 

Hence, a' must be an inner point of [fl]. 

To verify the second assertion we observe that the Laurent polynomial associated 
with {a(/3)} is 

a(*) = 5>(/?)/. 



We know that a k (j3) are the coefficients of Laurent polynomial 

n«(/) = £ a(/3b)-a(/3 fc _ 1 )^ 2,0+ - + ^- a,fc - 1 

= (2.4) 

where /?o, Pk-i € fl and (lo, Zfc-i) is a permutation of (0, 1, k — 1). Clearly, 

/3 2 io + ... + /? fc -i2 ifc - 1 



2 k - 1 



G [fl]. 



Since a is an extreme point of the convex polytope [fl], one must have /3o2 io + ... + 
/3fc— i2 ifc - 1 = (2 fc — l)a if and only if /3o = ... = /3/c-i = a. Hence, there is only one term 
in the first sum of (2.4), whose power is (2 k - l)a. In other words, a fe ((2 fc - l)a) = 
(a(a)) fe . We denote the corresponding refmable function by (p. As ot G <9[fl], we 
conclude 

lim (a(a)) k = lim a k ((2 k - l)a) = lim ¥>( (2 *~ 1)a ) = ¥>(«) = 0, 
which implies |a(a)| < 1. □ 
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Let Md be the set of d x d unimodular matrices, namely, 

Md = {M : M is dx d matrix with integer entries and|detM| = 1}. 

Clearly, Md is a group under the matrix production. In particular, M G Md implies 
M' 1 € Md- We have 

Lemma 2.3. Let {a(a) : a G Z d } be a finite mask in R d and satisfy a(a) — 2 d . 
Let further 6(a) = a(Ma) for any given M G Md- Then, J2 a H a ) = 2 d • Moreover, 
The existing nontrivial continuous solution of (1.1) associated with {a(a)} and {b(a)} 
respectively are the same. 

Proof. The first assertion is rather clear. To show the second one we write tp(x) = 
ip(Mx). Thus, 

ip(x) = ip(Mx) = ^ a(a)ip(2Mx - a) 

a 

= a(MM' 1 a)ip(2Mx - a) 

a 

= Yb{M- 1 a)if>{M{2x- M _1 a)) 
= J2b(PMM(2x-/3)) 

Clearly, if if is continuous, so does ip and vice versa. □ 

A d-polytope is defined to be a d-dimensional set, that is the convex hull of a finite 
number of vertices. A d-polytope is said to be simplical if each facet, i.e. d — 1-face, 
is a simplex. Let us cite the following result concerning with the lower bound of the 
number of facets as (see [1]): 

Lemma 2.4. For a given simplical d-polytope Q, let fd-i and fo be the numbers of 
facets and vertices, respectively. Then there holds 

fd-i > (d-l)/ -(d+l)(d-2). 

Finally, let us give an example, which shows that the minimum in Theorems 1.1 
and 1.2 can be reached. We should formulate this example as 

Lemma 2.5. Let d > 1. There is a nonnegative mask a(a) in M. d such that vol[0] = 
d+1. The equation (1.1) associated with this mask has a nontrivial continuous solution 
ip. Furthermore, <p is shift stable and <p G Lipl. 

Proof. We choose {a(a)} to be the coefficients of 

a(z) = 52a(a)z a = ±f[{l + z«), 

a 1 = 1 

where ei, I = 1, d, is the coordinate vector of R d and e^+i = ei + ... + ed- Thus, [tt] 
is the convex hull given by [0, l] d U ([0, l] d + e d +i). Moreover, [fi] can be presented as 

M = {eiti + e 2 t 2 + ... + e d +itd+i ■ 0<U<1, 1 = 1,.., d+1}. 
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Thus, vol[n] = d+ 1 as shown in [2]. The equation (1.1) associated with this mask has 
a continuous and nontrivial solution ip (see [8]). Moreover, one can easily verify that 
(p is shift stable. Next we show ip € Lipl. We note that ^2 a a a+2( 9 = 1 for all a G Z d 
and 

n-l d+l 

a j=0 1 = 1 

Obviously, 

n-l 2 n -l 
j=0 i=0 

On the other hand, let Ej and A be given by E^f(x) = f(x — fj,ej) and -A/(a;) = /(2a;). 
Then (see [9]), 

n-l 
i=0 

where E= (Ei,...,E d ). Now, 

n-l 

<p(x)-<p{x-2- n e k ) = A n \[a{E 2i ){I-E k )v{x) 

3=0 



n-l d+1 

= i(/-^"nn(i+^)^). 



j=0 1 = 1 

l^k 



We notice that, since 



d+l d+l 

!=1 1=1 



if and only if ii — ji , the coefficients of 

n-l d+l 



=0 1=1 



is 1. Consequently, for some a, € N 

A" ff fj(l + E?«Mx) = ^ 2 " x - a ^)- 

3=0 Si 

Therefore, as is compactly supported the number of terms of the sum, which are 
different to zero , is bounded. We conclude for some constant C, which does not 
depend on n, 

\<p(x)- t p(x-2- n e k )\<C2- n , 
i.e. (p € Lipl. □ 
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3 Proof of Theorems 1.1 and 1.2 

We are now in the position to prove Theorems 1.1 and 1.2. Let us first note (see 
[3, 4, 6]) that if (1.1) has a nontrivial continuous (p we can always suppose the Fourier- 
transformation of ip satisfying £>(0) = 1 and 



a) = l. (3.1) 



We notice also that if tp is nontrivial and continuous then there exists at least one 
integer a' G [SI] \ d[Si] (see [3]). Thus, if [SI] \ d[Si] = {a'}, then <p is interpolated, i.e. 
<p(a') = 1 and ip(P) = for all f3 G Z d \ {a 1 }. Obviously, in this case, <p is shift stable. 
In the following proof we will frequently use these facts. 



Proof of Theorem 1.1. We already have this assertion for d = 1. So let d = 2. We 
know that [SI] must have at least one inner point. If [SI] has only one inner point, then, 
(p must be interpolated. Hence, ip is shift stable. It follows from Theorem 2.1 that the 
mask satisfies the sum rule (2.1). There are total four equations of (2.1), i.e., there 
are four sets of 

{a(a + 2/3): a(a + 2/3) + 0, j3 G Z 2 }. 

Only one set contains one element. Thus, by Lemma 2.2 the number of [SI] is at least 
7. According to Lemma 2.4 [SI] can be divided into at least 6 simplexes with integer 
vertices. Let (xi, X2, £3) be the vertices of any such simplex. Thus, | det(xi — £3, X2 — 
£3)| > 1 and the volume of (xi, X2, X3) is at least 1/2. Therefore, if [SI] contains at 
least 7 integers we must have vol[fi] > 3. 

Assume that [SI] has two inner points. So if the integer number of [SI] is at least 6, 
we conclude again vol[fi] > 3, because [SI] can also be divided into at least 6 simplexes 
with integer vertices. 

Let the integer number of [SI] be 5 with two inner points (say xo, xi, ...X4). Clearly, 
[SI] can be divided into 5 simplexes with integer vertices. The volume of each simplex 
is at least 1/2. Moreover, if one of simplexes has the volume greater than 1/2 then its 
volume must be at least 1. In this case we get again vol[fi] > 3. 

Next let us suppose that each those simplexes has the volume 1/2. We prove 
that there is no continuous and nontrivial (p. To see this, we note that there are two 
points Xi,Xj satisfying Xi = Xj (mod 2) and (xi + Xj)/2 G ([Si] \ d[Si\) n Z 2 . Moreover, 
one of Xi and Xj is an inner point. We may therefore suppose that xo = and x\ 
are inner points of [SI] and x\ = X3 (mod 2). Let (0, xi,X2) be a simplex of [SI]. 
Thus, M _1 = (xi,X2) G M2 and M{0, xi, X2, £3} = {0, ei, e2, — ei}, where ej is the 
coordinate unit vector. Consequently, [MSI] — {0, ei, — ei, e2, 3ei — e2}. 

Let Mi = (ei, ei + e2) G M.2- We obtain 

[M x MSl] = [{0, ei, -ei, ei + e 2 , 2ei - e 2 }]. 

Lemma 2.3 allows us to change SI in this way. We can write <p> again to be the solution 
of (1.1) with the mask biM^Ma) = a(a),a G [SI] n Z 2 . We notice that -ei G MiMfi. 
So 6(— ei) 7^ 0. Moreover, y>(0) / and <p(ei) =fc 0. Otherwise ip is interpolated. As 
y(ei) = b(ei)<p(ei) we conclude 6(ei) = 1. On the other hand, let ^2(2/2) be defined 
by 

<P2{y2) = / tp(yi,V2)dyi. 
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Then, tp>2 has the mask 

_ b(2ei - eg) _ 6(-e 1 ) + 6(0) + 6(e 1 ) _ &(gi + e 2 ) 

c_i — - , Co — - and ci — - . 

Clearly, y>2 is nontrivial and continuous. Moreover, it follows from [7] that ip2 is shift 
stable. Hence, by Theorem 2.1 there holds Co = 1 and c_i + ci = 1. On the other 
hand, if we define <£i(j/i) = / <p(j/ii J/2)dj/2, then i^i has the mask 

^ = ^, ^0 = ^, hl= K«i + *) + **) and fa = ftgg-^) ^ 

By the same reason is shift stable. We conclude therefore h-i + hi = 1 and 
/to + /12 = 1- Comparing these two masks, we obtain in particular 6(0) = 6(ei +62). 
In what follows we should again use Mi to change [MiMfi]. So we get 

Mi[MiMQ] = [{0,ei,-ei,2ei + e 2 ,ei - e 2 }]. 

Now repeating the above procedure we get 6(0) = 6(2ei — e 2 ). Consequently, 6(0) = 
6(2ei — e 2 ) = 6(ei + ei) = 1. As 6(ei) = 1, we obtain 6(— ei) = 0. This is a contradic- 
tion. So in this case ip cannot be nontrivial and continuous. Hence, we have always 
vol[fi] > 3. □ 



Proof of Theorem 1.2. The refinable function <p is now shift stable. Thus, by Theorem 
2.1 the mask {a(a)} satisfies (2.1). In other words, there are 2 d = 8 different relations 
of (2.1). Let us denote 

B a = {a + 2/3: a(a + 2/3) ^ 0, fi € Z 3 }. 

Clearly, B a and B a n B a > = if and only if a ^ a' (mod 2). Moreover B a = B a > 
if and only if a = a' (mod 2). We observe the cases according to the numbers of 
relations, which contain only one nonzero element of {a(a)}, i.e. 

B a = {a + 2f3: a(a + 2/3) ^ 0, /3 G Z 3 } = {a'}. (3.2) 

We remember (see Lemma 2.2 ) that if (3.2) is true then a' is an inner point of [fi] 
and <p(a') = 1. Let the number of relations (3.2) is k > 0, and denote a[, a' fc to be 
the corresponding elements of (3.2). Thus, 

|S a |>2, V a^c/ (mod 2), j = l,...,k. (3.3) 

We notice that there must exist an inner integer point in [fi] (see [3]). Consequently, 
if k > 2, then [fi] has at least fc + 1 inner integer points. To see this, we note that 
due to (3.1) there must exist an integer 7, which is different from a'j and ^(7) 7^ 0. 
For otherwise, we would have ~}2 a <fi(a) = k > 1, which however contradicts to (3.1). 
We note also that if [fi] has J + 1 inner integer points and \d[Q] PI Z d | = m then [fi] 
can be triangulated into at least 2m — 4 + 3 j simplexes, whose vertices are integers. 
Indeed, by Lemma 2.4 the polytope [fi] has at least 2m — 4 facets. Each such facet is a 
simplex in R d_1 . Thus, each facet builds with a fixed inner point a simplex in R d . We 
obtain at least 2m — 4 simplexes. If one of these simplexes contains another integer 
point we can again triangulate this into 4, 3 or 2 simplexes according to whether this 
point is an inner point, a point on facets or on edges, respectively. As [to] has j + 1 
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inner integer points, the number of simplexes for [to] is at least 2m — 4 + 3j. In the 
following discussion we will use this fact. Let us divide the proof into five cases. 

Case 1. k £ {0, 1}. We know that [to] must have an inner integer point. If k = 1, 
a'i is an inner point of [to]. Thus, |[fi] n Z 3 | > 15. We may assume that [to] has only 
one inner integer point, say ao- By Lemma 2.4 [to] has at least 24 facets. Clearly, 
each facet builds with ao a simplex. Hence, [to] can be triangulated into at least 24 
simplexes, whose vertices are integers. Clearly, each simplex has a volume at least 
1/3!. We conclude vol[fi] > 24/3! = 4. It is easy to see that if [to] has more than one 
inner point this inequality still holds. Thus vol[fi] > 24/3! — 4 if k = 0, 1. 

Case 2. k € {2,3,4} and there is an a such that \B a \ > 3. We have already known 
that [to] has at least k + 1 integer inner points. We may assume \d[to] I~|Z | > 2(8 — k). 
Thus, [to] can be triangulated into at least 2(16 — 2k) — 4 + 3k > 24 simplexes with 
integer vertices. We conclude again vol[fi] > 24/3! = 4. 

Case 3. k £ {2,3} and there is no a such that \B a \ > 3. We know that there exists 
an integer 7 ^ a'j (mod 2) and ^(7) / 0. If the number of such 7 is one, then (1.1) 
tells us 

95(7) = 0(7)^(7) + a(2 7 - aiV(ai) + ... + a(2 7 - a' k )<p{a' k ). 

Clearly, a(27 — a'j) = because a'j and 27 — a'j belong to the same relation of B a . 
However, the relation, that contains a'j, has only one element. Hence, 0(27 — a'j) = 0. 
We conclude in this way ^(7) = 0(7)^(7). Thus, a(-y) — 1. But, the relation, that 
contains 7, has two elements and the sum of a(a) indexed with these elements is 
one. This gives a contradiction. Therefore, the number of such 7 is at least two. 
We may without loss of the generality assume that [to] has k + 2 inner integers and 
\d[to] fl Z I = 2(8 — k) — 2. We conclude that the number of simplexes is at least 
2(14 - 2k) - 4 + 3fc + 3 > 24. We obtain also vol[fi] > 24/3! = 4. 

Case 4- k — 4 and there is no a such that \B a \ > 3. According to Case 3 we may 
assume that [to] has 6 inner integer points and \d[to] (1 Z' 5 = 6. If the number of the 
facets is more than 8, we have immediately vol[fi] > 4. Let the number of the facets 
be 8. Hence, there are Pi and /?2 in d[to] Pi Z 3 such that /3 1 = P2 (mod 2). Moreover, 
(/3i +/?2)/2 G [to] PI Z . Thus, Pi and P2 belong to different facets. It is not hard to see 
that there are two facets with the form {xi, X2, Pi} and {xi, X2, P2}, respectively. Let 
a 7^ (Pi + A)/2 be an inner integer of [to]. So according to this a the polytope [to] can 
be triangulated into 8 simplexes. Two of them are {a, x\, X2, Pi} and {a, xi, X2, ^2}. 
Clearly, 

[{a,xi,x 2 , Pi} U {a,xi,x 2 , P2}] = [{a, Xi, x 2 , Pi}] U [{a, xi, X2, P2}] 

= [{a,Xl,X2,Pl,P2}]- 

Let us without loss of the generality suppose that beside a, xi, X2, Pi, P2 there is no 
integer on the facets of [{a,x\,X2, Pi, P2}]- Let [{a,Xi,x 2 , Pi, P2}] have j + 1 inner 
integers. So for the rest 6 simplexes of [to] there are k — j inner integers. Therefore, the 
total number of simplexes is at least 6 + 3(k — j) + 6 + 3j = 24 and vol[f2] > 24/3! = 4. 

Case 5. k > 5. Thus, we have 8 — k sets B a with \B a \ > 2 provided a ^ a'j (mod 2) 
for j = 1, k. We remember that [to] must have at least k + 1 inner integer points. 
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Because k > 5 the set Q n d[Q] (1 1? contains at least four integers. Thus there are 
Pi,Pi € B a for some a. If \dQ\ = 4, then since (Pi + $2)/ 2 is an integer, the number 
of the facets are at least 6. We conclude that [Q] can be triangulated into at least 
6 + 3fc simplexes. Thus, vol[fi] > 4 whenever k > 6. If the inner integer points are 
k + 2, then the same discussion implies vol[f2] > 4 whenever k > 5. It remains to show 
the assertion for k = 5 and the number of inner integer points is k + 1. If [fi] has more 
than 8 facets, we have nothing more to do, since in this case [fl] can be triangulated 
into at least 9 + 3fc = 24 simplexes and thus vol[fi] > 4. If [fi] has exact 8 facets, we 
use the argument in Case 3. We obtain \dSl H Z 3 j =6. Thus, dQ contain two integers 
Pi, Pi such that pi = Pi (mod 2). As (Pi + /?2)/2 is an integer, they cannot belong 
to the same facet. Now, like in Case 4 let a 7^ (Pi + /?2)/2 be an inner integer of [fi]. 
So according to this a the polytope [Q] can be triangulated into 8 simplexes. Two of 
them are {a, xi, xi, Pi\ and {a, xi, xi, ,82}- Clearly, [{a, xi, xi, /3i}U {a, xi, £2, P2}] = 
[{a, xi, X2, Pi}] U [{a, xi, X2, P2}] = [{a, xi, X2, Pi, (82}]- Let us without loss of the 
generality suppose that beside a, xi, X2, Pi, Pi there is no integer on the facets of 
[{a, xi, X2, Pi, Pi}]- Let [{a, xi,X2, Pi, P2}] have j + 1 inner integers. So for the rest 6 
simplexes there are k — j inner integers. Therefore, the total number of simplexes is 
at least 6 + 3(fc - j) + 6 + 3j = 24 and vol[fi] > 24/3! = 4. □ 
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Abstract 

In this paper, firstly we complete a result in the book [2] concerning 
quantitative estimates in the copositive approximation of smooth func- 
tions by bivariate polynomials on rectangular grids. Then, for bivariate 
functions which are only continuous, an error estimate in terms of a first 
order Ditzian-Totik bivariate modulus of continuity is obtained. The re- 
sults are natural extensions of those well-known in the univariate case. 
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1 Introduction 

In the book [2], Subsection 2.6.3, pp. 186-194, some quantitative results in 
terms of the moduli of smoothness in copositive approximation by bivariate 
polynomials were obtained. For example, by using a result in unconstrained bi- 
variate approximation in [1], one of them refers to the copositive approximation 
on a proper grid, of functions having continuous the mixed second order partial 
derivative. This result can be stated as follows. 

Theorem 1 (see Gal [2], Theorem 2.6.6, p. 187) If f : [0, 1] x [0, 1] — > M has 
the partial derivative continuous on [0, 1] x [0, 1] and changes its sign on 

the proper rectangular grid in (0, 1) x (0, 1), determined by the distinct segments 
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x = Xi, i G {1, k}, y = yj,j G {1, s}, then for all n > no and m > mo (with 
no and mo depending only on k,s,a,/3, where a = m«o<i<)i(%i — Xi),/3 = 
mirio<j<s(yj+i — yj), = x = yo, 1 = x k+i = Vs+i), there exists a polynomial 
Pn,m(x,y) of degrees < n in x and < m iny, which satisfies 



\\f-Pn,m\\<C 



a b 
- + — 
n m 



and is copositive with f on [0, l] 2 \{iU B}, where C = C(k, s, a, (3) > 0, 

df 1 d 2 f 1 df 1 d 2 f 1 

a = w 2 (/ ;-,0)+o; 2 ( jr ^-;-,0), 6 = w 2 (/;0,-)+W2( 7r ^-;0,-), 
ox n oxoy n ay m axoy m 

cj 2 (f; a, (3) - sup{|/(x, y) - 2f(x +h lV + P ) + f(x + 2h,y + 2p)\ 

;(x,y),(x + 2h,y + 2p) G [0,1] x [0,1], < h < a, < p < (3}, 

A = {{x,y) G [0,l] 2 ;a;G U* =1 [ Xi - l/n,Xi + l/n],y £ {J s j=1 [ yj - l/m, yj + l/m], 

U s j=1 (y- yj ) <0}, 

B = {(x,y) G [0, l] 2 ; y G Uj =1 [ % - 1/m, % + 1/m], x ^ ujLJ^ - 1/n, ^ + 1/n], 

nti^-^) <o}. 

Remark 2 can easily be seen, unfortunately the above theorem states that 
the copositivity does not hold on the whole bidimensional interval [0,1] x [0, 1]. 
It is the first goal of this note to modify /complete the proof of the above theorem, 
by obtaining that the copositivity can hold on the whole bidimensional interval 
[0,1] x [0,1], in terms of the same quantitative estimate. 

Secondly, for functions which are only continuous, by using a result in bivari- 
ate comonotone approximation already proved in the same book [2], pp. 194-205, 
a quantitative result in the bivariate copositive polynomial approximation with 
the error in terms of the first order bivariate Ditzian- Totik modulus of continu- 
ity, Lof(f; 1/n, 1/m) is obtained. 



2 Main Results 

The first main result is the following. 

Theorem 3 If f : [0, 1] x [0, 1] — ► M has the partial derivative continuous 
on [0, 1] x [0, 1] and changes its sign on the proper rectangular grid in (0, 1) x 
(0,1), determined by the distinct segments x = Xi,i G {1, ...,k},y = yj,j G 
{1, s}, then for all n > n and m > m a (with n and m depending only on 
k,s,a,f3, where a = min <i<k{xi+i - x l ),/3 = min Q <j< s (y j+ i - yj), = x = 
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yo,l = Xk+i = Vs+i), there exists a polynomial P n ,m(x,y) of degrees < n in x 
and <miny, which satisfies 



11/ --Pn.mil <C 



a b 

- + — 
n m 



and is copositive with f on [0, 1] x [0, 1], where C — C(k, s, a, /3) > and 

df 1 d 2 f 1 df 1 d 2 f 1 

o = w 2 (^;-,0) + w 2 ( 5 -|-;-,0), 6 = w2(^-;0,-)+w2(p-^-;0,-). 

ax n axoy n ay m oxoy m 

Here || • | denotes the uniform norm in C([0, 1] x [0, 1]). 

Proof. Keeping the notations, we construct the polynomials Q n ,m(x,y) 
exactly as in the proof of Theorem 2.6.6, pp. 187-189 in [2], but we slightly 
modify the expression E n ^ m (x,y) as follows. Consider 



E n>m (x,y) = eDxDiC 



-, k 

a b 



n 



Y[ q n (x - Xi) Y[ q m (y - yj), 

i=l 3 = 1 



where e, C, q n (x), q m (y) are exactly as in the proof of Theorem 2.6.6, p. 188 
in [2] and D\ , D2 are strictly positive constants which will be determined later. 
It is known that /(x, y)E n , m (x, y) > 0, for all (x, y) e [0, 1] x [0, 1]. 

Define P n , m {x,y) = Q n ,m( x ,y) + E n , m (x,y),x,y G [0, 1]. 

We distinguish three cases : 

00 V £ Uj =1 [yj - l/m, yj + 1/m]; 

(ii) x £ U* =1 [xi -l/n,Xi + l/n]; 

(Hi) there exists i such that x e [x^ — 1/n, Xi + 1/n] and there exists j such 
that y € [yj — 1/ m, j/j + 1 /m] . 

Case (i) Consider fixed y and define the polynomial P n (x) = Q n .m( x ,y) + 
h n {x),x G [0,1], with h n (x) = s^DiC + ±]Y\ k i=1 q n (x - Xi ),x e [0,1], 
where E\ = 1 if ^=1 9m (y - J/j) > and e x = -1 if ^=1 9m(y - %) < 0. From 
here it follows that f(x,y)h n (x) > 0, for all x e [0, 1]. 

Using now the same reasoning as in the proof of Theorem 1.5.4, (iv), p. 
44-46 in [2] and choosing D 1 > 2A~ k , we obtain f(x,y)P n (x) > (V) x e [0, 1]. 
Recall here that A > is the constant in the statement of Lemma (A), p. 43, 
in [2] (see also [3]). 

Now, let x e [0, 1] be arbitrary chosen. We have two subcases : (i) a f(x, y) 
and Q n ^ m (x,y) have the same sign ; (i) b f(x,y) and Q n ,m(x,y) are of opposite 
signs. 

Case (i) a - Because /(x, y) and E niTn (x, y) have the same sign, it immediately 
follows that f(x,y)P ntm (x,y) > 0. 

Case (i)b- Because f(x,y)P n (x) > and f(x,y)h n (x) > 0, it necessarily 
follows that we have \Q n ,m( x ,y)\ < \h n {x)\- Choosing D 2 > A~ s and reasoning 
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again as in the proof of Theorem 1.5.4, (iv), p. 44-46 in [2], it follows that 
D 2 Hj = i Qm{y -Vj) > 1, which easily implies that \h n (x)\ < \E ntTn (x,y)\. 

In conclusion, we get that \Q n .m( x ,y)\ < \E n , m (x,y)\ and because f(x,y) 
and E niTn (x,y) have the same sign, it is immediate that f(x,y)P n , m (x,y) > 0, 
which finishes the proof of the case (i) . 

Case (it). The proof uses the same type of reasoning as in the case (i). 

Case (Hi) . The proof is identical with the proof of the case (iv) of Theorem 
2.6.6 in [2], p. 189. 

Finally, as in the proof of Theorem 2.6.6, p. 189 in [2], note that from its 
construction it follows in fact that P n . m (x, y) is of degrees < 2kn in x and < 2sm 
in y, but by a standard procedure we may reduce it to degrees < n in x and 
< m in y. m 

Remark 4 The above theorem extends to bivariate case the result in univariate 
case in [3]. 

The second main result one refers to the case of the absence of partial deriva- 
tives of /, namely to the case when / is only continuous. 

Theorem 5 If f : [—1,1] x [—1,1] — > K is continuous on [—1,1] x [—1,1] (we 
write f € C([— 1, 1] X [— 1, 1])) and changes its sign on the proper rectangular grid 
in (0,1) x (0,1), determined by the distinct segments x — Xi,i G {1, ...,k},y = 
yj,j <E {l,...,k}, then for all n > 1 and m > 1, there exists a polynomial 
Qn,m(x, y) of degrees < n in x and < m in y, which satisfies 

\\f-Qn,m\\<C(k)-Ujf (/;-,- 

\ n m 

and is copositive with f on [—1,1] x [—1,1], where C = C(k) > depends only 
on k and 

(/; 5i,5 2 ) = sup{\A hlip{x)Mip{y) f(x, y)\; < hi < 6 t ,i = 1, 2, x,y e [-1, 1]}, 

withA hlM f(x,y) = f(x+h 1 /2,y+h 2 /2)-f(x-h 1 /2,y-h 2 /2) if(x±h 1 /2,y± 
h 2 /2) G [—1, 1] x [—1, 1], A hl ^ h . 2 f(x, y) = elsewhere and <p(x) = \[\ — x 2 . Here 
|| • || denotes the uniform norm in C([— 1, 1] x [—1,1]). 

Proof. Firstly, we prove that the polynomials P rhm in the statement of 
Theorem 2.6.10, p. 195 in [2], in addition to be upper bidimensional comonotone 
with / (that is satisfying q x q'™ (x, y) ■ 
to approximate /, they also satisfy the estimate 



d 2 f d 2 P n>r 



dxdy dxdy 



<C(k)-wf(f^-;-,-) (1) 
\dxdy n m 1 
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Indeed, looking into the proof of Theorem 2.6.10 at pages 204-206 in [2], we 
reason by mathematical induction. Thus, for k = the above estimate (1) is 
exactly the second estimate in the statement of Theorem 2.6.12, p. 196 in [2]. 
Then, keeping the notations and the reasonings (by mathematical induction) 
from the page 205 in [2], taking into account the second estimate in the state- 
ment of Lemma 2.6.15, p. 199 in [2] obtained there for e > u>f (j^; ^, ^j, 
we immediately get exactly the above desired estimate. 

Now, in order to get our result of copositive approximation, for given / e 
C([-l, 1] x [-1, 1]), let us define 



F(x,y) = J* j V J{t,s)d 



dt, x,y E [-1,1]. 



Clearly we have ^^(x,y) = f(x,y). Therefore, applying all the above con- 
siderations to F instead of /, we obtain the sequence of bivariate polynomials 

d 2 P 

dxdy 1 ( X 'V)' t na t clearly satisfy the requirements in the state- 
ment. ■ 



Remark 6 As an open question would be interesting to study the general case 
in copositive bivariate approximation by polynomials, namely when the approx- 
imated function changes its sign along to some given algebraic curves (not nec- 
essarily segments) included in [0, 1] x [0, 1] or in [—1, 1] x [—1, 1], respectively. 
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Abstract 

In this paper we review Bernstein and checkerboard copulas for arbi- 
trary dimensions and general grid resolutions in connection with discrete 
random vectors possessing uniform margins, and point out the relation 
to tensor product Bernstein operators. We further suggest a pragmatic 
and effective way to fit the dependence structure of multivariate data to 
Bernstein copulas via rook copulas, a subclass of checkerboard copulas, 
which is based on the multivariate empirical distribution. 
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1 Introduction 

In the history of approximation theory, univariate and multivariate Bernstein 
polynomials have played a central role since the beginning of the 20 th century, 
see, e.g., [11] for a survey of Bernstein polynomials in one variable and [1], 
chapters 8.4 and 18, for a short treatment of Bernstein polynomials in sev- 
eral variables. They have not only been used to provide a constructive proof 
of the famous WeierstraB approximation theorem for continuous functions on 
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compact intervals, including explicit estimates for the rate of convergence, but 
also for more advanced applications in functional analysis and computer aided 
design, such as Bezier curves and surfaces, see, e.g., [7], [15] and [16]. Here, 
shape preserving and local smoothness properties of Bernstein polynomials are 
of central interest, in particular w.r.t. engineering applications. (It might be 
interesting to note here that Donald Knuth has used Bezier curves for the design 
of TgX-fonts.) Applications of Bernstein polynomials for modelling stochastic 
dependence in a nonparametric way have, in contrast, been considered much 
later. 

The use of copulas for modelling and simulation purposes, for instance in risk 
management, is of increasing importance, see, e.g., [3], section 5.3, or [9], chapter 
5, and the references given there. Let us recall that a (d-dimcnsional) copula C 
is the cumulative distribution function (cdf) of a random vector U = (Ui, Ud) 
whose one-dimensional marginal distributions are uniform on the interval [0, 1]. 
The following well-known theorem (see, e.g., [9], p. 186) deals with a key prop- 
erty of copulas. 

Theorem of Sklar: Let F be the cdf of some random vector X = (X\,---, Xd), 
i.e., F(xi,---,Xd) = P(X\ < xi,---,X<t < Xd) with marginal cdfs Fi,—,Fd. Then 
there exists a copula C : [0, l] d -* [0, 1] such that 

F( Xl ,-,x d ) = CiF^xr),-^^)) (1) 

for all xi,---,Xd e K. If F\,—,Fj, are continuous, then C is uniquely deter- 
mined. Vice versa: For a copula C and univariate cdfs fi, F d the assignment 
F(x\,---,Xd) ■= C(Fi(xi),---,Fd(xd)) defines the cdf F of some d-variate ran- 
dom vector with marginal cdfs F\,---,Fd- 

Thus, the theorem of Sklar states that the cdf F of any c?-variate random 
vector can be written in terms of its marginal distribution functions Fi,---,F d 
and a suitable copula C which thus describes the dependence structure of the 
vector components. Such a decomposition is often very useful in practice; for 
an exemplary application in the context of Bernstein copulas see Example 4.2. 
The definition of this specific copula type, constructed by means of Bernstein 
polynomials, is given in section 2. 

The discussion of potential copula models has so far mostly focussed on other 
types, i.e., either the elliptical case (e.g., the Gaussian and t-copula) or the 
Archimedean case (e.g., Gumbel-, Clayton-, and Frank-copulas). It seems that 
the true impact of Bernstein polynomials on copula models has been discovered 
only more recently, first in the framework of approximation theory (see, e.g., [8], 
[10], [11]) and later in particular in connection with applications in finance (see, 
e.g., [2], [5], [6], [13], [14]). Bernstein copulas possess several benefits compared 
to the traditional approaches: 

• Bernstein copulas allow for a very flexible, non-parametric and essentially 
non-symmetric description of dependence structures also in higher dimen- 
sions 
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• Bernstein copulas approximate any other given copula arbitrarily well 

• Bernstein copula densities are given in an explicit form and can hence be 
easily used for Monte Carlo simulation studies. 

In this paper, we review the construction of Bernstein copulas through dis- 
crete random vectors with uniform margins (called discrete skeletons) , and point 
out their connection to checkerboard copulas, as discussed, e.g., in [8], [10] and 
[11], and to Bernstein tensor product operators (cf. the proof of Theorem 2.2). 
The explicit representation of Bernstein copulas in terms of tensor product Bern- 
stein operators with a discrete skeleton has, to our knowledge, not been stated 
in the related literature before. This approach, amongst others, opens a prag- 
matic and storage saving approach to ht the dependence structure of observed 
data to Bernstein copulas via rook copulas, a special subcase of checkerboard 
copulas based on the multivariate empirical distribution. The tensor product 
representation might also be helpful in further studies on global smoothness 
preservation for copula approximation since it allows a direct transfer of results 
from multivariate approximation theory (as formulated, e.g., in [4] and [12]) 
into the copula context. 

2 Some simple mathematical facts on Bernstein 
polynomials and Bernstein copulas 

The assertions of the following lemma are well-known in the literature, but for 
convenience and better understanding in the copula context we give a short 
proof. 

Lemma 2.1. Let B{m,k,z) = (™)z k (l - z) m - k , < z < 1, k = 0,--,m e N. Then 



— B(m, k,z) = m[B(m- 1, k - 1, z) - B(m - 1, k,z)] for k = 0,—,m 
dz 

with the convention B(m -1,-1,2) = B(m -l,m,z) = 0. For the Bernstein op- 
erator B m defined by B m f : z «■ Y,T=o f (m) ^( m i k, z) for real-valued functions 
/ on [0, 1] and z e [0, 1] , this yields 



where A m f(z) := / (z + ^) - f(z) for z e [0, 1] denotes the forward difference 
operator. 



we have 




Further, 



d 




3 
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Proof. Let B(x,y) := ^i'+y^ f° r x iV > denote the Beta function and T the 
Gamma function, as usual. Then 

J~ mB(m - 1, k, z) dz = to j B(fc + 1, to - k) 

(m-l\ T(k+l)T(m-k) 
~ m \ k j r(m + l) 

m(m-l)! fc!(m— fe — 1)! 



fc!(m-fc-l)! to! 
1. 



Further, for < k < to, 

— B(m, k, z) = /^"V^l - z) m - k - (to - fc)("V (1 - z^ 1 
dz \k I \ k ) 

= Jy k ~^z k -\\-z)^-^ 

- m ( m - 1 y(i-z) m - i - k 

= m[B(m- 1, fc - l,z) - B(m - 1, k,z)] 

which, by the above convention, also holds for k e {0, to} . The remaining state- 
ment follows easily from this. □ 

Theorem 2.1 and Definition. For d e N let U = (U\,---,Ud) be a random 
vector whose marginal component Ui follows a discrete uniform distribution 
over Tj := {0, 1, irn - 1} with rrii e N, i = 1, d. Let further 

p(k 1 ,-,k d ):=p[f){U i = k i }) for all (k u -,k d )eXTi. 

\i=i I i=i 

Then 

mi -1 rrid— 1 c2 

Cb («i,-,w<i) := |] ••• ]T p(fci,-,fc d )f|miB(m i -l,fci,Ui), 

fei=0 fe d =0 i=l 

(ui,---,Ud) e [0,l] d , defines the density of a d-dimensional copula Cg, called 
Bernstein copula. We call the Bernstein copula density induced by U. The 
vector U is also called the discrete skeleton of the Bernstein copula. 

Proof. For fixed 1 < j < d we obtain, according to Lemma 2.1 above, 
J (ui,---,u d ) duj 

mi-l rn d -l d ^\ 

= S "' S p(fci,-" ) fcd)n m *- B ( m » _1 ' fc ''' u *) / rrijB(mj-l,kj,Uj) dv,j 
fe 1= fc d =0 i=l Jo 
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rn ! - 1 m d -l d 

■ e ■•• e p(fci,---,fcd)n m «- B ( m «" i, fei, 

fei=0 fc d =0 i=l 
m r l nij-i-1 rrij + i-l m d -l /mj-1 



- v v ••• E I E p( k i,--,k d ) I n^-sc^i - 



fei=0 fcj_i=0 fe 3+ i=0 fe d =0 \fcj=0 

/ 



i=l 



mi-1 m^_i-l m j+1 -l m d -l 

- E - E E - E ^ 



d 



n w = m 



]^w i i3(TO l - l,ki,Ui) 



i=l 



for (ui,—,Uj-i,Uj+i,—,Ud) e [0,l] d \ where U^ 3 = (Ui,—,Uj-i,Uj + i,—,Ud) 
(note that for j = 1, the symbol tA 7 ' reads (U2,---,Ud) , likewise for j = d). We 
thus obtain another Bernstein copula density, but of dimension d - 1 instead of 
d. Continuing integration according to the remaining variables except for the 
variable u r for fixed 1 < r < d, we end up with 



J - / c(lli, lid) duydu r -i du r +y 
o Jo 

m r -l 

= E P (U r = k r ) m r B (m r -l,k r ,u r ) 



du d 



k r =0 



m r -l ^ m r -l 

= ^ — m r B (m r - l,k r ,u r ) = E B (m r - l 7 k r ,u r ) 



k r =0 m r 



k r =0 



for all w r € [0, 1] which proves that the r-th marginal density of is that of a 
continuous uniform distribution over [0, 1] , for every 1 < r < d. □ 

Remark 2.1. Note that the line of proof above shows that if U = (U\,---, Ud) 
is a random vector with joint Bernstein copula density as above, then also 
any partial random vector V = (U^ , Ui n ) with n < d and 1 < i\ < ■■■ < i n < d 
possesses a Bernstein copula density given by 

C B ( u il i ""I u i n ) 

m il -l m in -l l n \ „ 

= E - E p \f]{ u ie = k H})Y[m ie B(mi e -l,ki e ,Ui e ), 

fc 4l =0 fc in =0 u=i /<=i 

-,«»„) 6 [0,1]". 

Theorem 2.2. Under the conditions of Theorem 2.1, the Bernstein copula 



•5 
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induced by U is explicitly given by 

~X d fXi 



i j r Xd r xi i j 

C B (x u -,x d ) := / ••• / c B ( Ul ,--,u d ) du r --du d 
Jo Jo 

mi m d Id \ d 

= E - E P\C\{U i <k i })Y\B{m i ,k u x i ) 

fc 1= k d =0 \i=l / i=l 

for {x u -,x d ) e [0,l] d . 

Proof. Let Fjy denote the cdf of U, i.e. Ft/ (xi,---,x d ) = P(C\t = i {Ui < xj) for 

e M d , and let Z = (Zi,-,Z d ) be given by := ^1 f or j = 
Then for the cdf of Z, we obtain 

Fz ( *l, ... *i) = p (n ^ < fc, - 1}) = p (n {c/i < 

Ui m d 7 \ l=1 j \ i=1 j 

= F u {k 1 -l 1 -,kd-l) 

d 

for (ki,---,k d ) e X Tj. By applying Lemma 2.1 consecutively d times, it follows 

»=i 

that 

mi-l "id-l / d \ d 

c% (ui,-, = e '•' e f, (n{ c/ i= fc i})n m ' jB ( m * _i ' fc *' u ») 

fc 1= fe d =0 \i=l / *=1 

rai-1 mj-1 / d \ d 

= E - E P [fMUi^ki-hki]} XYlmiBirm-l^Ui) 

fc 1= k d =0 \i=l / i=l 



mi-1 m d — l 



mi-l "i d -L I k\ kd\ 



dxydxd 



B mi ° — ° B md F z (ui,—, Ud) 



for (tii, — , tid) 6 [0, l] d where A mi ... md := A mi o---o A md is the tensor product of 
the forward difference operators A mi ,— , A md from Lemma 2.1 and B mi o---oB md 
is the tensor product of the Bernstein operators B mi , — , B ma in the sense of [1], 
section 8.4 (i.e., roughly speaking, the operator with index m, is applied with 
the t-th of the d components as a variable and all other components remaining 
fixed). By integration, we thus obtain 

rx d mi 

C B (xi,—,x d )= / ••• / c(u 1 ,—,Ud)du 1 —du d 
Jo Jo 

= B mi °-oB md F z (x 1 ,-,x d ) 

mi rtid / U , \ d 

= e - e ^ (—,-,— n^K.*^) 

fc 1=0 fc d =0 "Wi=l 
mi m d / d \ d 

= e - e Hn^<y n^K^ 1 *) 

fci=0 fc d =0 \*=1 / »=1 

for (a;i,-",a;rf) e [0, l] d , as stated. □ 
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Remark 2.2. Note that the term A mi _...^ md F z ^) in the proof above 

corresponds - up to an index shift - to the d-th order difference of the d- 
increasing cdf Fz, see, e.g., [17], chapter 6, or [8], Proposition 4.2. For instance, 
for d = 2, we obtain 

\ffli 1712/ V mi TO2 / \ mi 7712/ 

Vmi m 2 / Vmi m 2 / 

Remark 2.3. From a probabilistic point of view, in the light of Lemma 2.1, 
Bernstein copula densities (ui,---,Ud) can also be considered as mixtures of 
densities of random vectors Y (fci, mi, kd, m d ) = (i(k 1 ,mi)i , "i^(i d ,mi)) w i tn 
independent components which follow beta distributions with parameters kj + 1 
and rrij - kj and density 

B(kj + l,m,j - kj) 

for j = l,-",d and z e [0,1]. Here U is the mixing random vector. From an 
algorithmic point of view, this representation is particularly useful for Monte 
Carlo simulations with Bernstein copulas. 

3 Bernstein and checkerboard copulas 

There is also a natural relationship between Bernstein and checkerboard copulas 
as discussed in [2] , [5] and [6]. We refer to a slightly more general setup here. 

Theorem 3.1 and Definition. Under the assumptions of Theorem 2.1 define 

the intervals Ik ... k ■= X ( — , for all possible choices (fei, kd) e X Tj. 

' ' j=i V m j m i J i=i 

Then the function 

d mi-1 

c CB : =il m * E - E P(h,-,k d ) l/ fcli .., fe<J 

j=l fci=0 /c d =0 

is the density of a d-dimcnsional copula C^ B , called checkerboard copula (in- 
duced by U). Similarly as before, U is called the discrete skeleton of the checker- 
board copula. Here 1,4 denotes the indicator random variable of the set A, as 
usual. 

Proof. The assertion is a direct consequence of the fact that a random vector 
W = (Wi,—,Wd) follows a checkerboard copula iff the conditional distribution 
of W given U fulfills the conditions 

P w (.\U=(k 1 ,-,k d ))=U(I kl ,., kd ) for all (k u -,kd)zXTi, 
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where U (I klt ... ykd ) denotes the continuous uniform distribution over Iki_,-,k d and 

d 

U=(k u -,k d ) «• Wel kl ,..., kd for all (k u -,k d ) e X ^ 

i=l 

(i.e., U denotes in some sense the "coordinates" of W w.r.t. the grid induced 
by Ik u -,k d )- D 

Remark 3.1. The Bernstein copula induced by U can be regarded as a natu- 
rally smoothed version of the checkerboard copula induced by U, replacing the 
discontinuous indicator functions 

d 

l/ fcl ,.., fc , (ui,-,u d ) = Y\t ( k^ ^11 ( Ui ) 

1=1 X - mi ' m * J 



by the continuous polynomials 

d 

Y[B(mi - l,h,Ui) , (u!,—,Ud) e [0, 1] . 
»=i 

Theorem 3.2 (Approximation Theorem). Every copula C in d dimensions can 
be uniformly approximated by a sequence {C^g r } eN of checkerboard copulas 
with grid constants m r i , . . . , m rd e N, if min {m r k} tends to infinity when r 

l<k<d 

tends to infinity. If C is the cdf of the random vector Z = (Z\,---, Z d ) an 
admissible choice of the discrete skeletons U r , r e N is given by the random 
vectors U r = (U r i,---,U rd ) with U r j := \m r j ■ Zj - 1] for j = 1, •••,(! where \z] := 
minjfc e Z | z < k} for z e R (rounding upwards). In this case, 

Pr (k U -,k d ) =p(f] {U rl = hi}) =p(f)\—<Zj± — }) 

\i=i J \j=i (mrj m rj )) 

= P(Z€l kl ,.. ikd ) 

d 

for all e X T ri . 

i=\ 

Proof. The statement Theorem 3.2 as well as the following Corollary 3.1 follows 
from a straight-forward extension of the two-dimensional case discussed in [8] , 
section 5. □ 

Corollary 3.1. Every copula C in d dimensions can be uniformly approximated 
by a sequence {Cg r r } rt _ N of Bernstein copulas with discrete skeletons and grid 
constants m r i, . . . , m rd e N, if min {m r k} tends to infinity when r tends to 

l<k< d 

infinity. The discrete skeletons may be chosen identically as in the checkerboard 
copula approximation. 

The practical importance of Theorem 3.2 lies in the fact that the Monte 
Carlo simulation of - especially high dimensional - copulas is generally difficult, 
while a simulation of checkerboard copulas is comparatively easy. 
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4 Bernstein and rook copulas 

In most practical applications, e.g., when modelling financial portfolios contain- 
ing different stocks and derivatives or insurance portfolios with different types 
of risk, the stochastic dependence structure of the various model variables is 
not explicitly known, see, e.g., [9], [13] and [14] for numerous examples. In 
such situations, assumptions on the class of corresponding (parametric) cop- 
ula families are sometimes made on the basis of statistical tests. Alternatively, 
a non-parametric approach could be chosen, for instance identifying the dis- 
crete skeleton of a checkerboard or Bernstein copula directly via the observed 
data. A major problem here is to find a suitable contingency table since the 
marginal distributions must be discretely uniform, which means that a set of 
side conditions has to be fulfilled. Also, this approach becomes ineffective for 
higher dimensions d, since in general X\t=i m i rea l numbers have to be stored 
in order to describe the distribution of the discrete skeleton completely. Such 
problems are completely avoided if so-called rook copulas are used for modelling 
the discrete skeleton. 

A rook copula is a particular checkerboard copula with the same grid size 
in each dimension that distributes probability mass according to the placement 
of rooks on a checkerboard without mutual threatening. It can in general be 
constructed in d dimensions as follows. Let 



001 




002 


' 0O,c 


1-1 


0"Od 




Oil 




012 


' CT l,c 


1-1 


Old 




0m- 


•2,1 


0m-2,2 ' 


• 0"m- 


-2,d-l 


0"m- 


2,d 


0"m- 


•1,1 


Cro-1,2 ' 


• 0m- 


-l,d-l 


0^m- 


l,d 



denote a matrix of permutations in column vector notation, i.e. each column 
(0Ofc)0ifcr"!0Vn.-i,fc) is a permutation of the set T := {0, 1, m — 1} for k = 
1, ■■•,£?. A checkerboard copula C is a rook copula iff there holds 

Pm (h, -,k d )= P\f]{Ui = ki})= - 

\i=l ) m 

<=>• (ki,—, k d ) = (a t i,a t 2,---,crt,d) for some t 6 T. 

The distribution of the discrete skeleton of a rook copula can thus be completely 
described by storing just m • d instead of m d real numbers. 



Example 4.1. The rook copula corresponding to || a n e « * i e h 




9 
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In practical applications, in the case of continuous distributions, the per- 
mutation matrix pertaining to a rook copula can directly be extracted from 
the ranks of the observed random vectors according to the following procedure. 
Given a matrix x = [xy] of data, where i = !,■■■, n is the i-th out of n indepen- 



dent d-dimensional observation row vectors and j 
component (dimension) index: 



d is the corresponding 



For each j, calculate the rank m of the observation jcy among X\j, x n j 
for i = 1, n. 



• Form the matrix M 
copula. 



[(rtj - 1)] of permutations for the empirical rook 



W.r.t. Monte Carlo simulations, it is extremely easy to generate samples that 
follow cither a rook copula or a Bernstein copula with the same discrete skeleton. 
For simplicity, we explain the procedure by means of the following example only. 

Example 4.2. The following table contains some original data (2^1,2^2) , i = 
l,-",20 from an insurance portfolio of storm and flooding losses, observed over 
a period of 20 years, their ranks and the permutation matrix M. 



i 




Xi2 


m 


Ti2 


M 
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0.227 
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X, 1 



X, 



Figure 1: Scatterplot of observed risks 
" xn and Xi2 (in million euros) 



In the first step, we draw a pair (oii,^) out of M with equal probability 



20 



w.r.t. the index i e {0, 



1} = {0, 19}. In the second step, we 



either draw a sample Z = {Z\ 1 Z-i) from a continuous uniform distribution over 
the rectangle / CTil ,cr i2 = (Ti ^ 1 ] x [^f> for the rook copula, or a sample 

Z = (Z±, Z-i) with independent components where Zj follows a beta distribution 
with parameters oij + 1 and m - cry, j 6 {1,2} . 

A generalization of the procedure to arbitrary dimensions, replacing the 



rectangle I a 



by a general cube, is obvious. 



10 
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CO %1 2 CI Oi Ofl tofi B •■ a,i C? 1,0 
VI 



Figure 2: 5000 simulated random vectors following the rook copula (left) and 
the Bernstein copula (right) 

Note that according to a fundamental theorem in statistics, the empirical 
distribution function of a multivariate observation converges uniformly to the 
true cdf when the sample size increases. Likewise, the empirical copula based on 
the extracted marginal ranks converges uniformly to the true underlying copula. 
This implies that with an increasing number of observed data, the rook copulas 
as well as the Bernstein copulas with the discrete skeletons derived from the 
marginal ranks converge to the true underlying copula as well, since in both 
cases the grid constant m corresponds to the sample size. 
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Babuska introduced the concept of periodic Hilbert spaces in studying op- 
timal approximation of linear functionals. We used these spaces to study the 
approximation properties of trigonometric interpolation and periodic spline in- 
terpolation [1,4,8 ] . 

We will continue the investigation of approximation by generalized Fourier par- 
tial sums constructed by Boolean methods [ 3,6 ] . We will consider the con- 
struction of bivariate periodic Hilbert spaces . In these spaces we will consider 
bivariate Fejer opcrtors . In particular we will introduce approximately blended 
Fejer operators and study their approximation order. 

AMS 2010 subject classification : 42A10, 42A24, 41A35 
Key words and phrases : Boolean sum, Fejer operator, periodic Hilbert 
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1 Periodic Hilbert spaces 

We denote by ^(Z™) the linear space of bounded discrete complex- valued 
functions on Z" with norm 

ll-FHoo = sup \F k \ < oo. 
feeZ" 

The linear subspace of summable discrete functions is denoted by h(Z n ) with 
norm 

n^iii = i^i < °° 

feeZ" 

Any F e h(Z n ) is related to an absolutely convergent Fourier series: 

fix) = J2 F ^ lxk - 

fceZ" 
1 
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The associated function / is an element of the algebra C(T n ) of continuous 
periodic function with maximum norm 

||/||oo = sup{|/(a;)| : x e T™}. 

The Wiener algebra A(T n ) is the linear subspace of C(T ra ) of those functions 
with absolutely convergent Fourier series. The norm for / e A(T n ) is defined 
by 

ii/iu= E i^i- 

feeZ" 

Here the finite Fourier transform recovers F from / : 

F *=<^L f{x)e ~ i ' kdx - 

Note the continuous imbcddings of spaces 

A(T n ) C C(T n ) C L 2 (T n ) : ||/|| 2 < ||/|L < ||/|| . 
are true where the norm for / e L 2 (T") is given by 

11/112 = (wr lml2dx Y = \^ lFkl 

\feeZ™ 

Periodc Hilbert spaces are subspaces of the Wiener algebra ^4(T n ) . The 
defining positive summable discrete junction D G ^i(Z n ) describes the smooth- 
ness of the functions of the periodic Hilbert space : 

H D (T n ) := {/ e La(T n ) : £ |F fc | 2 /£ fc < 00} . 

feeZ" 

Note that the associated generating function 

d(x) = ]T # fc e" fc 
fceZ" 

and its translates c?(- — c) are elements from H£>(T n ) . 

The univariate periodic Sobolev space W q (T) = Hd(T) is a simple 
example with defining function 

D * = j&> D ° = 1 > 
The function d is given by 

d(x) = l + (-l) q B 2q (x) 
2 
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where 



B 2q (x) = J2(ik)-^e ixk ,q>l, 

\k\>0 



is the periodically extended Bernoulli polynomial . 

The construction of periodic tensor product Hilbert space 

H D ® D (T 2 ) =H D (T)®H D (T) 

is based on the defining discrete function 

(D^D) (kiM) =D kl D k2 

The associated generating function is of tensor product-type: 

<Id®d(xi,X2) = (d<2>d) {xi,x 2 ) = d(x 1 )d(x 2 ) . 

In particular for the special choice D k = p^-, £>o = 1, q > 1, we obtain the 
tensor product Sobolev space W q (T) ® W q (T) . 



2 Generalized Fourier sums 

We will investigate approximation properties of generalized Fourier sum ( 
Fourier means ) of / e L 2 (T") defined by 

= E ^F fc e" fe , V G ^co(Z", [0, 1]) . 
feeZ" 

Theorem 1 5^, is a bounded linear operator from Ho (T") into L 2 (T n ) : 



ll^(/)|| 2 <||/L 
Proof: We apply Parseval's equality : 



Il^(/)ll2= E l^l 2 - E ^riv*l 2 £>* 



feeZ" 



^ E ^•supi^ 2 ai = ii/iiL||^IL<ii/ii 2 d 



>k I 



The preceeding result is used to obtain error bounds. Replacing ip by 1 — ip 
we obtain 

Theorem 2 Assume f <= H D (T n ) . Then 

||/-^(/)|| 2 <||/|| D ^(1-V) 



3 
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The quantity 



D(l-V) 



describes the approximation error in the mean 

square norm . The classical example is given by the Fourier partial sum related 
to 

In this case we have 

= E t 1 - |^ 1 fc|]+ F fe e " fe = E Fkelxk =■ $>(/)(*)■ 

feeZ |fc|<6 
The approximation error in the mean square norm is determined by 



D(l - V) = sup y/D k = sup \k\- q < b~ q . 

oo |fe|>6 |fc|>6 



Theorem 3 For f <= W q (T) we have 

ll/-W)|| 2 <||/|| D r«, q>l. 



The next classical example is given by the Fejer sum related to 

V> fe = [i-| rt 0+- 

In this case we have 

S*(f)(x) = E I 1 - Ib-'kme^ =: F b (f)(x). 
\k\<b 

Again, the mean square error for Fejer sum F^ is determined by 

D(l-ip) =sup{ sup \b^k\ \k\~ q , sup |fc|-«} < ft" 1 , q > 1 . 

00 0<|fc|<6 |fe|>6 

Theorem 4 For / e W q ( T) we ftoue 

\\f-F b {f)\\ 2 <\\f\\ D b-\ q>l. 

To compare the operators St and F;, we note that the error for Sb decreases 
by enlarging both 6, q while the error for F b decreases only by enlarging b while 
the order of approximation of F b is 1 and does not depend on the degree of 
smoothness q . 

On the other hand the Fejer sum operator F b is bounded on C(T) in contrast 
to the Fourier partial sum operator S b . As a consequence as is well known for 
any / e C(T) F b (f) converges uniformly to / as b tends to infinity . 

To improve the approximation order of F b we use Boolean sum techniques 
([3],[6],[7]). 



4 
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3 Boolean constructions 



The set of discrete functions Zoo(Z™, [0,1]) = {V> € M z ") : < ip k < 1 } 
which is essential in the definition of S$ possesses algebraic properties. Given 
tpi, i>2 e ?oo(Z", [0, 1]) we have 

Vi-V>2eZoc(Z",[o,i]) , 

V>1 © V>2 := 4>1 + V>2 - l/fl ■ V>2 G ^oo(Z", [0, 1]) 

in view of 

o < Vi + (i - V>i)V>2 < i. 

The related operators are given by 

S^ 1 S^ )2 — S^ 1 ^ )2 , S t f >1 © S,f, 2 := + S^ 2 — S^ Jl S 1 p 2 = S^, 1 ^^ 2 . 

the called the product operator while S^®^ is the called the Boolean 
sum operator . Since J = S\ is the identity operator the remainder operator 
of 5^, is given by 

J — S^p = Si-jf,. 

Theorem 5 The mean square error of the product operator S^ 2 is described 
by 



||/-^^ 2 (/)|| 2 <||/|| D (|^(l^i) 
Proof: An application of Theorem 2 yields 



+ 



£>(1-V> 2 ) )• 

00/ 



||/-S^ 2 (/)|| 2 < 



D 



£>(i-ViV2) 



Since 



1 - tpi ■ ih = (1 - V>i) ^2 + (1 - V> 2 ) ■ 



we can conclude 



< 



D(l-ViW 



£>((!- VOV2 + (1-^2)) 



D(l-Vl)V2 



£>(i-V 2 ) 



< 



D(l-Vi) 



+ 



£>(i-V2) 



which completes the proof 



Theorem 6 The mean square error of the Boolean sum operator S x p 1 S x p 2 is 
described by 



11/ -S^®S^ 2 (f)\\ 2 <\\f\\ D 
In particular for tpi = tp 2 = ip the estimate 



D(l-Vi)(l-^) 



||/-^e^(/)|| 2 <||/|| D VD(i-ip) 



holds . 
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Proof: In this case we have 

i - Vi e i>2 = i - V'i - ^2 + -01^2 = (i - ^i)(i - ^2) 

By Theorem 2 we obtain 

11/ - % e ^ 2 (/)|| 2 < v^(i - ^i)(i - 02) 



As an example we consider the Boolean Fejer sum . We have 
i>(k)®i/){k) = 20(fc)-V(fc) 2 

= 2[i-|6-^];-[i-|rt|] 2 + = [i-|rt 2 o;. 

Thus we have 

[Fb © F b ](f)(x) = [1 - l^ 2fc2 |] = 2F 6 (/) - F 6 2 (/)) 

|fc|<6 

which is a Riesz means [2] . The improvement of the approximation order by 
Fb © -F& compared with that of F b is described in the following theorem. 

Theorem 7 For f e W q ( T) we have 

\\.f-[F b ®F b ]{f)\\ 2 <\\.f\\ D b-\ q>2. 
Proof: The mean square error for Boolean Fejer sum F b © F b is determined by 
D{l-i)f =sup{ sup \b- 2 k 2 \\k\- q , sup \k\- q } < b~ 2 , q > 2 . 

00 0<|fe|<6 |fc|>6 



While the Boolean sum operator for the Fejer operator improves the approx- 
imation order in the case of higher smoothnes this procedure does not work for 
the Fourier partial sum operator since S b © S b — S b . 

As the Fejer operator itself the Boolean sum operator F b © F b = 2F b — F b 2 is 
bounded on C(T) . As a consequence for any / <G C(T) F b © F b (f) converges 
uniformly to / as b tends to infinity . 

4 Bivariate Fejer approximation 

Blending approximation is one tool to extend univariate approximation methods 
to the bivariate situation. As the periodic Hilbert space of bivariate functions 
we choose the periodic tensor product Hilbert space 

H D ® D (T 2 )=H D (T)®H D (T). 
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The defining discrete function is given by 

We construct the defining ip e ?oo(Z 2 , [0, 1]) of on L 2 (T 2 ) by using para- 
metric extensions of ip, £ € 'oo(Z, [0, 1]) wich are defined by 

Recall that the tensor product of £ € Zoo(Z) is defined by 

(V® C)( fel ,fc 2 ) = ¥>fclCfc 2 - 

Note that <p, ( e ?oo(Z, [0, 1]) yields 

p®C = ( v ® i)(i®o e ;oo(z 2 ,[o,i]) . 

The associated bivariate generalized Fourier partial sum is given by 

S^ C (f)(x 1 ,x 2 )= £ ^ i a 2 i ;, ( fel , fe2 )e i(felXl+fe23;2) • 

fei,fe 2 £Z 

We introduce the tensor product operator notation : 



I®I=I . 



Note that S v ® I = S^, I <g> Sq = 5 i( 

Theorem 8 Assume 

f g ^(T) ® H D (T) = Hd^dCT 2 ) . 

Then the mean square error estimate for the tensor product operator is described 
by 



D&D 

Proof Since 



'v>(8ll'->l<8iy? 



we apply Theocrem 5 : 



11/ - 5 , v «ii'S'i(g. v (/)|| ; 



< 



( V-D <g> D(l - ip <g> 1) 



+ 



Now we have ( 1 ® 1 = 1 ) 

y/D®D{l -ip® I) 



D(l-<p)) 
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y/D ® D(l - 1 ® <p) = y/D(l-<p)) 

CO 

which completes the proof. 

Next we consider the Boolean sum of ip ® 1, 1 ® tp is given by 
(V ® 1) © (1 ® </?) = <fi ® 1 + 1 O V - ¥®P € ^(Z 2 , [0, 1]) . 
In this case the associated generalized Fourier partial sum operator 

(ip®i)(&(i&f>) = <SV>(g)i + "Siigx^ — Siptgup = Sip ® I + 7 ® — S^p ® Sip . 

is called the Blending operator . We also use the Boolean sum notation for the 
Blending operator : 

(S v ® I)® (I ® Sip) :— Sip <E> I + I <E> Sip — Sip <Ei Sip. 

The Fourier series representation is given by the bivariate series 

{S v ®I)<B(I®S v )(f)(x u X2) 

= £ {<Pk 1 +<Pk a -<Pk 1 <Pk a )F iklM) e« klXl+k > x *) 
fci,/c 2 eZ 

Theorem 9 Assume 

f g 77 D (T) ® H D (T) = Hn^niT 2 ) . 
Then the mean square error estimate of the Blending operator is described by 

||/ - (S v ® 7) © (J® S v )(/)|| 2 < - <p)>/D\\ 

Proof: Since 

(S v ® 7) © (7 ® S^) = S^i © 



I 2 

loo 



we apply Theorem 6 : 

< II/IUd 

Again we have ( 1 <g> 1 = 1 



||/-^W© W/)ll 2 

y/D ® D(l - ip® - 1® ip) 



y/D®D{\ -p® 1)(1 -l®ip) 



y/D®D(l -tp)®(l-<p) 



D(l-p) 
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We next consider a finite-dimensional version of the transfinite Blending 
operator (S v <g> /) © (I ® S v ) . The approximate Blending operator is defined by 

(S v <g> V) ®' (V ® ^v) : = 5 v ® s f + V ® S v - ® S v 
assuming the relations < ip < <p' < 1 . We have 

Note that 

The Fourier series representation of the approximate Blending operator is given 
by 

(S v ® V) ©' (V ® S , v ,)(/)(ari,x 2 ) 

= E t^Vfa + - V kl <Pk 2 ]F { kuk 2 )e i{klXl+k2X2) ■ 

fci,fe 2 eZ 

Choosing <p, ip' with bounded support we obtain a bivariate trigonometric 
polynomial 

Theorem 10 Assume 

f g i?i5(T) © H D (T) = Hn^niT 2 ) . 

Then the mean square error estimate of the approximate Blending operator is 
described by 

11/ -(^®v)®' (V® W)ll 2 

< II/IUd [Il(i - ^IIL + II^IU2||(i - ^O^lloo] . 

Proof: By Theorem 2 we have 

< II VI> ® £>[1 - fa ® + / ® <p - <p ® v)]||oo • 

Since 

p®p' + p'®p — p® p 
= p®l + l® p> — ip® ip — ip® (1 — tp') — (1 — ip')® <p 

implies 

1 — <g> + <p' (8) ip — ip ® <p] 
= (1 - <p) <g> (1 - ip) + ip ® (1 - ip') + (1 - ip') ® p. 
we can conclude 

\\VD~®D[1 - {p ® p' + ip' ® ip - <p ® p)]\\oo 
9 
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< \\Vd®d[(i - v) ® (i- 

+\\VD®D[<p® (1 - <^')]||co + ||VD®D[(1 - <8> v»]||oo 
< - + 2\\VD{1 - ^)lloo||^||oo 

which completes the proof . 

We appy the preceeding results to the classical Fejer sum : 

W)(*) = E I 1 - I6 _1 *l]^e tefc . 

|fe|<6 

The tensor product Fejer sum is given by 

7& <8> F b {f){xi,x 2 ) = 

E E i 1 - i^^iii+i 1 - r ^ii+^m^ 1 * 1 ^ ■ 

|fei|<6 |fc 2 |<6 

while the blended Fejer sum is given by the bivariate series 

Oft® J) 8 (7®F 6 )(/)(a:i,a; 2 ) 

= E ([l-|^ 1 fci|]+ + [l-|^ 1 fe|] + )F (fel!fc2) e fel ( a;i ) efc2 ( a;2 ) 
fci,fe 2 eZ 

- ^ [l-|6" 1 A ;i |] + [l-|6- 1 fc 2 |] + F (felifc2) e fel ( a;i )e fe2 ( a;2 ) 
fci,fc 2 eZ 

An application of Theorem 8 and Theorem 9 yields 
Theorem 11 Assume 

f eW q (T)(g>W q (T) . 
The mean square error for the tensor product Fejer sum is described by 

\\.f-F b ®F b (f)\\ 2 <2\\f\\ D ® D b- 1 

while the mean square error for the blended Fejer sum is described by 

\\f-(F b ®I)® (7®F 6 )(/)|| 2 < \\f\\ D9D b- 2 

with D k = p^-, D = 1, q>l. 

The approximately blended Fejer sum is given by the bivariate trigonomet 
polynomial 

(F b ® F b2 ) 0' (F b 2 ® F b )(f)( Xl ,x 2 ) 

= E E [i-i^^iiiii-i^i]^,^)^ 1 ^ 

|fci|<6|fc 2 |<6 2 



10 
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+ E E t 1 - I^IH 1 - \b- 1 k2\]F (klM) e^ + ^ 

|fel|<& 2 \k 2 \<b 

E E I 1 - l^'^IH 1 - \b- 1 k2\]F {klM) e i ^ + "^ . 

|fei|<6 |*=2|<b 

An application of Theorem 10 now yields 
Theorem 12 Assume 

f eW q (T)®W q {T) . 
The mean square error for the approximately blended Fejer sum is described by 

||/ - (F b ® F b2 ) e' ® F 6 )(/)|| 2 < 3||/|| D ® D b- 2 

with D k = p^-, D = 1, g > 1 . 
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1 Introduction 

Let /: [0, 1] — > R. For any neN the Bernstein operator is denned by 

B n (f;x) = ]T ("V (l - xT~ k f xe [0, l]. 

k=0 ^ ' ^ ' 

In what follows we shall denote by g the function g: [0, 1] — > R, 

( 0, x = 0, 

g{x) = < x Inx + (1 — x) ln(l — x), x G (0, 1), 
[ 0, x = l. 

The function g appears in numerous problems in approximation theory (see, 
e.g., [1], [2], [3], [8], [7], [11], [12]). 

From [1, Lemma 3, Eq. (18)] Berens and Lorentz obtained the following 
estimate for the uniform approximation of g by B n g: 

\\B n g - g\\ < 7 -, n = l,2,... (1) 
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Let us consider the remainder term in the Bernstein approximation of the func- 
tion g, 

Rn(g,x) = B n (g,x)- g(x), x £ [0, 1]. 
In 2002, Tachev proposed the following open problem: 

Open Problem 1 (Tachev [11]) Find the best constants ki,k 2 > 0, ai,a 2 , 
a\,a 2 and (3,b, such that 

, x ai (l-x) a2 „ . N , x ai (l-x) a2 

h V g ' <Rn(g,x)<k 2 ( b , (2) 

for all x £ [0, 1]. 

In 2002, Lupas, gave an answer to the Open Problem 1 in a particular case: 
Theorem 2 (Lupa§ [7]) For all x £ [0, 1], the following inequalities hold true. 



X(l — X) „ , i- X(l — X) 

-4 — - < Rn{g,x) < v^V- -■ 

2n V n 

In 2012, Tachev showed that if [3 = 1 and b = \, the best possible constants 
a\, 0:2,01,02 in (2) are 

Qfi = Q!2 = 1, and ai = 02 = -. 

More precisely, he proves the following result. 
Theorem 3 (Tachev [12]) It is not possible to find 

cti < 1 or a 2 < 1 or a i > ^ or a 2 > ^ 

and fci, ^2 > smc/i that 

x^{l~x) a - x a i(l-x) a > 

fci < R n {g,x) < fc 2 t= 

n 

ZioZd irite /or a/Z a; € [0, 1] and n £ N. 

The previous results are in closer connection with the following conjecture. 

Conjecture 4 (Cao, Gonska and Kacso [2, 3]) LetT n :C[0,l] -> C[0,1] be 
a sequence of linear operators, e n > 0, with lim e n = 0, tp(x) = \/x(l — x), 

n— >oo 

and < /3 < A < 1. If, for every f £ C[0, 1], one has 

\T n (f, x) - f{x)\ < C(f) uf (/; e n <p x -\x)), 
where C(f) is a constant dependent only onf, then the lower pointwise estimates 

c(f) u f(f; e n <p x -\x)) < \T n (f, x) - f(x)\, f £ C[0, 1], 
do not hold in general. 
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Let us recall the definition of the generalized modulus lo^ (see, e.g., [6, 
Chap. 2]) 

uf(f;6) = sup IIA^/H, 

0<h<& 

where 

C f(x - h^{x)) - 2 f{x) + f(x + hp x (x)), 
A l^f( x ) = \ 0<x- hip x (x) <x + hip x (x) < 1, 

[ 0, otherwise. 

By using Theorem 3, Tachcv [12] gives a positive answer to Conjecture 4 in 
the particular case when T n is the Bernstein operator B n . 

The main tasks of this paper are: 

- to establish a relation of the type (2) for any linear positive operator 
preserving linear functions T n : C[0, 1] — > C[0, 1]; 

- to give a solution to the Tachev Open Problem 1; 

- to answer the Cao, Gonska and Kacso Conjecture 4 for all positive linear 
operators preserving linear functions T n : C[0, 1] — > C[0, 1]. 



2 Auxiliary Results 

In the following we shall use the following notations: 
1= [0,1], 

C(I), the Banach space of all continuous functions /: I — > K endowed with 
the uniform norm ||/|| = sup|/(x)|, 

x£l 

e?(t)=V, te[0,l], j£N, 

[a;i, . . . , x m ; /], the divided difference of the function / at the specified 
distinct knots x\, . . . , x m , defined by 

r x .f] = y* /(^fc) 

mi fr[{xk- xi)---(x k - x k -i)(x k - x k+ i)---(x k - x m )' 

A function /: I — > E is said to be s-convex (s-concave) on J if for every system 
Xi, . . . , x s+2 distinct points in / we have [xi, . . . , x s+2 ; /] > (< 0). 

Following [8], we denote by K S (I) (K S (I)) the cone of all s-convex (s- 
concave) functions on /. 

In what follows we shall need the following results: 



3 
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Theorem 5 ([8]) Let A: C[0, 1] — >• R be a positive linear functional with A(eo) = 1. 
IffGK 3 (I),then: 

A{f)-f{a)> A{e2) -~ a2 f"(z). (3) 



3A(( ei -a) 2 ) 

An application of the Jensen inequality to the concave logarithmic function 
yields 

axi + (1 — a)x 2 > Xix\~ a , xi,X2>0, a£ (0,1), 

or 

xi+x 2 > ^ ^J^i-a ' zi,z 2 >0, ae(0,l). (4) 
We will also make use of the following result. 

Lemma 6 Let A:C[0, 1] — >• R 6e a positive linear functional with A(eo) = 1. 
Define the functional B: C[0, 1] — > M fry 

:=A(/( eo - ei )). 

Tften, wit/i 6 := S(ei), the following equalities hold true. 

B(e ) = l, B( ei ) = l-a, B ((e, - 6) 2 ) = A (( ei - a) 2 ) . 

The proof reduces fairly easily to explicit computations. 

3 Main results 

The following theorem gives an answer to and generalizes the Open Problem 1 
raised by Tachev. 

Theorem 7 Let a,x € (0,1) and T„:C[0, 1] — > C[0, 1] 6e a positive linear 
operator preserving the linear functions. Then, the following inequalities hold 
true. 

l + a 

, . o \ , , x (T„(e 2 ; x) — x 2 ) 2 , N 

2 (T n (e 2 ; x) - x 2 ) < T n (g; x) - g(x) < ^i^i - ■ ^ 

w/iere fc(a) = (1 — a) 1 ^ . 

Proof. It is known that g € K 3 (L). Define the linear functional A(f) := T n (f; x). 

If T„((ei - x) 2 ;x) = 0, then T„(/;x) = f(x) for every / e C[0, 1]. and 

inequality (5) is trivial. Let us suppose that T„((ei - x) 2 ;x) > 0. 

T„ ((ei -x) 3 :x) / N 

Let us prove that z = x + „^ — r € (0, 1). 

3T„ ((ei - x) 2 ;x) 
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First, let us note that {eo, ei, e3}and{eo, eo— ei, (eo — ei) 3 } are Chcbyshev 
systems on /. 

The inequality z > is equivalent to T n (e 3 ;x) > x 3 . Since e 3 is convex, by 
Jessen inequality for positive linear functionals, we deduce that 

T n (e 3 ;x) > x 3 . 

If T„(e 3 ;x) = x 3 , then the positive linear functional A: [0, 1] — > R, = 
T n (f;x), satisfies the relations: 

A(e ) = l, A(ei)=x, A(e 3 )=x 3 . 

By Saskin's ([10]) theorem, wc deduce that A(f) = f(x), for all / e C[0, 1], so 
T n {{e\ — a;) 2 ; a;) = 0. This is in contradiction with the initial assumption. 
The inequality z < 1 is equivalent to 

(1-.t) 3 <T rl ((l- ei ) 3 ;x). 

The function (1 — e^ 3 is convex. Next, we just follow the same procedure 
as above and obtain that T„((ei — x) 2 ;x) — 0, which contradicts the initial 
assumption. 

Now let us properly begin the proof of inequalities (5). By (3), we get 

A{g)-g{x)> A{e2 \~ x2 g"(z). (6) 

But g"{z) > 4, and so, from (6) we obtain 

T n (g;x)-g(x) > 2(T n (e 2 ; x) - x 2 ). 
The function gi:[0, 1] — > K, gi(x) — x lnx, x e (0,1], g(0) = belongs to 

K 1 (i)nK 2 (i). 

In what follows, we need the following inequality (see [8, Corollary 3.2]). 

A( gi ) 9l (x) < (A(e 2 ) x 2 ) JL (7) 

y/T n (e 2 ;x) 

By Lemma 6 and (7) we get 

B( gi ) - 9l (l-x)< (A(e 2 ) x 2 ) 1 (8) 

V(l - x) 2 + T n (e 2 ; x) - x 2 

But 

A( g ) - g(x) - A( 9l ) - 9l (x) + B( 9l ) - 5l (l - x) (9) 
From (7), (8) and (9) we obtain 

T n (g;x) - g{x) (10) 

< (T n (e 2 ;x) - x 2 ) [ , 1 — + , 1 ) 

" \^/x 2 +T n (e 2 ;x)-x 2 y/(l - x) 2 + T n (e 2 ; x) - x 2 j 
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From (4) we obtain 



x + T n (e 2 ;x)~x > — {1 _ a)1 - a (11) 

(l-x) + T n (e 2 ;x)-x > — (1 _ a) i-a ( 12 ) 

From (10), (11) and (12), we get 

l+q 

T n (g; x) g(x) < ^"^ffjff ^ <** (1 - a) 1 ^ (x<* + (1 - x) a ) 

By using the inequality 

i a + (l-j;) a <2 1 - Q , xe[0,l], 

the proof is completed. □ 
In the case of the Bernstein operator, we deduce the following results. 

Corollary 8 For all x G [0,1] the following inequalities are satisfied. 

2- l <B n (g;x)-g(x)< K > , (13) 

n z n 2 

and 

2 X ^^<B n (g;x)~g(x)<-. (14) 
n n 

Proof. Relation (13) follows from (5) because B n (e 2 ;x) — x 2 = x(l — x)/n. 
From (13), for a / 1, we obtain (14). □ 

Remark 9 We note that (14), already proved in [9, Lemma 3.2], is an im- 
provement of Berens and Lorentz's inequality (1). 

Corollary 10 The best constant (3 in (2) is (3 = 1. 

Corollary 11 Let b <= Then 

2 xjl_x) < Bn{g . x) _ g{x) < {2 b- 1)^(1 _ ^i-taad-t) ^-^! -^ 1 -^ 

(15) 

and ai = a 2 = 1 — b are the best constants in (2). 

Proof. Inequalities (15) follows from (13) for a = 2b — 1. 
Since g < 0, we have: 



l-a 



B„{g;x) 



= x (-lnn+ (n- l)ln ( 1 



n\ /l 

\ n 



> ar(-lnn-l), ie[0,l], (16) 
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Suppose that there exist some constants a\ > 1 — b and a 2 such that 

B n (g;x)-g(x)<K { ~ b ) , (17) 

where if is a constant independent of x and n. 

Since g(x) < xlnx, from (16) and (17), we obtain 

x a i (\ _ x)"" 2 

x (— Inn — In x — 1) < -B„(.g; x) — g(x) < K ^ . 

For x — 2^-, a > 1, the previous inequalities yield 

/ P - a \ a2 

(a- l)e- a n b - 1+ai < Ke- aai M - — J , for all n e N, n > 1, 
which is not true. □ 

In what follows, we give a positive answer to Conjecture 4 in the case when 
T n are positive linear operators preserving linear functions. To this end we need 
the following result. 

Lemma 12 Let T n , n € N, be positive linear operators preserving the linear 
functions. If there exist some constants a\, ai and C > such that 

T n (g;x)-g(x)>Ce 2 n x ai (l-x) a2 , forall x e [0, 1] (18) 

then ai,a2 > 1. 

Proof. Let us suppose that inequality (18) is satisfied for some a\ < 1. Since 
g(x) < 0, we obtain 

T n (g-x)-g(x)<-g{x). (19) 

From (18) and (19), we get 

Ce 2 n x ai (l-x) a2 < -xlnx- (1 -.x)ln(l - x), 



or 

Cel(l - xf 2 < -x 1 -^ lux -{I- x)^^, 

which, for x \ 0, gives C e 2 n < 0, which is false. Similarly, for x 1, we obtain 
that o 2 > 1. □ 

Now we are in position to answer Conjecture 4. 

Let us suppose that there exists C(f) > 0, (3 e [0, 1] and A e (0, 1) such that 
\T n {f-x)-f{x)\ > C{f)uof{f-e n ^\x)) 



for all x G [0, 1] and / e C[0, 1]. In particular, we have 

.1-; 



T n (e 2 ;x) - x 2 > C(e 2 )wf (e 2 ; e„^- A (x)) = C(e 2 ) ^ ^ e 2 (20) 



On the other hand, from (5) we have T n (g;x) — g(x) > 2(T n (e2',x) — x 2 ), and 
so T n (g;x) — g(x) > C(e 2 ) - — gfe=jr e 2 , which contradicts Lemma 12. 
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Abstract 

In the present article we find the hypergeometric representation of the 
Szasz-Baskakov operators and obtain the moments using confluent Hy- 
pergeometric functions, which can be related to Laguerre polynomials. 
We study approximation by linear combinations of Szasz-Baskakov oper- 
ators and establish a Voronovskaja-type theorem. The case of weighted 
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1 Introduction 

There are several integral modifications of the well known Szasz-Mirakyan op- 
erators [13] available in the literature which include the most common modi- 
fications due to Kantorovich and Durrmeyer. In the year 1983 Prasad et al. 
[12] introduced the modification of the Szasz-Mirakyan operator by taking the 
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weights of Baskakov basis functions as 

oo />oo 

S n (f, x) = (n-l)J2 s n.k{x) / b n . k (t)f(t)dt, x e R+ = [0, oo) (1.1) 
fc=0 J ° 

where s n , k (x) = e — ^ and b n . k (t) = (i" 1 )^ = ^jj^ and 
{n)k represents the Pochhammer symbol given by 

(n) k = n{n + l)(n + 2)(n + 3)....(n + fc - 1). 

Some approximation properties on such operators were later studied by several 
researchers Gupta [6] improved the estimates of [12]. In further studies Gupta- 
Gupta ([9], [10]) considered the simultaneous approximation and they obtained 
asymptotic formula, error estimation and inverse theorem for these operators. 
Recently Tuncer et al. [1] estimated the rate of convergence for functions hav- 
ing derivatives of bounded variation. The q analogue of these operators was 
discussed in [7] and the Stancu variant of q operators was studied in [11]. Deo 
[4] also claimed to study the inverse theorem for the operators S n , but he has 
copied some parts without giving proper citations for example Lemma 2.3 of [4] 
was copied and repeated the same misprint as in [10]. 
Alternatively (1.1) with k\ = (!)&, can be written as 



+ tj (l) fc fc! 



dt 



= (»-D ff?^^;-)^ 

where the function \F\ is known as the Pochhammer-Berens confluent hyper- 
geometric function defined as 

OO / n u 
77i / 7 \ \ ^ Wife X 

1 iT l(o;6;af) = g__ 

2 Moments 

In this section we establish the moments of Szasz-Baskakov operators. 
Lemma 1 For n > and r > 0, we have 

S n (f,x) = F(n ~ r T ~ n + 1} ^(-r; 1; -nx). (2.1) 



Further, we have 



5,y. I )^ r( "-: + "^ + 1 » M-„ ) , 

r(n- 1) 



where L r (—nx) is the Laguerre polynomials. 
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Proof. Substituting f(t) = t r in (1.1) and using the definition Beta integral, 
we have 

S (f x)-(n-l)^ ernX{nx)k {n)k r ^ dt 

k—0 

e- nx {nx) k (n) k T(k + r + l)T(n - r - 1) 

~ (n ~ jfej fcT~ r(n + k) ~' 

k=0 y ' 

Using k\ = (l) fe and r(fc + r + 1) = T(r + l)(r + l) fe , we have 

S B (f , x) = (n - 1) C — r(n - r - 1) £ F < r + 1)(r + 1)fe 



k=0 



k\ (l) fc (n) fc r(n) 



e- m r(n - r - l)r(r + 1) y> (r + l) fc (nx) k 
e -~T(n - r - l)r(r + 1) „ , 



T(n- 1) 

which on using i-Fi(a; 6; x) — e x a;b;—x), leads us to (2.1). 

It is obvious that the confluent Hypergeometric functions can be related with 
the generalized Laguerre polynomials L™{x) with the relation 

(m 4- n) ! 

iJi(-n;m+l ;a ;). 

m\n\ 

Thus 

5n(r,x) = r ^-;- 1 ^ r + 1 ) Lri-nx), 
1 (n — 1) 

where L r (—nx) = L®.(—nx) is the simple Laguerre polynomials. ■ 

Remark 2 5y definition of the operators S n (l,x) = 1, using Lemma 1, we 
have 

1 + nx 2 _ n 2 x 2 +4n:r + 2 
n-2^ n[ ' j ~ (n-2)(n-3)" 
TTie higher order moments can be obtained easily by Lemma 1. For fixed x € 
/ = [0, oo), define the function ip x by ip x (t) = t — x. The central moments for 
the operators S n are given by 

(S n ^){x) = 1, (S n ti)(x) = (S n ri)(x) = (n + 6 ^ 2 ( ( n ^3 ) )X + 2 - 

Moreover, let x £ I be fixed. For r = 0, 1, 2, ... and n e N, the central moments 
for the operators S n satisfy 

(S„^)(*) = 0(n- [(r+1)/2] ). 

In view of above, an application of the Schwarz inequality, for r = 0,1,2,..., 
yields 

(SnWMx) < V(S n ^/)(x) = 0(n- r / 2 ). (2.2) 
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3 Better Approximation 

Very recently Bhardwaj and Deo [5] studied these operators again and they 
constructed the following operators as 

°° poo 

S n (f, x) = (n - 1) V s n , k (r n (x)) / b n . k (t)f(t)dt, (3.1) 
fe=0 J o 

with r n {x) = (w " 2)x " 1 . We may remark here that these operators are defined 
for n > 3 and on the compact interval x G [l,oo). Also it is observed that for 
the form (3.1), the Remark 21.6 of [5] should be: 



\a f f \ flM *n t (" + 6)^ 2 + 2(n + 3)x + 2 (1 + 2x) 2 V 

- m\ < cu 2 — (n _ 2)(n _ 3) — + J( 3 - 2 ) 

It follows that the degree of approximation is at most 0(n _1 ). To increase the 
degree of approximation, in the next section we consider linear combinations 
of the Szasz-Baskakov operators. The more general case of the above estimate 
in the q setting is already available in the literature. We refer the readers to 
Theorem 1 of [7]. 



4 Linear combinations of Szasz-Baskakov oper- 
ators 

It is known that the simple generalized Laguerre polynomials L k (x) have the 
following representation 

M*)=g<-^( t !,)f. (4.D 



4 
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Therefore the coefficient of the leading term in (4.1) is (—1) • h- Hence 



a ,,k ^ r(n - fe - l)fc! T , , 
S n (t k ,x) = ■ L k (-nx) 



r(n-l) 
T(n-k-l)k\ 



(4.2) 



E 



r(n-i) ^V fc -iy r 



r(n- fc- l)fc! 

r(n-i) 

r(n- fc- 1) 



£■ &• fc— 1 

n x 



fc! 



fc fc I> - fc - l)fc! t-1 

« a; + — 2^ 



r(n-i) f^Kk-jJ j\ 



r(n-l) 

Following the ideas from [15] we will consider the following linear combinations 

r 



i=0 



where rij, i = 0, 1, . . . , r-are different positive numbers. Determine cti(n) 
such that S nir p = p for all p £ P r . This seems to be natural as the operators 
5 n don't preserve linear functions. The requirement that each polynomial of 
degree at most r should be reproduced leads to a linear system of equations: 



S n>r {t k ,x) = x k ,0<k<r. 
Therefore (4.2) and (4.3) imply the system 



uq + ct\ + • • • + a r = 1 

-*r r(nj — k— ] 

W=0 a * ' T(ni-l) 

The unique solution of this system is 



a,: 



r(n, - 1; 



r 1 



r(rii - r - 1) (rii - rij) 



-, < i < r. 



(4.4) 



(4.5) 



(4.6) 



To verify this, let us set firstly fc = r in the second equation in (4.5). By 
using (4.6) the left side of second equation of (4.5) is equal to 



7=0 



/[n ,ni, ...,n r ], f(t) = t r , 



(4.7) 



where in (4.7), we have used the well known formula for the representation 
of the divided difference /[no, n\, . . . , n r ] over the knots no, . . . , n r for f(t) = t r . 
But the latter is equal to the leading coefficient in the Lagrange interpolation 
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polynomial of degree r over the knots no, . . . ,n r , which obviously is equal to 1. 
Further if 1 < k < r in (4.5) then we should verify that 

v r(n * - k ~ l ) . „k . n 1 = i 

^r(ni-r-l) * fi^-n,) " 

Consequently 

(n,i — r — - r) • (n* - fc - 2) • n\ = h(rii) e P r , 

with leading coefficient 1. So in a similar way as above we see that the second 
equation in (4.5) holds true for all 1 < k < r. To verify the first equation in 
(4.5) we only need to observe that a + ■ ■ ■ + a r equals to the divided difference 
/K, • • • ,n r ] for 

/(t) = (t-r-l)(t-r)...(t-2)=f + ... 

and the latter is equal to 1. According to (4.2) by the same method we observe 
that 

,A T{n t -k-l)k\ ( k WxJ 

for < j < fc — 1 and 1 < k < r. To obtain a direct estimate for approximation 
by linear combinations S n<r one needs two additional assumptions: 

n = n < ni < ■ ■ ■ < n r < A ■ n, (A = A(r)), (4.8) 

r 

Y,\ui{n)\<C. (4.9) 

i=0 

The first of these conditions guarantees that 

(S n ,rW x +1 \) (x) = O (n-^ ,n^^, (4.10) 

which follows from (2.2). The second condition is that the sum of the abso- 
lute values of the coefficients should be bounded independent of n. This is due 
to the fact that the linear combinations are no longer positive operators. We end 
this section with the following example: 

Example 3 Let n = n,n\ = 2n, n 2 = 3n. Then by simple calculations we 
verify that 

_ (n-2)(n-3) _ 1 5 1 3 
a ° ~ (-n)(-2n) ~ 2 ~ 2 ' n + v?' 

ai = -4 + 10--6~, 

n n z 
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_ 9 15 1 3 

2~T + 
The two assumptions on on are fulfilled. 

But if we choose — n, ct\ = n + l,a2=n + 2 it is easy to verify that the 
condition (4-9) is not satisfied. So we should be careful with the choice of the 
coefficients of the linear combination. 

5 Direct estimate for linear combinations S njr 

The main result in this section is 

Theorem 4 Let f £ Cb [0, oo) . Then for every x £ [0, oo) and for C > 0, n > r 
we have 

\(S n , r f)(x)-f(x)\<C-W r+1 (f,^= 

where Cb[0, oo) be the space of all real valued continuous bounded functions f 
defined on [0, oo). 

Corollary 5 If f (r+1) £ C B [0,oo) then 

in j 

Proof. The classical Peetre's i^-functional for / £ Cb[0, oo) is defined by 

K r (f,S r ) = w£{\\f-g\\+5 r -\\gV\\ : g£W^},8>0, (5.1) 

where = {g £ Cb [0, oo), £ C_b[0,oo)}. From the classical book of 

DeVore-Lorentz [3] there exists a positive constant C such that 

K r (f,5 r )<Cu r (f,8). (5.2) 

Let g £ W^. By Taylor's expansion of g we get 

9{t) - g{x) + ± ^> + • gW&J. (5.3) 

We apply the operator to the both sides of (5.3). Now (4.4) implies 

S n , r (g,x)-g{x) = S n , r ( ^\~ ^ ' 9 (r+1) ^t, x ); 

Therefore 

r /U „lr+l \ 

,(H-1)| 



|(Sn,r/)(x) - < C • f ^V +1 • ||/ (r+1) ||c B [0,oo). 



S n , r (9,x)-g(x)\<pJa i \.S ni • llff ( 



C B [0,oo) 
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From (4.9) and (4.10) it follows 

\S n , r (g,x) - g(x)\ < C(r) ■ ■ ||5 (r+1) ||. 

Consequently 

|S„,r(/,a:)-/(a;)| < \S n , T (f - g, x) - (/ - 5 )(a;)| + \S n , r {g, x) - g{x)\ < 

< 2\\f - g\\ + C(r) • n-^ ■||ff< r+1 >||. 

Taking the infimum on the right side over all g £ W^ 1 and using (5.1), (5. 2) 
we get the required result. ■ 

Remark 6 If r = 1 then linear combinations of only two Szdsz-Baskakov oper- 
ators 

S n ,r — a o ' S na + OL\ ■ S ni 

guarantees, that the linear functions will be preserved. Then Theorem 4 implies 
direct estimate in term of second-order moduli of smoothness, which improves 
the estimate (3.2) from [5]. 

6 Generalized Voronovskaja-type Theorem 

The following Voronovskaja-type estimate was proved in [5]-(see Remark 21.8 
there:) 

km n[S n (f,x) - f(x)} = (2x + l)f'(x) + (x 2 + l)f"{x). 

n— >oo 

The aim of this section is to generalized this estimate for linear combinations 
of S n . 

Theorem 7 Let /,/',..., / (r+2) G C s [0,oo). Then, ifr = 2fc+l,fc = 0,1,2,... 
for x e [0, oo ) it follows 

lim n k+1 ■ [S n>2k+1 {f,x) - /Or)] = P 2k+2 (x) • f^ 2k+2 Hx), 

n—toc 

where 

P 2k+2 (x) = lim (S n . 2k+1 (^ 2 x k+2 (t),x)n k+1 ) 

n— >oo 

Proof. By Taylor's expansion of / we obtain 

2 . fc + 2 ( f _ ~\i If _ ,^2fc+2 

f(t) = f(x) + £ ( - L ~f L ■ f {i) {x) + [ {2k l 2)l ■ R(t, x), (6.1) 
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where R(t, x) is a bounded function for all t, x £ [0, oo) and lim R(t, x) = 0. We 
apply S n> 2k+i to the both sides of (6.1) to get 



t—tx 



S n ,2k+l(f,x) - f(x) = f ^k + 2)\ ' Sn,2k+lW 2 x k+2 ,x)+I, (6.2) 

where 

I = ^-^yy ' S n ,2k+i ((* - x) 2k+2 ■ R(t, x);x). 
From (2.2), (4.9) and (4.10) we get 

\S n , 2k+1 (ri k +\x)\ = O (n-1 2 ^]) = O (n-W) . (6.3) 

Let e > be given. Since x) — > as t — > x, then there exists (5 > such 
that when |t — arj < <5 we have |£(t, x)| < £ and when |t — x| > S we write 

|^,x)|<C<C-^^ 2 . 

Thus for all t, x e [0, oo) 

|£(i,x)|< £ + C-^^ 

and 

I7"l <r r?«r . „-(fc+i) 4- 

<5 2 



J| < • n'^ + § • |5 n>2 fc + i((t - x) 2k +\x)\ < 



< Ce ■ n-( fe+1 ) + § • n-( fc + 2 ). 

Hence 

„fc+i.|/|<c e +gi. 

d 2 n 

So 

lim n fc+1 • |/| = 0. 

n— too 

Combining the estimates (6.1), (6.2) and (6.3), we get the desired result. This 
completes the proof of the theorem. ■. 



7 Weighted approximation by Szasz-Baskakov 
operators 

First we point out that our statements in previous sections are formulated for 
/ £ Cb[0, oo). On the other hand, the Szasz-Baskakov operator S n is well- 
defined for much larger class of functions, satisfying certain polynomial growth 
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at infinity, that is |/(i)| < M(l + t) m , for some M > 0,m > 0. In this case we 
consider the weight 

p{x) = (1 + x)- m , x e I = [0,oo). 
The polynomial weighted space associated to this weight is defined by 
C p (I) = {/ G C(I) : < oo||, 

where 

H/ll^supp^)!/^)!. 

ie>0 

Recently the case of weighted approximation by a broad class of linear positive 
operators, satisfying some conditions was considered in [2]. For a G No,& > 

0, c > we denote 

ip(x) = \J(1 + ax){bx + c). 
For A G [0, l],r = 1, / G C p (I) we consider the if -functional 

K 1 ^(.f,t) P = mi{\\f - g\\ p + t\\<p x g'\\ p , g G Wftfa)}, 

where VF^^) consists of all functions 5 € C p [0,oo) such that H^'VUp < 00. 
According to the second moment of Szasz-Baskakov operator we set a = 2, b = 

1, c = 0. Hence tp(x) = \J x(l + 2x). One of the main statements in [2] is The- 
orem 1, which we cite here as: 

Theorem A Let L n :— > C P (I) be a sequence of positive linear operators 
satisfying the following conditions: 

(i) L n (e ) = e . 

(ii) There exists a constant C\ and a sequence {a n } such that 

L n {(t - x) 2 , x) < Cia n ■ ip 2 (x). 
(Hi) There exists a constant C 2 = C 2 (m) such that for each neN, 

L n {{l + t) m ,x) <C 2 {l + x) m , x>0. 
(iv) There exists a constant C 3 = C 3 (m) such that for every m G N, 

(it-x) 2 \ 
p(x)L n y ,xj < C 3 a n ■ (f 2 (x), x>0. 

Then for A G [0, 1] , there exists a constant C4 = Ci(m, A) such that for any 
f € C p (I),x G I,n € N, one has 

p(x)\f{x) - L n (f, x)\ < C 4 K h(p , (/, JcT n ■ ^\x)) pi x>0. 
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It is easy to verify that all 4 conditions in Theorem A are satisfied for 
L n = S n with a n — \- The condition (i) is obvious. The conditions (ii), 

(iii) follow from the representation of the second moment and (4.2). To verify 

(iv) we apply again the Schwarz inequality and estimate for the fourth moment 
of S n - So we arrive at the proof of the following statement for a weighted ap- 
proximation by S n : 

Theorem 8 By the conditions of Theorem A the following holds true 

p(x)\f(x) - S n (f,x)\ < C 4 K hv x(f,^- ^- x (x)) pi x > 0. 

If A = 1 we get the estimate in term of the first Ditzian-Totik modulus of 
smoothness. For A = we get the estimate in term of the first modulus of 
continuity. The both estimates are in a point-wise form. 
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Abstract 

H. Gonska and R. Paltanea introduced and investigated a remarkable 
class of positive linear operators constituting a link between the classi- 
cal Bernstein operators and the genuine Bernstein-Durrmeyer operators. 
In this paper we study the fc-th order Kantorovich type modification of 
these operators. For the modified operators we establish explicit formulas 
as well as recursion formulas for the images of the monomials and the mo- 
ments of arbitrary order. Applications are given to asymptotic relations. 
In particular, this unifies several known results for classical sequences of 
positive linear operators. 
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1 Introduction 

We consider sequences Q^ p , n E N, k e No, p € K + , of positive linear opera- 
tors which can be considered as the fc-th order Kantorovich modification of the 
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operators U%. For a function / G C[0, 1] the operators U£ are denned by 

n 

ra-l „1 

= /(0K,o(^) + /(l)Pn, n (a;) + X> niJ -(aO / ^{t)f{t)dt 

3=1 J ° 

where p„,j(or) = (j) 3 ^ 1 ~ a; )™^ ' < j < n, a; e [0, 1]. 

Moreover, for 1 < j < n - 1, // • (*) = ^ — -— — — with Euler's Beta 

B(jp,{n- j)p) 



function B(x, y) 



r V- 1 (i-tr 1 dt= r ^ )r(y , ) ,«,y>o. 

i r(aj + y)' 

The operators were introduced in [8] and studied in [2, 3]. They con- 
stitute a non-trivial link between the Bernstein operators B n and their genuine 
Bernstcin-Durrmeyer variant U\ and inherit many useful properties of these 
classical operators. In [2] it is proved that 

lim U< r lf = B n f = U?f uniformly on [0, 1] for any / e C[0, 1]. 

p— >oo 

In [4] Gonska and the authors of this paper investigated the fc-th order Kan- 
torovich modification of the Bernstein operators, i.e., 

D k oB n o I k (1) 

where D k denotes the fc-th order ordinary differential operator and 

I k f = /, if k = 0, and I k (f, x) = £ ^*\y f(t)dt, if k € N. 

In the investigation a crucial role was played by the moments of the new oper- 
ators, and by the images of monomials under them. 

In this paper we generalize this concept to the operators U£ and consider 

Q k n >r = D k oUZoI k ,neN,keN ,peR + . 

This general definition contains many known operators as special cases. For 
p — > oo the operators Qn °° are the fc-th order Kantorovich modification of 
the Bernstein operators (1) which include the Bernstein operators the 
Kantorovich operators Q]i°° and the Kantorovich operators of second order 
Qn°° considered by Nagel in [7]. For p = 1 we get the genuine Bernstcin- 
Durrmeyer operators Q"' 1 , the Bernstein-Durrmeyer operators Q^ 1 and the 
auxiliary operators Q k ' x considered in [6, (3.5)]. 

In this paper we establish recurrence relations and explicit representations 
for the moments and the images of the monomials for the general operators 
Qn P - This enables us to get asymptotic relations for the operators Q k ' p - In 
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particular, we establish a Voronovskaja type formula for Q„' p , which unifies the 
corresponding formulas for the special cases mentioned above. 

Throughout this paper we use the notations a- := Y[^Zq(cl ~ 0; a * := 



nf=o 1 ( a + 1), k ^ N, a- = a := 1 and for abbreviation we define X := x(l — x), 
X' :=l-2x,Y:=y(l-y),Y' := 1 - 2y. 

2 Monomials and moments — explicit formulas 

In this section we prove general explicit formulas for the moments and the 
images of the monomials of the operators Q*' f '. In what follows we denote by 
e v {t) = t v , v e No, the monomials and by 



A i ,/w = E(- 1 )'" K Q /(a;+K/l) 



n-1 v-1 , 



p" " v ~ x ( I 

- — r=ra Vp„-M-i(x) TT (i +- 



We have 

v-1 



i=i v p/ j=o J ' i=i 



(2) 



K=0 

the Z-th order forward difference of a function / with step h and define 

i=i ^ P' 

We first consider the images of the monomials for the case k = 0. 
Theorem 1 Let n e N, p e M.+ , v e N 0; v < n. Then 

(Q°n P eo)(x) = 1, (3) 



(Qn ,p e,)(x) = E Qi ( A rV,(l)) ^ * G N. (4) 

Proof. For (3) see [8, (2.7)]. 

In order to prove (4) we take into account that 

/o PP-^l - t)(»-0f-idt T(ip)T(np + v) {npf 11 V p 
Thus we get for ^ > 1 
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which can be derived by the using the Newton representation of the interpolation 
polynomial of p p v for the equidistant knots l,2,...,v, evaluated for £ = i. Then 



^ P> i=l j=0 J ' 1=1 



^ Ajpg(l) ^ (n-1)! 
(n P Y nX L< j\ Lj*-i-^-i-* x \ n -j i)r 



.E"i(^(i))^. 



(»p) s 



Remark 1 [/sing £/ie representation (4) can be rewritten into 

(Q° n p ^) =^t (")■<■>■' d ,u 1 ■ C ; + «)■ 

Now we look at the special cases p = 1 and p — > oo. 

1 fn-lV 

p = 1: Then — = = — ^ and with [5, (3.48)1 

{n) v {n + v-l)V 1 y n 



Thus 



j=i 

which coincides with the formula given in [11, Lemma 1.11]. 

P v 1 
p — > oo: Then - — — — > — , and 

{np) v n v 

3-1 



Ar^(i) = £(-ir ^ ( j K x ) ( fc + i)* -1 

^(-l)^(4" = (j-l)!ai, 

K= 1 ' 



^1 

where cr£ denote the Stirling numbers of second kind. Thus 



□ 



which coincides with the known result for the Bernstein operators (see [4, p. 
720]). 

Next we consider the images of the monomials for the case fcsN. 
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Theorem 2 Let n e N, p e M.+ , v € No, v + k <n. Then 
Proof. By using Q£"e„ = j-J^ JI £>*Q0./> ei , +fc we get from (4) forteN 
v\ p v+k v+k fn\ / - • i \ j! 



Remark 2 ZTsinp agam i/ie representation (5) can be rewritten into 
(Q k n ' p e v )(x) 

j+k-1 



(y + k)\ (npj^ ^ (n - j - fc)!j! 



x 

K = 



Again we consider the special cases p = 1 and p — > oo. 

1 (n-lV 
p = l: Then = = -. v , _ N , , and again with [5, (3.48)1 



r j+fe-i i m _'v\ iv+fc-i-«^ + fc ~ lN \ ( K + ^ + fc ) ! 
A i ^ ( 1} « J («+!)! 



K=0 

j + fe-1 

K=0 



j + fc — l\ f k + z/ + k 

K+l 



{v + k-iy. 



j + k 



5 



324 



HEILMANN-RASA: KANTOROVICH TYPE OPERATORS 



Thus 



^ y " ! (j + fc) xHv , lV f" + fc 

+ (n + i/ + fc-l)!^ (n-i-fc)!j! 1 U + & 

n!(f + fc — 1)! v-^ / n—1 \(v 



(n + + k — 1) ! \n — j — k) \j 

This coincides with the corresponding result in [6, Satz 4.2] for the auxiliary 
operators with the notation Q^ 1 = M n _i^-i there. 

p — > oo: Then — > — -t- and 

" (np)-+ fe n' y+fc 

^ +fc -fe*(i) = ^ b- 1 )^" C i fc ) ^ k = w + fc - i^+t 

Thus 

f0 fe '°°e Hx) - — — V " ! 0' + fc)! j+ k j 

which coincides with [4, (2)]). 

For the evaluation of Q^ p e v , fc e N, for special values of v, we use the 
representation 

pZ +k (o= E p-^(i,2,...,^+fc-i)r +fe - 1 -', 

with the notation er.,-(xo,xi, . . . , x n ), j G N, for the symmetric function which 
is the sum of all products of j distinct values from the set {xo, x\,.. . x„} and 
<Jo{xo,Xi, . . . ,x n ) := 1. 

For the monomial e m it is known (sec e.g. [9, Theorem 1.2.1]) that 

Aj+fc-i m =J ' m<j + fc-l, 

1 m[ ' \(j + k- iy.T m _ u+k _ 1} (l, 2, . . . ,j + k)fl <j + k- l<m, 

with the complete symmetric function tj(xo, x\, . . . , x n ) which is the sum of all 
products of x , xi, . . . , x„ of total degree j, j G N, and t (x , Xi, . . . , x n ) := 1. 
Thus we can rewrite (Q^' p e u ) into 

{Q K Pe )(x) _z< ^.(j + ky. , 



v-3 

X 

1=0 



P'^lih 2,...,v + k- \)r v -i-j{\, 2,..., j + k). 

1=0 

As a corollary we present the results for v = 0, 1, 2. 
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Corollary 1 For k e No the images for the first monomials are given by 



{Q k n p e ){x) 



(np) k 

n k+l 



nK 



(np) 



fc+i 



k ( 1 + - ) + (n- k)x 



n k+2 

9 ■ 



(np) 



k+2 



1, /3fc + l fe+1 3fc + 5 



+ 



+ 



6p 2 



1 



+(n - k) ( (k + 1) ( 1 + ^ ) x + (n - k - l)x 2 



C7 (l, . . 


. ,m) = t (1, . 


. ,m) 


<7l(l,.. 


• ,m) = n(l, . 


. ,m) 




^2(1,. 


. ,m) 




T 2 (l,. 


. ,m) 



Proof. For fc = the identities follow from Theorem 1. For k e N we derive 
the proposition by using the representation (6) and the fact that for m e N 



^m(m + l), 

^(m - l)m(m + l)(3m + 2), 
^m(m + l)(m + 2) (3m + 1). 

□ 

Next we consider the moments of <2„ p . For abbreviation we use the notation 
M k n p m (x) = [Q^( ei - xe ) m ](x), meN ,xe [0, 1] (7) 

and use the fact that M^ p m {x) = ^ ( U-x) m -'(Q%''e v )(x). 

Again we first treat the case k = 0. 

Theorem 3 Let n e N, p e R+, m e N 0; m < n. Then 

M° n $(x) = 1, 
<f(x)=0, 



(8) 
(9) 



m 



(10) 



x| i/ ii/Ar 1 P e +m _ j (l),m>2. 



Proof. For (8) and (9) see [8, (2.7)]. 

In order to prove (10) we apply Theorem 1. With the indextransform j — > 
j — m + v, changing the order of summation and applying the indextransform 
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v — \ v -\- to — j , w6 derive 



m / \ v v / \ 

(-,r + g(:)(-,r-^i:(^-(^-y(i)) 



'/=i 



X 

j=m—v-\-l 



N : 0-m+J u - m+,,) ( a! "" 4 *" ,, < (1) )*' 

■m-v+l VJ 7 

to / \ j/ 

(-*)-+ 2> E :)(-D™-^ 

j = l !^=TO+l-j V 7 V F/ 

xr._; + J (j - TO+ ,)(Ar™--y(i)) 



j = l v=\ 

X 



□ 



Remark 3 Analogously as for the images of monomials, (10) can be rewritten 
into 



K = 

Next we consider the special cases p = 1 and p — > oo. 

1 (n - IV 

p = l: Then = = -. > '- — , and with [5, (3.48)1 

1 ( n y+ m -i {n + u + m-j- 1)! 1 y n 

1 _ K (v — X\ (k + v + m — j)\ 
(k + 1)] 



^r 1 pi +m _ J -(i) = E(- 1 ) 

= (i/ + m — j — 1)! 



K = 

V + TO — j 
V 
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Thus 

m j , _ -I \ | 

M^ m {x) = {-x) m + Y(-xy V {-If-. ^ j '. — 

j— 1 i/— i v y 

n! / m \ ( A (y + m — j — 1)! 
X (n^)! - v) \v) Jy^V)\ ' 

which coincides with the result in [11, Korollar 1.12]. 

v+m-j i 

p — > oo: Then ^=^= — > ; r and 

{np) v+m -3 

Arv^-^i) = ^E(-i)" +K Q«" +m " j ' 

K— 1 ^ ' 

= !) ! <+ m -r 

Thus 

In our next theorem we evaluate the moments for the case k e N. 
Theorem 4 Lei n e N, p e K+, fc G N, m e N 0; m + fe < n. Then 

^w = F(-^) j T p =(-ir(. m ) (ii) 

(y + m -j)\ n\{y + k) tu+k-io m 
(v + m-j + k)\{n-v-k)\v\ 1 P v + m -j+kK )■ 

Proof. We now use Theorem 2 and carry out the same steps as in the proof of 
Theorem 3 to derive 

(^ + *)!(np)"+* 

V n!(j-m + ^ + fc) /^ J -_ m+y+fc _ 1 \ 

^ (n-j + m-u-ky.ij-m + uy.K 1 P»+k^)) x 
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V x j V \ \(-i) m - v — 9 

^ ^ \v) K * {v + k)\( np y+ k 



j—0 u—m—j 



y n\{j - m + v + k) Ko - m +v+ k -i p m 

(n- j + m-v-k)\(j -m + v)\ 1 Pv+kK ' 



_ v (v + m-j)\ p»+™-i+k 



x 



v + to — j J [y + m — j + k)\ (np)" +m -j +k 

n\(v + k) Xu+k-io (1) 
{n-v-k)\v\ 1 Pv+m-j+k^) 



x + n!(^ + fc) r,+ fc -i P m 

(i/ + m-.7 + fe)!(n-i/-jfe)!i/! 1 ^+m-j+feW- 



Remark 4 TO/i we can rewrite the representation (11) into 

J^o ho {npY +m -3 +k \3-v) (v + m-j + k)\ 

X (n-^-fc)W ^ ( j /d^ + fc-l-K)!^" 1 -^^' 

From Theorem 4 we derive the following identity for the special case p = 1. 

1 Cn-lV 

p = 1: Then ^=^= = 7 v -, and with [5, (3.48)1 

(ny+m-i+k (n + v + m-j +fc-l)! 

v+k-l 



□ 



= (i/ + m- j + fc- 1)!( 

Thus 



K=0 

f v + to — j + k 
v + k 



(n- 1)! 



{n + iv + m-j + k- 1)! 
n! ^ to ^ (v + to — j + k — 1)! 

X ■ 



(n— v — k)\\j — v) \vj {v + k — 1)! 

This coincides with the result [6, Korollar 4.4] for the moments of the auxiliary 
operators named M n _\^-\ there. 
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With the same notations and arguments used for Corollary 1, the moments 
(10) and (11) can be computed by using 

^1 Pv+rn-j+k\ l ) 
m-j 

={v + k-l)\ J2 P~ l (Ti(l,2,...,iy + m-j + k- l)r m _j_,(l,2,...,i/ + fe). 

1=0 

Corollary 2 For k e N the first moments are given by 



{np)' 



p k+1 „' '/,(' i . 1 | a:'. 



(np) 



fe+i 2 



n k + 2 / 1 

M k ' p (x) = -^=n^ 1 + - 
"' 2V (np) k +* V P 



n- ( 1+ - ] k(k + l) 



1 



X 



+ 



12 



(3fc + 1) 1 + 



3 Monomials and moments — recursion formulas 

First of all, we establish recurrence formulas for the functions 

R k n ; p J , (x):=[Q k n '"(e 1 -ye r]{x), (12) 
where y € [0, 1] is a parameter. 

Theorem 5 The following relations hold for k e N : 



R k ^{x) = -^n k - 



(np) k 



n k+l 

9 ,n^ 



{np) 



k+l 



(m + k + l)(np + m + k) kpy 



m + 1 



d 



= pX-R k >™(x) + (pkX' + pn(x -y) + (m + k)Y') R k >™(x) 



dx 



fc <^ fVl J_ pfc(n - fc + 1) k-l,p,y, 

m + 1 ™< m+1 



(13) 
(14) 

(15) 



Proof. (13) and (14) follow immediately from Corollary 1. To prove (15) 
we first note that in case k = the last term on the right hand side vanishes. 
Furthermore, for k = (15) is Theorem 3.1 in [2]. Thus we have 



(np + m + k)R° n ^ k+1 (x) = pX ^-R^ +k (x) 



d_ 

dx 

jO,p,y 



(16) 



+ ((m + k)Y' + np(x y)) R^ m \ k (x) + (m + k)Y R^^x) . 
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On the other hand, 



D k R°n% V +k (x) = D^e, - ye ) m + k (x) = < ^±^D k U^h(e 1 - yeo) m (x), 



so that 



(17) 



Applying D k to both sides of (16), and then using (17), we obtain (15). □ 
Let us remark that, according to (7) and (12), 

M^ m (x) = R k n >^(x). (18) 

So, we shall replace y by x in Theorem 5, but first we need 

Lemma 1 For each to e No, 



dx 



dx 



M^W + mM*"^). (19) 



Proof. According to the definition of U£, we have: 
^M k f m (x) = j- x D k U?J k (ei xeor(x) 

d D k UP( ei - xe ) m+k (x) 



(m + k)\ dx 

to! d 
(to + fc)! dx 

to! d 
(to + fc)! dx ^ 

1=0 



D k \Y,PnAx)F^ j {e 1 -xe ) 



(x) 



^Pn^F^-xeo) 



m+k 



(to + A;)! 



m+k 



J=0 



J=0 



Now, as a consequence of Theorem 5 and Lemma 1, we have 
Theorem 6 The following relations hold for fc € No : 



<■?(*) 



(np) k 



pk+1 -_n±lk(l + -) \". 



(np) fe +! 2 



□ 

(20) 
(21) 
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(to + k + 1) (np + to + k) ^ k 



m + 1 



(X) 



(22) 



= pX-M^x) + (k(p + 1) + to) X'M*&(aO 



+m (p + l)IM„ i t 1 (x) + 



,,,,, , , pk(n - k + 1) k _ hp 

TO + 1 ™< m+1 



(a;), to e N. 



Obviously R n 'Q°(x) = Q k ' p e v (x); thus, setting y = in Theorem 5, we get 
Theorem 7 I7ie following relations hold for k e No : 



(np) k 



n k+l 



(23) 
(24) 



(;/ + fc + l)(np + ^ + fc) ( 



&'e„ + i(aO 



(25) 



= pX — Q k ' p e u {x) + (pkX' + pnx + is + k) Q k n p e u {x) 
ax 

pk(n — k + 1) . , . 
+ + 1 -<3„ 1,p e„+i(a;), ^N. 

As in the case of the moments, from these recurrence formulas we can com- 
pute the images of the monomials under Q k ' p . 

The following special cases deserve to be mentioned separately, since they 
are related to the operators investigated in [4]. From Theorem 6 we infer 



= X-^M^(x) + kX'M^(x) 

+rXM k f_ 1 (x) + k{n ;^ 1] M k n -^{x). 



(26) 



Moreover, Theorem 7 leads to 



(r + fc + l)n fc 

^-j-j e r+l{3 



= X^-Q k ^e r (x) + (kX' + nx) Q k '°°e r {x) 
ax 

^-^^Qt^e^x). 



(27) 
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4 Asymptotic relations 

The preceding results allow us to establish asymptotic relations for the operators 
Qn P - To this aim, an essential tool is the following theorem. 

Theorem 8 For each in e No we have, as n — > oo, 

M^{x) = 0(n-[ m i 1 \), (28) 
uniformly with respect to x e [0, 1] . 

Proof. For the moments M®'j(x) of U£, j G No, we know from [2, Corollary 
3.2] and Theorem 6 for k — that 

M° n p (x) = 1, M^{x) = 0, 

and for j e N 

(np + j)M°>? j+1 (x) = pX^M^(x)+jX / M n: P J (x)+j(p+l)XM^_ 1 (x). 

Now it is easy to verify by induction on j that for n — > oo 

M^ 3 {x) = 0(n-m), (29) 

uniformly with respect to x e [0,1]. On the other hand, from [1, Lemma 1] we 
deduce 

Comparing (29) and (30) we conclude the proof. □ 
Let us remark that (28) is exactly what is needed in order to apply Sikkema's 
result [10]. Consequently, we have 

Theorem 9 Let f e C[0, 1] be 2q times differentiable at x e [0, 1]. Then 

2q 1 

Qn P .f (X) - Yl -/ m \ X ) M nU X ) + ° ( n ~ q ) ■ ( 31 ) 
m— 

// / G C 2<? [0, 1], i/ien ZioWs uniformly with respect to x G [0, 1]. 

Using the known values of the moments M^'^(x), m = 0, 1,2, (see Corollary 
2) it is easy to derive from Theorem 9 the Voronovskaja type formula for the 
operators Q^ 9 ■ More precisely, we have: 

Theorem 10 Let f e C[0, 1] &e £wo times differentiable at x e [0, 1]. T/ien 

lim n (Q^/(z) - /(*)) (32) 

n—too 

= ^ (Xf'(x) + kX'f'{x) - (k - l)kf(x)) . 
2p 

If f € C 2 [0, 1], then (32) holds uniformly with respect to x e [0, 1]. 

14 
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Remark 5 With the notation Jo/ = f, I-if = f and I- 2 .f = f" (32) can be 
rewritten as 

lim n (Q k n '"f(x) - f(x)) = E±l (XI k _ 2 f(x)) {k) . 

n—>oo Zp 

For special values of the parameters k and p, from (32) we obtain the 
Voronovskaja type formulas for several classical operators. 
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Abstract 

We consider the class of operators U% introduced and investigated 
by Paltanea and Gonska and study further properties, such as variation 
diminution and global smoothness preservation. We also establish upper 
and lower estimates for iterates of these operators. The results we pro- 
vide here come as a natural extension of the known results for both the 
Bernstein and the genuine Bernstein-Durrmeyer operators. 
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1 Basic properties 

Definition 1 Let g > and n G N. The operators U% : C[0, 1] — > U n are 
defined by 

U°{f,x) :=i2Kk(f)PnAx) 

k=0 

^ / } ^e-lfl _ t )(n-k)g-l \ 
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for f G C[0, 1], x G [0, 1], where B(-, ■) is Euler's Beta function. The fundamen- 
tal functions p n ,k are given by 



Pn,k(x) = (Jjz fe (l-z)"~ fe , 0<fc<n, k,ne N , are [0,1]. 
For £»=1 and / e C[0, 1], one has 

x) = U n {f,x) = (n - 1) "e f//(*)p n -2,fc-i(t)d* > ) P„,fc(aO 
fe=i \o / 

+(l-x)"/(0)+x"/(l), 

where C/„ are the genuine Bernstein-Durrmeyer operators (see [5]), while for 
q — > oo, for each / G C[0, 1] the sequence U£(f,x) converges uniformly to the 

Bernstein polynomial B n (f,x) = /J / ( — ) Pn,k{ x )- The operators t/e were 

fe=0 ^""^ 

introduced in [17] by Paltanea and further investigated by Paltanea and Gon- 
ska in [10] and [11], where also the latter convergence was shown, and many 
interesting results and historical remarks can be found. 

Moreover, it was noted in [18, (2.1)] that U£ = B n o B ne , where B ng are 
Beta-type operators (see [14, p. 63] and [15]) given by 



B r {f,x) := < 



f(x), a; = 0,1; 
l 

/ i rx - 1 (l-i) r -™- 1 /Wrfi 

wi s > < x < 1, 

B(rx, r — rx) 



for r > 0,/ G C[0,l],x G [0,1]. 

share many properties common for the well-known operators B n ,U n ,B n , 
such as being positive linear operators preserving linear functions. Furthermore, 

Lemma 2 If f is convex on C[0, 1], then 

U°(f,x) > U e n+l (f,x) > f(x), 0<x<l. (1) 

The inequalities are strict when f is strictly convex on [0, 1]. 

Proof. This result is a consequence of ([1], Th.l) and ([4], Corollary 4.2). 
Let / G C[0, 1] convex. If s > r > 0, then 

B r (f,x)>B 8 (f,x). 

We choose s = (n+l)g and r = ng in the inequality above and we compose to 
the left with the (n + l)-st Bernstein operator. We get then 

(B n+1 oB ng )(f,x) > (B n+1 oB (n+1)e )(f,x) = U e n+1 {f,x). (2) 
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Next in the inequality bellow we compose to the right with B ne (f,x) 

B n (f,x)>B n+1 (f,x) 

and get 

U%(f,x) = (B n oB ne )(f,x) > (B n+1 oB ne )(f,x). (3) 
Combining (2) and (3) we get (1). ■ 
Lemma 3 If f is convex on C[0, 1], then 

U°{f,x)>B n {f,x),0<x<l. (4) 
The inequality is strict if f is strictly convex on [0, 1]. 
Proof. In [18] it is shown that for / e C[0, 1] convex and < g < a, 

U°(f,x)>UZ(f,x). 
Letting a — > oo in the inequality above we get (4). ■ 

2 Variation diminution 

Shape preservation properties of an approximation method are considered to 
be of great importance in both Approximation Theory and Computer Aided 
Geometric Design. Among them, we discuss first the variation diminution. 
As it is known that both B n and U n satisfy this property (see [19] and [5], 
respectively), it is natural to consider the question whether the operators U% 
are also variation-diminishing. To that end, we refer to [8], which contains 
historical remarks clarifying the various meanings of "variation-diminishing" 
employed in the past as well as an approach to prove this property. 

Let K be any interval on the real line, and let / : K — > M be an arbitrary 
function. For an ordered sequence xq < x\ < ... < x n of points in K, let 
S[f(xk)} denote the number of sign changes in the finite sequence of ordinates 
f(xk), where zeros are disregarded. The number of sign changes of / in the 
interval K is defined by 

S K [f}= sup S[f(x k )}, 

where the supremum is taken over all ordered finite sets {xk}- 

Let / and J be two intervals, let U be a subspace of C(J), and suppose that 

L : U — > C( J) is a linear operator reproducing constant functions. 

The operator L is said to be (strongly) variation-diminishing (as an operator 

from U into C(J)) if 

Sj[Lf] <Sj[f], for all/ef/. 
The main result presented in [8] (see Theorem 1 there) reads as follows. 
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Theorem 4 Let I = (a, b) or I = (a, oo) with a > 0, let w : I — > R+ be a strictly 
positive continuous weight function, and [a,0\ C [0, oo). Consider a linear and 
positive definite functional A : C(I) — > R having the following property: there 
exists a subspace C [ ^ ] (I) C C(I) such that for f € Cfr® (I) the function 
Lf : (a, /3) -> R given by (Lf)(x) := A t [t x ■ w(t) ■ f(t)] is well-defined. If the 
function Lf has one-sided limits at the endpoints, then 

s [a , fi] [Lf] < s 7 [/], yfec^(i), 

where, for x G {a,f3}, one understands by sgn(Lf)(x) the sign of the corre- 
sponding one-sided limit. 

Theorem 5 The operators U% have the (strong) variation- diminishing prop- 
erty, that is, 

S l0 ,i][U°f\ < S [0 ,i][/] for allfeC[0,l}. 

Proof. We use the fact that U% = B n (B ng ) and that the Bernstein operators 
B n are (strongly) variation-diminishing. Thus we have 



S [0 , 1] [Uef]<S [0tl] [B ne f]=S [0 , 



i 

t n e x-l^ _ ^ng-nex-l ^ 







t x ne 



Substituting ( - — - ) = u the above integral becomes 

— / U x ■ — ^ • / ( y | du - 

n Q Jo u(u~e +l) n e \u^+lj 

Obviously, the number of sign changes of f(t),t <G [0, 1] equals the number of sign 

(u ng \ 
— j , u € [0, oo). Applying Theorem 4 

,oo l 

for the functional A(g) = / g(u) du with w(u) = ; we get that 

Jo u(u^ + l) n e 

the operators U% have the (strong) variation-diminishing property on C[0, 1]. 



Remark 6 As degree V^Ci = i, i = 0,1,..., n (with e^(x) = x l , see [10, 
Lemma 3.5]) andU% have the (strong) variation-diminishing property, it follows 
from Theorem 7 in [8] that U%,n € N preserve the convexity of order i, for 
i = 0, 1, . . . ,n (i.e., U%f is convex of order i, provided that f is convex of order 
i ). This preservation of convexity by U% was proved first by Gonska and Pdltdnea 
(see [10, Th. 4-1], where also more details about the terminology and historical 
references can be found) and recently in [18], both using different methods. 
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3 Global smoothness preservation 

Over the last decades there has been considerable interest in the preservation 
of global smoothness in various contexts. This intensive research culminated in 
the book by Anastassiou and Gal [2]. 

The results in this section generalize the corresponding statements available 
in the literature for both Bernstein (see [3]) and genuine Bernstcin-Durrmeyer 
operators (see [12, S.3.3.2]) and they supplement results on the behavior of the 
operators U% with respect to Lipschitz classes very recently given in [18]. 
To that end, we use first the following result given earlier by Cottin and Gonska 
[3, Theorem 2.2]. 

Lemma 7 Let k > and s > 1 be integers, and let I — [a, b] and I' = 
[c, d] C [a, b] be compact intervals with non-empty interior. Furthermore, let 
L : C k (I) — > C k (I') be a linear operator having the following properties: 

(i) L is almost convex of orders k — 1 and k + s — 1, 
(ii) L maps C k+s (I) into C k+s {V), 
(Hi) L(n fe _!) C n fe _! and i(n fc+s _ 1 ) c n fc+s _! 
(iv) L{C k (I))t^k-i 

Then for all f £ C k (I) and all 8 > we have 

K s (D k Lf;S) r < h\D k Le k \\-K s (>>; - * -li^g+fH f) ( 5 ) 



fc!" " S \ J '(k + s)^ \\D k Le k 
with the following notations for the rising and falling factorial: 

x k = x(x + 1) • ... • (x + k - 1), 
x- = x(x - 1) • ... • (x - k + 1). 

First we provide the corresponding quantitative statement regarding the smooth- 
ing effect of the operators U%. 

Theorem 8 Let k > and s > 1 be fixed integers. Then for all n > k + s, all 
f E C k [0, 1] and all 5 > the following inequality holds 

K s (D k U^5) [0 , n < g k -^=K s (fW.^^^s) - (6) 



(ng) k \ {ng + kf 



[0,1] 



Proof. It can be easily verified that the assumptions of Lemma 7 are satisfied 
by the operators U%. Using its assertion and the fact that 

n— 

D m U^e m = m\Q m j—=, me{k,k + s}. (7) 

(easily deduced from [10, Lemma 5.1]) we immediately get the statement of our 
theorem. ■ 

We now consider two special cases of s > 1 which are of particular interest. 
The first is the case s = 1 leading to 
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Proposition 9 Let k > be a fixed integer. Then for alln > k + l,f £ C fe [0, 1] 
and S > we have 

^u«f;S) < ^t^pSi (>; ^?*) 

(np) fe V ng + k J 

< 1- £5i (/(*>;<*) < 2-wi(/( fe );5). 

where u>i(f, •) denotes the least concave majorant of ui\{f, ■) and is given by 

sup ^Mlll + i^M^ , /brO < t < 1, 
u5i(/,t) := <( o<»|t<»<i J/ - a: 

wi (/?*), fort>\. 

The leftmost inequality is best possible in the sense that for Ck+i both sides are 
equal and do not vanish. 

Proof. Theorem 8 gives in this particular case 



i] 



For the i-T-functional K\ it is known from Brudnyi's representation theorem 

(see, e.g. [16], p. 1258) that K\(f,S) = -uj\(f,25). Using this representation on 

both sides of the inequality involving K\ and the fact that w\(f,t) < 0J\(f, t) < 
2u>i(f,t) leads to our first assertion. 

Furthermore, for the function ek+i(x) = x k+1 it can be easily verified that, for 
n > k + 1 and 8 > 0, both sides in the leftmost inequality above equal 



(fc + i)iV-^- g(n ~i° -a>o. 

(ng) k ng + k 



Thus it follows 



Corollary 10 For a fixed integer k > the following assertion holds for all 
n £ N. If fW £ Lip M (j\ [0,1]) for some M > and some < r < 1, i/ien 
D k U®f is in the same Lipschitz class. 

The second case we discuss in more detail is s = 2. Here we get 

Proposition 11 Let k > be a fixed integer. Then for all n > k + 2, / £ 

C k [0, 1] and 5 > we have 



u 2 (D k Uef;6)<3-g k 



n- L o (n— fc)(n — fc — 1) 



1 + ^ 



2(ng + fc)(ng + fc + l) 



^2 (/«;*) 



<^ 2 (/( fe );<5). 
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Proof. Instead of using the statement of Theorem 8 and the equivalence be- 
tween the K-functional K 2 and the modulus oj 2 , which would deteriorate the 
constants, we start from the definition of u 2 and employ the function Zg{f) 
from Zuk's paper [20] (see Lemma 1 there). 
First recall the identity 

K 2 (f; 6) = K(f; 6; C[0, 1], C 2 [0, 1]) = K(f; 6; C[0, l],W 2iOO [0, 1]), 

where W^,oo[0, 1] := {/ g C[0, 1] : /' absolutely continuous, H/"!!^ < oo}, 
and ||/" || Loo = vrai sup \f"(x)\. 

xe[o,i] 

Let now / g C fe [0, 1], < 5 < \ be arbitrary given, and let < h < 6. Then for 
a typical difference figuring in the definition of w 2 (D k U%f; S) we have 

\D k U°f(x -h)- 2D k UfJ(x) + D k Ulf(x + h)\ = 

\{D k Ui(f -g-x-h)- 2D k Ug(f - g; x) + D k U£(f -g;x + h)}+ 
{D k U£(g; x - h) - 2D k U%(g; x) + D k U°{g; x + h)}\ 

where g € C fe [0, 1] with e ^2,00 [0, 1] arbitrarily chosen. 

Taking into account that the operator U% preserves convexity and using equality 

(7), the absolute value of the first term in braces can be estimated from above 

by 

4||£> fc ^(/- fl )|| 00 <4 e fc -^=||(/- 5 )W|| 00 . 

(ng) K 

For the modulus of the second expression in braces we have 

\D k U°(g; x-h)- 2D k U%(g; x) + D k Ue(g; x + h)\ 

= \D k+2 U%(g; £)| • h 2 (for some £ between x-h and x + h) 

k+2 

< \D k + 2 U%g\ ■ h 2 < Q k+2 -^== ■ h 2 ■ \\g^\\ Lx . 

{ng) K+z 

We substitute now the function g^ e W 2 , oo [0,l] by Zuk's function Z h (fW), 
yielding 

ll(/-5) (fc) ll = ll/ (fc) -^(/)ll< j-^(/ (fc) ;/») 

and 

\\9 (k+2 %~ = \\zm\L X <l-l 2 -u> 2 (fW-,h). 

Combining these estimates and taking into account the preceding steps we ob- 
tain 

Q nh_ 9 „ k+2 

U2(D k USf; 5) < 4 • ±g k -^-= W2 (/( fe ); S) + \ ■ ^^-^ ■ ^(j^;h) 

' f (ra-fc)(n-fc-l) 

2(ng + k)(ng + k + 1)_ 



3-g k U 



(ng) k 



u> 2 



(/(*);*) 
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Defining Lipschitz classes with respect to the second order modulus by 
Lip^(r, [0, 1]) := {/ G C[0, 1] : cj 2 (f;8) < M ■ S T , < 6 < i| , < r < 2, 
we get 

Corollary 12 For a fixed integer k > i/ie following assertion holds for all 
neN. /// (fe) € Lip* M (r; [0, 1]) /or some M > and some < r < 2, then 

D k U%feLipl 5M (T;[0,l]). 



4 Upper and lower estimates for iterates of U% 

The operators U% are of the form given in [13] for certain general positive linear 
operators preserving linear functions, so that we can apply the general results 
provided there for iterates of such operators. We have namely 

+ 1 \ 2 2+1 



U°{e 2 ;x) = 1 - ^— x z + ^— x, 
\ ng+lj ng+ 1 

Hence an application of Theorem 6 as well as of Corollaries 7, 8 and 10 in [13] 
(with the coefficient of x 2 in the above a n = 1 — T f^_ 1 ) yields the following 
statements. 

Corollary 13 Let ip(x) = \fx{l — x) and let <& : [0, 1] — > M &e a function such 
that $ 2 is concave. Then for n, k € N, / e C[0, 1] and a; G [0, 1] £/ie following 
pointwise estimate holds for the iterates of U% 

\m k (f;x) - f(x)\ < 2 • Kt (/; fjgj • 1 ' (1 ' 2 ^ l) ^ • 

Corollary 14 Lei $ : [0, 1] — > M oe an admissible step-weight function of the 
Ditzian-Totik modulus and such that <E> 2 is concave. Then for all n, k e N, / e 
C[0, 1] and a; S [0, 1], we Ziaue 



|[^] fe (/; x) - f(x)\ < c • w * | /; |M • y (1 2 " g++ll)fc 

w/iere i/ie constant c depends only on the function $. 
In particular, for $ = ip x , A e [0,1], ir e [0, 1] we get 



\[Uj>) k (f;x)-f(x)\<c- U f frf~\x) 



'l-(l-^l) fe 
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In terms of the classical modulus of smoothness we have 



Corollary 15 For all f G C[0, 1], n, k G N, x G [0, 1], and each h > we have 
the following pointwise estimate 



ira*(/;z)-/MI< 



■ w 2 (/;ft). 



Taking, in particular, h = (l — (1 — ^g^ )*^ • ^(1 — and ft = ^/l — (1 — T f e f f 1 1 ) fc ; 



yields 



\m] k (f;x) f(x)\ < I ■ u 2 If; Ml (1 - -^±1)* ! • ,1 I - ,-) | . ,„„/ 



0+1 



«£>+ 1' 



np + 1 
respectively. 

Furthermore, in terms of the second order Ditzian-Totik modulus we get 

Corollary 16 For all f e C[0, 1], n, k G N, and ft G (0, §] t/iere /io/rfs tfte 
uniform estimate 



\\m k f-f\\< 



2h l \ ng+ 1 



^(/;ft). 



For i/ie particular choice h = ^Jl — (1 — „ g e > 4 1 1 ) fc , iftis gwes 

lira fc /-/ll<^^(/;^i-(i-^) fc 



Remark 17 A^ote that for n G N, and < g < oo, one has < 1 — 



and 1 — 



<?+l 



g+1 
ng + 1 



< 1 



1, /or n — > oo, so, /or k fixed the results in the above imply 



ng + 1 

uniform convergence as n — > oo. For n /raed and fc — > oo, one /ias [L^] fe —¥ B\f 
(see [11]). 

Applying the general results given above for k = 1 (no iterates) we get the 
following direct estimates, which supplement the corresponding results given by 
Paltanea [17, Th. 2.3]. 

Corollary 18 Let ip(x) = y/x(l — x) and let <& : [0, 1] — > R oe an admissible 
step-weight function of the Ditzian-Totik modulus such that <f> 2 is concave. Then 
for f G C[0, 1] and a; G [0,1] the following estimates hold for U®: 



\U°(f;x)-f(x)\<2-K$[f; 



ifi 2 (x) g+1 



$ 2 (.t) 2(ng+l) 
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and 

\U°(f;x)-f{x)\<c-u>f [ / 



$ i tp(x) / £ + 1 



$(x) V2(ng+l) 



where the constant c depends only on the function $. 
In particular, for $ = ip x , A e [0,1], x € [0, 1] we get 



IW;z)-/(aO|<c-a;£ 



e + 1 



2(n^+l) / 

Furthermore, in terms of the second order Ditzian-Totik modulus with h = 
T ^_ 1 respectively h = J ng 1 +1 , one /ias t/ie uniform estimates 



\U°(f;x)-f(x)\\<--wZ /; 



5 . y / I Q+ 1 



2 z V V n(?+1 



IIW;*)-/(*)ll<^-^(/;- / 1 



+ 1 

Jn terms of the classical modulus of smoothness we get for the particular choices 



h = J ne+\ x ^- ~ x ) res P ec ti ve ly h — J fie Zoca^ estimates 



\U>{j;x) - f(x)\ < \<Ji (/; ^/^tli(l-i)) . 

ra/;*wwi<^(/;/l^), 

and /or /i = \J respectively h = ' n ^ +1 the global estimates 



l^(.^)-/(x)|<^ 2 ( /; ^), (8) 

IW;-)-/WI<^- 2 (/;/^Vi)- (9) 

Remark 19 The reason we choose two different representations for h is that 
one case is better suited for the instance when g — > oo 7 and the other for small 
values of g. However this are not the only choices available. One can manipulate 
h in order to get the best possible estimate. 

Concerning the magnitude of the constants appearing in inequalities like (9), 
we show 
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Theorem 20 For all f e C[0, 1], the best possible constant c in the uniform 
estimate 

\U°(f;x) - f(x)\ <c-co 2 (f; J —^—) . (10) 



ng+1 



cannot be smaller than 1 for 1 < g < oo. 



Proof. Recall that for convex functions / e C[0, 1] one has [7^/ > / and 
#«/ > /• Moreover, according to Lemma 3, it holds U%f > B n f, thus 

< B n f(x) - f(x) < UfJ(x) - f(x), x e [0, 1], 

implying 

||i?n/-/||<||C/„ e /-/l|. 

Let now n and g be fixed, < e < and consider the convex function 



fe{x) 

We have 



0, 0<a;<l-e, 
\x + l- e <x <e. 



n-l / U\ 

Bnfe(x) = Y,P",k(x)U " )+X n ■ /e(l) = X n , 

fe=o W 

thus 

\\B n f £ - = max (B n / e (i) - f £ {x)) = B n f e (l - e) - f £ (l - e) = (1 - e) n . 
xe[o,i] 

Next we compute 

^2 (7e! ^ 1 3 - T ) = Sup \f e ( X -h)- 2f E (x) + f £ (x + h)\ = Ml) = 1, 

x±he[o,i] 

since the largest possible value for the second order difference is obtained for 
x = 1 — e, h = e(< ^ < -j===^ ). Hence, there holds 

ll-^n/e — /e|| = (\ — 



^2 I fe\ 



y/ng~+l j 

Assume that there exists a constant a such that 



B n f /|| < a < 1; for cach f e [o, 1]. 



W2 l /; ^FTT 

Then, since lirn(l— e) n = 1, for fixed n, we can choose e > 0, such that (1— e) n > 

a. Taking the function f = f s , we arrive from above to a contradiction. 
Thus 

\\B n f e - /e|| < Ci • U} 2 ( f e \ \ . 7 ) with Ci > 1. 



np + 1 
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Since 

\\B n f e -f e \\ < \\U°f e -f e 

it follows that 



\V 8 Je -fe\<C-LJ 2 (/e! \j J , with C > 1, 

so for the best constant in (10) it also holds c > 1. ■ 

We apply now the results of Corollaries 13 - 16 in [13] for iterates of U%. This 
shows that lower inequalities in terms of the classical moduli, corresponding to 
the upper ones in the above, are not possible. More precisely, for k G N fixed, 
we have 

Corollary 21 Lower inequalities of the form 

C{f)u» (/; ^1 - (1 - ^^) k ) < Wmfif) ~ /II for all f G C[0, 1] 
do not hold. 

Corollary 22 The lower pointwise estimates 

C{f)u2 (/^-(l-^-)*) x(l-x)^j <mf{f;x)-f{x)\ for f G C[0, 1] 
do not hold. 

Corollary 23 Let < A < 1 be fixed. The lower pointwise estimates 



1— (1 — 6+1 ) k 

C(/) W2 I f;^- x (x)\ I <\[U°] k (f;x)-f(x)\, /eC[0,l], 



do not hold. 

Moreover, we have 

Corollary 24 For I > 3 it is not possible to have an inequality of the type 

C(f) ■ (/; ^-(i-^tl)^ < || m] k {f) /|| 
for all f G C[0, 1] and all n G N. 

Acknowledgement. The authors are grateful to the referee for the helpful 
remarks. 
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Abstract 

Zermelo's navigation problem requires determination of the optimal 
trajectory and the associated guidance of a boat (ship, aircraft) travel- 
ing between two given points so that the transit time is minimized. In 
the present paper we study this minimum time optimal control problem 
mainly numerically by the power of Mathematica. By the Manipulate com- 
mand we show the families of trajectories of the navigation problem for 
certain values of parameters. 
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1 Introduction 

According to [5, p. 150], Zermelo was the first to formulate and solve in [16] and 
[17] a problem that now is called the navigation problem of Zermelo. The prob- 
lem came to Zermelo's mind when the airship Graf Zeppelin circumnavigated 
the Earth in August 1929. He considered a vector field given in the Euclidean 
plane that describes the distribution of winds as depending on place and time 
and treats the question how an airship or plane, moving at a constant speed 
against the surrounding air, has to fly in order to reach a given point B from a 
given point A in the shortest time possible. With 

(i) x = x(t) and y — y(t) the Cartesian coordinates of the airship at time t, 

(ii) u = u(t, x, y) and v = v(t, x, y) the corresponding components of the vector 
field representing the speed of the wind (water) in respect to the Cartesian 
system, 

(iii) (i — f3(t,x,y) the angle between the momentary speed (uo,vq) of the air- 
ship against the surrounding air and the x-axis, 

1 
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and normalizing to |(u ,^o)| = 1, one has the system of differential equations 
that describes the problem 

dx dy 
—— = u + cos B and — - = v + sin 8. 
dt dt 

Using the calculus of variations, Zermelo obtained the following differential 
equation for the heading angle 8 

dB . 2 a 9v . Q ( du dv\ 2 o du 



- sin (}— + sin/?cos/? — - cos 8 . 

dt ox \ax ay J ay 

The previous differential equation called the Zcrmclo's differential equation, is 
a necessary condition for 8 to be the optimal guidance function. 

Other historical remarks on the contribution of Zermelo and others of his 
time to this problem may be found in [5, pp. 150-152]. We also note the 
interesting papers [11] and [10]. In all these papers as well as in [2, pp. 17-22], 
the investigation was based on the calculus of variations. Later on the main 
tool of investigation became the maximum principle of Pontryagin, [15], [3, pp. 
77-79], [4, pp. 228-231], and [13]. We emphasize the interest on the navigation 
problem for routing and guidance of airplanes (boats) as a part of flight planning 
[6], [9], [14], [1], and [8]. Since the navigation problem is obviously nonlinear, up 
to the author's knowledge, there is no solution in closed form and its approaches 
make intensively use of numerical methods [7], [6], [9], [14], [3, pp. 77-79], [1], 
and [8]. Hereafter we will use the power of Mathematica to study numerically 
the navigation problem of Zermelo. 



2 A planar form of the navigation problem 

Zermelo's navigation problem is a minimum-time paths through a region of 
position-dependent-time vector velocity. Under a general form the problem 
supposes that a boat travels through a zone of currents. The magnitude and 
direction of the currents are given by the functions of time and position 

u = u(t,x,y) and v = v(t,x,y), 

where (x, y) are Cartesian coordinates giving the position of the boat at time t 
and (u, v) are the velocity components of the boat at the current point (x, y) at 
time t in the x and y directions, respectively. The speed of the boat relative to 
the water is supposed to be a constant V > 0. 

The problem requires to steer the boat in such a way to minimize the time 
necessary to travel from a given point A = (xi,yi) at instant a to another given 
point B = (£2,2/2) at instant b. 

The equations of the motion are 

x'(t) = Vcos(3{t) + u(t,x(t),y(t)), 
y'{t) = V sin 8(t)+v(t,x(t),y{t)), t € [a, b] , 
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where j3 is the heading angle of the boat's axis relative to a fixed coordinate 
axis, let it be the horizontal axis, and is the control function. 

In a more compact form the navigation problem can be stated as 

x'(t) = V cos f3(t) +u(t,x(t),y(t)), 

y'{t) = V sin /3(t) + v(t,x(t),y(t)), dynamics 

x{a) = X\, y(a) = y\, initial conditions, (2.2) 

x(b) = x 2 , y(b) = 2/2, final conditions, (2.3) 

[a, 6], finite horizon, 

(3 £ C([a, b], R), control function, 

u, v : [a, b] x R x R — > R, components of the velocity of water, 

V, relative speed of the boat, 

g(b) = b — > min, cost functional. 

We suppose that the functions u and v are continuous in the first variable and 
of class C 1 in the second and third variables. 

By the maximum principle of Pontryagin under the form in [3, §2.4], we have 
that 

A' 1 = -^ = -A 1 ?-A 2 ^, (2.4) 



ox ox ox 

, , dH , du y dv 



dH 

= — = V r (-A 1 sin^ + A 2 cos^) =^> Ai sin /3 = A 2 cos /?, (2.6) 

where the Hamiltonian of the system is 

H(t,x,y,p,X 1 ,X 2 ) = \x{V cos f3 + u(t,x,y)) + X 2 (V sin/3 + v{t,x,y)) + 1. 

(2.7) 

If we solve the system of differential equations (2.1) and (2.4)-(2.6), then we 
find x, y, (3, X 1 , A 2 . By (2.6) and the initial and final conditions (2.2)-(2.3) we 
find the solutions that solve the navigation problem. By [10] or [11] we have 
that there exists a solution. 

Remark 1 If the functions u and v do not depend explicitly upon t, that is, 

(x'(t) = V cos p(t)+u(x(t),y(t)), 
\y'(t) = Vsin[3(t) +v(x(t),y(t)), 

then the problem is autonomous and therefore we take a = initial instant and 
(0,0) is the final point. A 

From now on we suppose that the functions u and v do not depend on t, i.e., 
the equations (2.8) hold. Then the Hamiltonian does not explicitly depend on 
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t, and then H — constant is a prime integral. Because we minimize time, this 
constant has to be 0. Then from (2.7) we have that H = 0. We invoke (2.6) and 
get that 

— cos^ — sin/3 

^1 = 77 7, : — n and <*2 = 77 7, : — 7, ■ (2-9) 

V + u cos p + v sin p V + u cos p + vamp 

Substituting (2.9) in (2.4) and (2.5) (or asking for consistency between (2.6) 
and d(dH/d(3)/ dt = 0) it follows the Zermelo's navigation formula 

d/3 . , „ dv . . . / du dv\ , „ du . . 

it = sm % + sm * cos * U " d " cos * ' (2J0) 

Now the nonlinear equations (2.8) and (2.10) give the general solution for our 
navigation problem. If we take into account the initial and final conditions, we 
get the concrete solution if the data are consistent. 

We now study a special case considering for the current of water the following 
function 

u(x,y) = -(V/h)y, v(x,y)=0, (2.11) 

where h is a nonzero real number. Now we express the data of the problem as 
functions depending on the angle /3. From (2.10) we write 



d/3 V 2 n d/3 V „ V 

-77 = T- cos — = -rdt tanP = tan/3/ + — ( 

dt ft cos^ P h h 



where tf is the final time and Pf is the final angle, both still unknown. 
From the second equation in (2.8) we have that 

dy dy h 1 sin/3 
= V sm p => — — = V sm p — — = h 



dt H dp ' Vco&P cos 2 /3' 

=> y = y(P) = h(sec P - sec P f ). 

Now we take into account the first equation in (2.8), that is, 
da; V 

— —=y cos P——y => dx = h(secP — sec 3 /3 + sec/3/ sec 2 f$) d/3. 
From the last equation by integration we find that 



x = x{P) = -\ 



, sec Pf + tan Pf . „. 

In ^ ^ + (tan/3 f - tan/3) sec/3 f 

sec/3 + tan/3 v MJ ^ ; 11 

- (sec pf — sec /3) tan /3/] . 



The angular limits of the navigation problem, the initial angle /3 and the final 
one Pf, can be obtained asking from the following system of nonlinear equation 

x(p )=x 1 and y(Po)=yi- (2.13) 

Now all the elements of the trajectory are determined and we pass to the nu- 
merical approach. 
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3 Numerical approach to the navigation prob- 
lem 

We introduce now a particular case of (2.11) such that V — 2 and h = 2. 
Clearly the initial time is a — 0. We choose the initial position at (x(0), y(0)) = 
(7.32, -3.727). The final position is at the origin (0, 0). Then by (2.13) we have 
that the initial angle is 105° whereas the final angle is 240.004°. The minimum 
time to steer the boat from the initial point to the origin by formula (2.12) is 
5.46439. By Figure 1 the trajectory of this problem is given in blue whereas the 
heading direction vectors appear in red. The numerical results in the picture 
are consistent to [3, pp. 77-79]. 



Figure 2 exhibits a case of dynamical navigation problem when the initial 
data belong to some intervals. The black (horizontal) vector at A represents 
the direction and magnitude of the current vector at the initial point. The blue 
(oblique) vector at A represents the tangent to the trajectory. The figure is 
self-explanatory. 
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Figure 1: A navigation problem 
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Manipulate [ 
Quiet @BoatDynamic [vbig, h, xO, yO, m] , 
{{vbig, 2, "V"}, .5, 5, 0.5, Appearance -> "Labeled"}, 
{{h, 2, "h"}, 0.5, 5, 0.5, Appearance -> "Labeled" } , 
{{xO, 7, "x "}, 5, 20, 1, Appearance-* "Labeled"}, 
{{yO* -2, "Yo"}, -7, 3, 1, Appearance -> "Labeled" } , 
{ {m, 15, "number of arrows"}, 10, 30, 1, Appearance- 
SaveDef initions -> True 



"Labeled"}, 



v = 
h = 
Xo - 
Yo ■ 

number of arrows = 



. D 2 

■ a 2 

■ a i 

. a -2 
. a 15 




Figure 2: A dynamical navigation problem 
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Abstract 

We study the shape preserving property and the simultaneous approxi- 
mation by a sequences of Durrmeyer type modification of Szasz-Mirakjan 
operators with a parameter. These operators preserve linear functions 
and make a link between the Phillips operators and the classical Szasz- 
Mirakjan operators. 
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1 Introduction 

Several Durrmeyer type modification of Szasz-Mirakjan operators are known. 
A not exhaustive list of them is given in References. In [10] a new Durrmeyer 
modification of Szasz-Mirakjan operators is given, using two parameters a > 
0, p > 0, in the following way: 



mation. 




(1.1) 



where 



s a,ki. x ) e 



— ax 



(ax) k 
k\ 



T(kp) 



ap 



■e-^iaptfP- 1 



(1.2) 



and where / : [0, oo) — > R is an integrable function for which the integrals and 
the series above are convergent. 
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Operators L p a preserve linear functions, as can be easily verified. For p = 1, 
when Q p a k is equal to as a ,k-i, L p a becomes the Phillips operators, [11]. On the 
other hand we shall prove that the limit of operators L p a for p — > oo are the 
Szasz-Mirakjan operators, [12], with a continuous parameter a > 0, given by 

°° / k \ 

*«(/,*) = £««,*(*)/ - , ^>0. (1.3) 
fe=o 

Also we shall prove that operators L£ preserve convexity of higher order and 
they have the property of simultaneous approximation on compact sets. 

The link given by operators L p a between the Phillips operators and the Szasz- 
Mirakjan operators is the analogous with the link, shown in [2], between the 
"genuine" Durrmeyer operators and the Bernstein operators, given by a class of 
Durrmeyer type operators. 

2 Auxiliary results 

We use the following notation I = [0, oo), N = N U {0}, e m (x) = x m , (x e 
I, m = 0, 1, . . .). Denote W = {/:/-> R, / integrable and 3M > 0, 3q > 
: \f(t)\ < Me 9 ', (t > 0)}. We denote by W p the set of functions / e W, 
satisfying the condition given in the definition of W with q < ap. In [10] it is 
given the following simple result. 

Lemma A ££(/) exists for any f <G W p , when a > and p > 0. 

For fixed a > and p > set T m (x) = L p a (e m ,x), for m G No, and x > 0. 
Lemma 1 Let x £ [0, oo) and m e N. FFe /icwe 

T (x) = l, Ti(a;)=x ) T 2 (a:) = x 2 + • x. (2.1) 

T m (x) = fx + "l^ 1 ) T TO _i(x) + - • I^_i(a:). (2.2) 
\ ap j a 

Consequently operators L p a transform any polynomial into a polynomial of the 
same degree. 

Proof. T (x) and T\{x) can be obtained immediately by a direct compu- 
tation. It follows relation (2.2) for m — 1. Let now m > 2. Then we have 
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successively 

1 r°° 

e -s s kp+ m -l ds 

(kp)(kp+l)...(kp + m-l) 



■ — ' | f-C 

Tm{x)= ^ k{x) m^L 

SaMX) ~ ( ap y 



fe=l 

oo 



- E ((^ + •) V.W + i ■ ^ M ) Mte±^±^ 

From relation (2.2), we deduce ?2(x) and the last part of Lemma 1. ■ 
Corollary 2 For m e N, x > Q, we have 

T m (x) = x m + ^-tl . m (m - I).?™- 1 
Zap 

+ P A( + \ 2 ■ m(m - l)(m - 2)[(3m - 5)p + 3m - l]a;" 1 - 2 + . .(.2.3) 

Proof. Formula (2.3) can be obtained by induction using relation (2.2). ■ 
Lemma 3 Let a > 0, p > 0, fceN and m > 0. 

i) If ap > m, then 

jfew*-*-^)"- (") 

//ap > 2m ? and c > 0, then 

/oo 
& P a Jt)e mt dt< 

(2.5) 

Proof, i) It follows by a direct computation. See also [10] - Lemma 1. 

ii) Using the change of variable u — apt, then taking into account that 
u = 2kp is the point of maximum for the function u M> u kp e~% and finally using 

the well-known formula T(x) > J^- ■ (f) 1 , for x > 0, we obtain successively 



c 



kp 2 k P , 

; ; — where v m \p, c) = --(ap— 2m). 
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r°° r°° v kp-i P -u 



(2kp) k Pe- k P f°° _u ^ , 
< - — ; / e zee du 



apcT(kp) 



ape 



(2kp) k P e - k P 



< 



r{kp)u m (p,c)e^(P,c) 
Tp 2 k P 



2tt v m {p,c)e"^M' 



3 The limit of operators L p a when p — > oo 

In [10] there is proved that for each function / which belongs to the closure 
in sup-norm of the space of polynomials, and for each constant a > 0, 
converges on compacts to S a (f). Here we extend this result in the following 
way. 

Theorem 4 For any a > 0, any f G W and any b > there is p > 0, such 
that LP,(f) exists for all p > p and we have 

lim L£(/,x) = S a (f,x), uniformly for x G [0,6]. (3.1) 

p— >oo 

Proof. Let M > and q > 0, such that f(t) < Me 9 ', for t > 0. Choose 
e > arbitrarily. Take p > ^. Then / G TT^, for p > p n and hence, from 

Lemma A, exists. Since the function p i->- ( a "-g ) i s decreasing on 

interval [po, oo), we obtain from Lemma 3- i), for x G [0, b] and p> po- 

OO /»CO 00 i 

$>,*(*) y o e ^wi/wi rf ^ M Efc ! ( a Ka^) P0 ) • 

Also we have 

oo , oo ^ . 

E^)|/(i)|^ErM • 
fe=i fe=i 

From these two absolute and uniformly convergent series we deduce that there 
is TV G N, such that, for all x G [0, b] and p > p we have 



E / a, fe (*)/(*) d * < e' i E ««.*(*)/(-) 

fc=JV+l ^° fe=iV+l 



<6- 
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dt+-. (3.2) 



Hence we obtain, for all x G [0, b] and p > p , 

|Lg(/,x) - s a (f,x)\ f°e£ ifc (t) fit) - /(£) 

fe=i J ° 

Set Mi = maxi< fe <^ /(^) . Fix a number c > Then 

K.k(t) /(*) - /("J * < y 0£ ifc (t)(Me«* + Mi)dt, 1 < k < N. 
From the choice of c and using the notation v q (p, c) = \{ap — 2q) it follows 

Hep 2 k P 



lim 



p->oo V 2ir v q {p,c)e v i^ p ' c ^ 



= 0. 



This is also true, if instead of q we have 0. Then, by Lemma 3 - ii), for the 
choices m — q and m — we obtain 

POO 

lim / O£ fc (t)(Me 9 * + Mi)^ = 0, fori <k< N. 



Since X^feLi s a,fc(a;) < 1, for a; > it follows that there is pi > po, such that, for 



P> Pe- 



N r 00 / h\ 



e 

dt< -. 
6 



By combining with relation (3.2) we obtain for all x € [0, b] and p> p\ 



m.f, x) - s a (f, *)l<£ /" e^ ifc (t) /(*) - / (-) 
fc=i Jo Va/ 



(3.3) 



From the choice of c we have - € (0, c), for 1 < fc < N. From the continuity of 



function / there is S > 0, such that S < min j^, c— ^ j and f(t) — 



< 



6 AT' 



if 



< (5. It follows, 



JV 



r +a es, fc (t) /(*)-/(£) 
fe=l J £-< 5 



(it < 



(3.4) 



Denote M 2 = max te [ c ] |/(t)|. Take p > max jg^, l|. For 1 < fc < iV, denote 

Uk(p) ~ kp — Sap and Zfc(p) = kp + Sap. Since yk(p) < kp — 1 < Zfc(p) function 
w i ^ u kp ~ 1 e~ u is increasing on [0, j/fc(p)] and decreasing on [zk(p),apc]. Using 



the change of variable u — apt and the inequality T(x) > y^f ■ (|) , for x > 



•5 
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we obtain successively 



dt < 2M 2 
< 2M 2 



Vk(ft) u kp-l e - 



o r(M 

(yfc(p)) fcp e' yfc(p) 

r(M 



-du 



< J--M 2 y/kp 



But (1 — e" 5 < 1 and hence there is p\ > max jp*, 1 j, such that for all 
p> p\ and 1 < k < N to have 

In a similar way we obtain 

'/r 



67V' 



(3.5) 



rape u kp-\ e -u 



dt < 2M 2 / — , du 

(z k (j>)) k P- 1 e- x >W 



<2M 2 (apc- z k {p))- 



/ 2 , , ca — k — aS n — 
^V^ M2 k + aS ^ 



r(M 

( 



1+f)V ..r 



Since (1 + <f J e- aS < 1 there is p% > p 2 £ , such that for all p > p 3 £ and 1 < k < N 
to have 



dt < 



6 AT 



From relations (3.3), (3.4), (3.5) and (3.6) we arrive to 
\I£(f,x)-S a (f,x)\ <e, for p> p 3 £ 



(3.6) 



4 Convexity of operators L p a (f) 

We extend the definition of functions s a ^, for all k £ Z by s^ fe = 0, if k < 0. 
Lemma 5 Lei a > 0, p > 0, r <G No- 

i) For fceZ and x <E I we have 



j=0 v/ 



(4.1) 
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i) Let f £ WP n C r (7). Then for any x £ I we have: 

oo pOO 

(L£(/,aO)M = *S,(*)/(0) + E s U( a; ) / ©£,*(*)/(*) 



(4.2) 



Proof, i) It follows by induction by relation: s' ak {x) = a(s a ^-i{x) — 

S a ,k{x)). 

ii) It suffices to show that, for any points < a < b and any reNwe have 



°° poo 

T; 6 := max \s£ (x)f(0)\ + £ max s^ k (x) / 0£, fc (t)/(t) dt 



< OO. 



If these conditions are true, then relation (4.2) can be proved by induction. 
Indeed, let denote by S r (x) the series given in the right side of relation (4.2). 
Suppose that (i^(/))' r ' (xq) = S r -i(xo), for xq £ I and r > 1. Choose a 
compact neighbourhood of x of the form [a, 6] C I. Using condition T£ b < oo, 
from Weierstrass's theorem it follows that series S r (x) is uniformly convergent 
for x £ [a, b]. Then, series S r -i(x) can be differentiated term-by-term on [a, 6]. 
We obtain relation (4.2) for x = xq. Since x was chosen arbitrarily we obtain 
relation (4.2) for all x £ I. We pass to prove that TT h < oo for any < a < b. 
Let M > 0, < q < ap be such that |/(i)| < Me qt , for t > 0. From Lemma 3 
we have 



k~o xe[a ' b] 



< M \^ max a 

^xe[a,6] 



•aw 

r 

E 



ap 



fc/3 



ap — q 

Sa,k—j {x 



r 

j=o J- 

fep min{r,fe} 



ap — q 



< Ma 



< oo. 



oo 

'£(( 



fc=0 



1 



, , min{r./c| , > 

ap-o/ y fc! ^ \j)(ab)3 



The main result in this section is the following. 

Theorem 6 For a// a > and p > and reN, if f £ Wg n C" r (F) satisfies 
condition /('') > on / t/ien (F£)( r )(/) > on F 

Proof. For r = this fact reduces to the positivity of operator L£. So that 
we take r > 1 and / £ Wg n C r (F) with /< r ) > on 7. We have 



r-l 



«/ 



r-l 



J=0 



(r-l)! 



f (r) (u)du, t£l. 
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Since / G Wg, it follows that the function / — Y^j=o ~ j!^ ' e i belongs to W£ 
and consequently, the function t M> J Q * ^rrjjj ■ / ^ (u)du, t £ I, belongs to 
W£. From Lemma 1 it follows that L£(II r _i) C II r _i, where II r _i is the set 
of polynomials of degree at most r — 1. Then (£<a)^(X^=o ~jT^ ' e i) = ^- 
From Lemma 5, for x £ I, we obtain 

00 />oo ft (+ \r— 1 

oo r 

= s a,k-j( x )Uk,j, 
fe=l j=0 

where 

^ = (-ir J « r (j) jf e ^w(/ T^ryr ■ / (r) («)*»)*- 



We have 

/W( ) 

i=0 



oo r oo r / \ „oo 

EEv^WI^I^EE ,f«,H(«) / /W-ESr' 4 ' di - 

fc=l j=0 fc=l j=0 ^ J// J ° 

The following inequalities 

oo r , v 

" r EE J s «wW / e^(i)|/(*)|^<oo, 

,_n V/ JO 



fc=l j=0 

r-1 



a , £ ^ E E ( ■) f < 

*=0 *• fe=lj=0 V - 7/ Jo 



00 



can be proved similarly as the inequality T^ b < oo in Lemma 5. We extend 
conventionally the definition of 6„ fe , for k — 0, by Q p a = 0. Then C/qj = 0, 
j > 0. Now, the inequality 

oo min{r,fe} 

E E S <*,k-ji X )\ U k,j\ < OO 
fe=0 j=0 

allows us to rewrite 

oo r 
m=0 j=0 

In order to prove 

> it suffices to show that 

r 

E U m +j,j > 0, for all m > 0. 
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Since > we can rewrite 

u m+j j = (-iy-ia r Q 1°° f (r) (u)( £e^ m+j (t) {t -f iy \ t)du. 

Consequently, in order to prove 

> it is sufficient to prove 
*™(w)>0, for all me N , u > 0, r e N. (4.3) 

where 

We find by induction, for < i < r — 1, that 



(4.4) 



For any geNwe obtain 

t q ^ {(m + j)p)({m + j)p+l)...((m + j)p + q-l) 



/ e^ m+j (t)-dt = 

JO H- 



q\{ap)i 



This shows that the above integral is a polynomial of degree q in variable j. 
Since g^r^LW is the finite difference of order r of a polynomial of degree at 
most r — 1 we deduce 

^;(0) = 0,m£No,reN,O<i<r-l. (4.6) 



Note that this relation holds true also in the case m = 0, when, by convention, 

e% = o. 

Also, clearly, we have 

lim = 0, m e N , r e N, < i < r - 1 . (4.7) 

From (4.5) we obtain also 



(fy n )(m+j)p p -apu mp-l ^_ 



T((m + j)p) ^ \j 

From Descartes' rule of signs, the polynomial P(s) = X)j=o( — -0 3 (j) 5 "' nas at 
most r positive roots. Then function ^- F *^ l (u) has at most r roots on interval 
/. 
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Now it follows by induction that, for < i < r function (d l / du 1 ) 1 ^^ has at 
most i roots on interval (0,oo). Indeed, for i > 1, suppose that the function 
{d l /du l )'^ r m has at most i roots on (0,oo). If we suppose also that function 
(d* _1 / ' du l ~ 1 ) i \! r m (u) has at least i roots on (0, oo), we obtain a contradiction, by 
taking into account relations (4.6) and (4.7). Finally it follows that ^ r m has no 
roots on interval (0, oo). 

Applying r-times l'Hopital's rule we obtain, for < j < r 



_ (~l) r (ap)( m+3 ^' m+J >' 1 r((m + r)p) 

~ (_l)r( ai0 )(m+r)p u (m+r)p-l T((m+j)p) 

= 0. 

It follows that, for sufficiently large u, the sign of ^ r m (u) is equal to the sign 
of the term of index j = r, from the sum which define function ^> r m in (4.4), 

namely fj° B^ TO+r ft) Consequently, we obtain relation (4.3). The 

proof is finished. ■ 

Remark 7 From Theorem 6 it follows, more general, that any function / G W p 
which is r convex of /, r > —1, i.e. / satisfies condition [/; x\, . . . , x r+ {\ > 0, for 
any distinct points x\, . . . x r+ \ G /, where [/; X\, . . . , av+i] denotes the divided 
difference, is transformed by operator L p a into a function which is also convex 
of order r. Since we do not use this more general property we do not give the 
details of the proof. 

5 Simultaneous approximation 

We need of the following Lemma. 

Lemma 8 Let a > 0, p > 0, q > 0, b > and r,j G N . Let c> - p {2 p - 1)6. 
Then we have 



lim a r ^s a;fe _j(a;) / 9^ k (t)e qt dt = 0, uniformly forx G [0,6]. (5.1) 



Proof. Take a such that § (ap - 2q) > 1. Denote C = ■ e c «2^. By 

Lemma 3 - ii): 






k=0 





• y/k + j < Ca r e-( x+ i p ) 



E 



(2 p ax) k 
k\ 



■(k + j) 



k=0 



k=0 



< Ca r {2 p ab + j)e\- {2P - 1)b -^ p \ a . 
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From the condition imposed to c it follows (5.1). ■ 
Our main result is the following 

Theorem 9 For any f G W n C r (I), r G N and p > there is ao > such 
that ££(/) exists for all a > ao and for any interval [0, 6] C [0, oo) we have 

lim (L£) (r) (/) = f (r \ uniformly on interval [0, b]. (5.2) 

Proof. Let / G W n C r (J), such that |/(i)| < Me 9 *, t e J, for certain 
constants M > and g > 0. We can choose ao any number such that aop > q. 
Then, for a > ao, exists, by Lemma A. Choose an interval [0, b] C [0, oo). 

Denote by D r the operator of differentiation of order r and consider operator 
J r : C{I) -> C r (7), given by 

fa; - nT -1 
Jo ( r -!) ! 

Then consider the Kantorovich modification of operator L£, AT£ := D r oL p t o J r . 
Consider the domain of K r a to be the space of function g G C (I) with property 

that J r (g) G WP. Since ^(/M) = / - E^o Z ^ ' e ^ / e W£ and any 
polynomial belongs to space W£, it follows J r (f^) G W£. Since L r a (II r _i) C 
n r _! it follows D r (L r ap )(f) = K r ap (f { ^). Hence the theorem which we want 
to prove is equivalent with: lim Q ,_ 5 . 00 K T a p (/ < - r - ) ) = /^ r \ uniformly on [0, b\. 

Fix c > |(2 P — 1)6. Denote by \A the characteristic function of a set A C R. 
Consider operator : C[0,c] -> C(7), given by ?7^ p (g) = ,,,(</ ' X[o,c]), 

g G C[0, c], where g G C(7) is an arbitrary extension of g. We consider function 
g only for the correctness of the notation. Also, on the subspace of C[c, oo) of 
functions g satisfying condition \g(t)\ < Me qt , t > c, with some M > and 
< q < ap, consider operator V£ >p given by V£ p (g) = K r a p {g ■ X[c,oo)), where 
g G C(J) is an arbitrary extension of g. From Theorem 6 it follows that operator 
Ka iP is positive. Consequently, operators [/£ and V^ p are also positive. 

Then we have 

^(/ (r) ) = ^(/ (r) |[0 > c]) + ^ ip (/«| [c;00 )). 

Since 

/max{ci) /, _ \r-l 
(r _l), -/ (r) (^ 

/(*)-E^P-(*-c) J ']x[c,oo)(*), 
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from Lemma 5 we obtain, for x G [0, 6] 



°° /> oo r 1 fj)( \ 

^y/%,oo),*)=£(Sa, fe (z)) (r) / 9^ ifc (t) /W-ESH-^- C ) j 



fc=l 



J=0 
r-1 



tit 



T y \ OO ..qq T—±pj\s\ 



j=0 



tit. 



j=0 w fe=l 

Then using Lemma 8 we obtain 

lim VT (/^|[ c oo); = 0, uniformly with regard to x e [0, 6]. (5.3) 

Now, we shall prove 

lim V„Jg) = g, uniformly on [0,6], for all g e C[0,c]. (5.4) 

By Popoviciu-Bohmann-Korovkin's theorem in order to prove (5.4) it suffices 
to prove it only for the test functions ej, j = 0, 1 , 2, restricted to interval [0, c]. 
We can write V^ p (e 3 ) = (D r o L p a o J r )(e J ■ X[o,c])- Denote ej = J r {ej ■ X[o,c])- 
We have 

,min{c,t} _ jr-1 

Jo 



• u 1 du. 



(r-1)! 

For computing ei we use decomposition u = u — t + t and for computing e 2 we 
use decomposition u 2 = (u — t) 2 + 2t(u — t) + t 2 . We obtain 



ei(t) 



1 . e _ (1 - C Y 
1 



= £t • <r ~ v " _r ; X[ c ,oo)(*). 



(r + 1)! 
2 

(r + 2)! 



r+1 + (t- c r 



(r-l)! 



t- c t 



r + 1 r 



X[c,oo 

)(*)> 



f '+ 2 + 



(t-c) r r (t-c) 2 J{t-c) t 



(r-l)! 



+ 2- 
r +2 r+1 



X[c,oo)(*)- 



Summarizing, e,(t) = ^t^t ■t r+ - 7 +h r+j (t)x[ c , 00 )(t), where /i r+J - is a polyno- 
mial of degree r+j. Hence V^ p {e 3 ) = j^jyD r (LP t (e r+j ))+D r (LP t (h r+j -X[ c ,oc)), 
j = 0, 1, 2. Using Lemmas 5 and 8 we obtain 

lim D r (L p a (h r+ j ■ Xkoo))) = 0; uniformly on interval [0,6]. 
Using Corollary 2 we obtain 

^( e o) = e , 

^,(ei) = ei + ^-eo, 



U^ p (e 2 ) = e 2 + 



2ap 

(p+l)(r + l) _ + (p+l)r 
12(ap) 2 



(p(3r + l) + 3r + 5)e . 



12 



367 



PALTANEA: SIMULTANEOUS APPROXIMATION 



Thus lim a _ ) . 00 V^ p (ej) = ej, uniformly on [0, 6], for j = 0, 1, 2. Consequently 
lim V£ o (f^X\0c]) — 0, uniformly on interval [0,61. 
The theorem is proved. ■ 
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Abstract 

H. Gonska and R. Paltanea investigated in 2010 a class ol operators 
linking the Bernstein and the genuine Bernstein-Durrmeyer ones. In this 
paper we give new proofs of some results of these authors, and investigate 
new properties of the operators. 
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1 Introduction 



In this paper we are concerned with the operators U% introduced by R. Paltanea 
[15] and further investigated by H. Gonska and R. Paltanea in [7] and [8]. They 
are defined as follows. Let n > 1 and g > 0. For < k < n consider the 
functionals F^ k : C[0, 1] K, 



/(0), if k = 0, 

1 j-kg-l^ _ £j{n-k)g-\ 



I 



B{kg, (n - k)g) 



f(t)dt, if 1 < k < n- 1, 



(1) 



1 



369 



RASA-STAN I LA: BERNSTEIN TYPE OPERATORS 



here B(-, •) is Euler's Beta function. Now define U% : C[0, 1] -> U n by 

n 

U B J{X) =J2 F n,k(f)PnA^)J& C[0,1],X€ [0,1], (2) 
k=0 

where II„ is the space of polynomials of degree at most n, and the fundamental 
polynomials p n ,k{x) are defined by 

Pn . k (x)= (^jx k {l-x) n ~ k , 0<k<n, k,n£N , x£[0,l}. (3) 

In particular, U n := U*, n > 1, are the well-known genuine Bernstein-Durrmeyer 
operators. The basic properties of U% were studied in [7] and [8]. 
In this paper we give new proofs of some theorems from [7] , [8] , and investigate 
other properties of the operators Ufi. The difference U% — U% is estimated, as 
well as two commutators of operators from this class. The behavior of U% with 
respect to Lipschitz classes is also studied. Throughout the paper we use the 
notation ej(i) =t l ,i = 0, 1, ...; t £ [0, 1]. 

2 The difference U% - U a n 

A first approach in order to study this difference is based on a method presented 
in [5]. We need the following result from that paper : 

Theorem 1 Let A, B : C[0, 1] — > C[0, 1] be positive linear operators such that 

(A - B)((ei - x) l )(x) = fori = 0,1,..., n and x £ [0,1], 
also satisfying Aeo = Beo = e . Then for all f £ C[0, l],x £ [0, 1] we have 



\(A B)(f)(x)\ < Cl • Wn+1 yf;\j\{A + B)(|ei - X \^)(x)j . 

Here c\ is an absolute constant independent of f, x and A and B, and •) 
denotes the (n + l)-st order modulus of smoothness. 

We choose A = U% and B = U%. Both operators reproduce linear functions so 
we have 

m - UZ){{ei - x) l )(x) = for i = 0, l,x £ [0, 1]. 
According to [7], Corollary 3.3, the second moments for U% and U% are given 

n ' ' nt + 1 

where t = g,a. As a consequence of Theorem 1 the following statement holds: 



2 
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Proposition 2 



m UZ)(f)(x)\ < d • cj 2 ( /; \j ^(Un + L^Xh - *I 2 )M 



/ 12ng ( r + (n+l)(e + ( T) + 2 \ 

< Cl • U>2 /; 4/- 7 T7 : x(l — x) \ . 

- \ \ 2 (ng + l){no + 1) V 'J 

Another approach is described in the sequel. Consider the Beta operator, intro- 
duced independently by A. Lupas, [12] and Miihlbach [14]: 



B r f(x) := { 



f(x), a; = 0,1; 
i 

J t rx-l( 1 _ t y-rx-lf^ dt 



-,0<x<l, 



B(rx, r — rx) 

for r > 0, / g C[0, [0, 1]. It is not difficult to see that 

U° = B n o B ne , 
where B n : C[0, 1] — > II„ is the classical Bernstein operator: 

£?„/(*) = [-\ Pn ,k{x), /eC[0,l], x e [0,1]. 

The following result is a consequence of ([1], Th.l). 
Theorem 3 If g g C[0, 1] is convex, and s > r > 0, then 

B r g(x) > B s g(x). 
Now we are in a position to state 

Theorem 4 Lei / g C[0, 1], n > 1, g > 0, a > 0. T/ien 



w/iere cj 2 is the second order modulus of smoothness. 



(4) 



(5) 



(6) 



(7) 



(8) 



Proof. Suppose that < g < a and set r := ng, s := no. According to (7), we 
have for each convex function g G C[0, 1], 



This entails 



B ne g > B 

nay • 

B n (B ng g) > B n {B na g). 



(9) 
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Now (5) and (9) yield 

Ue 9 >UZg, g € C[0, 1] convex. (10) 
Let x <E [0, 1] be fixed. Consider the functional $ : C[0, 1] -> R, 

$(/) :=TO-TO- /eC[o,i]. 

The linear functional $ is bounded on C[0, 1] endowed with the uniform norm; 
moreover, $ is different from 0, and according to (10), 

> 0, g e C[0, 1] convex. (11) 

By a result of T. Popoviciu [16] (see also [17]) it follows that for each / e C[0, 1] 
there exist distinct points to,ti,t 2 in [0, 1] such that 

$(f) = $(e 2 )[t ,t 1 ,t 2 ;f], (12) 

where [to,ti,t 2 ; /] is the divided difference of the function / on the nodes 
t n ,ti,t 2 - According to [7], 

2 , 0+1 



so that 



U*e 2 (x) = x z + ^— x(l-x), 
ng+1 



•w - os*(.) - - ( ^; 1 1 j ( t7 ) 1) x(i - 

2r 



On the other hand, if g e C [0, 1], then 



[to,ti,t 2 ;s] - ^s"(0 

for some £ G [0, 1]. Thus (12) leads to 
This entails 

\^g(x) UZg(x)\ < 2 ^~ + l) ^ [na f x)\\g"\U seC 2 [0,l]. (13) 

As a consequence of Theorem 4.2 and Corollary 4.3 in [4], 

for h 2 = — — x(l — x), a = 2 and B 2 = — we obtain 

(ng + l){na + l) y J ' H2 2 



\m UZ)(f){x)\ < ( 2 -\ + I ■ 3 -) u 2 ( /; j j?, !wl 'U 1 - *) 



4 2 2/ \ A/ {ng + l)(na + l)' 



9 /, / (n-l)\a-g\ , \ 
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3 The commutators [U%; U a n \ and [£/&; Ug\ 

The problem of studying the commutator [A; B] := AB — BA of two positive 
linear operators A and B was raised by A. Lupa§ in [13]. Some answers to 
Lupa§'s problem can be found in [6]. Here we shall study the commutators 
[Ufi; U%] and [U^; U%]. First of all, we need information about the moments of 
the investigated operators. 

Let M^j(x) := U^{e\ — xe a y(x), be the j-th moment of Uj*. Then, according 
to [7], 

M„»,1,M„» = 0, (14) 

M^ +1 (x) = ^-(^(1 - x)±MMx)+j{l 2x)M^(x)+ 

+j( +l)x(l-x)MH J _ 1 (x)),j>l. 
By using (14) and (15) it is not difficult to prove by induction on j that 

Ml j (x) = 0(n-^) (16) 
uniformly with respect to x e [0, 1]. Now let 

M°£{x) := U%UZ( ei - xe Y(x) (17) 
be the r-th moment of U%U°- According to [9], Theorem 4, 

= E E Q jf^K^){Mu*)) {j - k) - (is) 



i+k 



Combining (16) and (18) (see also [9], Corollary 1), we get 

M%(x) = o(n-l r * L i) (19) 
uniformly with respect to x e [0, 1]. Now by a result of Sikkema [18] we have 

U°VZf{x) = E f -^M^(x) + o(n- 3 ) (20) 

r=0 

uniformly with respect to x e [0,1], for each / <G C 6 [0, 1]. It follows that for 

/eC 6 [0,i], 

{U°UZ KUC)f(x) = J2 f -^~{M^{x) - M^(x)) + (n- 3 ). (21) 

r=0 

A combination of hand calculations and MAPLE shows that 

M«£(x) - M^(x) - 0, r = 0, 1, 2, 3, (22) 
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lim n 3 (M„%» - AO*)) = ( " g)( *+ 1)(<r + ^ (l - *), (23) 



lim n A {M°${x) - M%«{x)) = 0, r = 5, 6, (24) 
uniformly with respect to a; e [0, 1]. From (21)-(24) we derive 
Theorem 5 For eac/i / e C 6 [0, 1] one has 

lim n3 (C OT - - {a ~ Q){g + l ){a + 1) x(l x)f^(x), (25) 

uniformly with respect to x e [0, 1] . 

In particular, we see that U% and U% do not commute if g ^ cr. On the other 
hand it is well known (see [10]) that and t/^ (i-e., the genuine Bernstein- 
Durrmeyer operators) do commute. A combination of hand calculations and 
MAPLE shows that 

- Ueili)e r (x) = 0, r = 0, 1, 2, 3, (26) 

and 

(U e Tie _ tjqtjq w (x ) = g 3 (g - l)(g + l) 2 (m - l)(n - l)(n - m) 

1 m n n m) 4[ ' (mg + l)(mg + 2){mg + 3)(ng + l)(ng + 2)(ng + 3) ' 

(27) 

We see that and U% do not commute if g ^ 1, m ^ 1, n ^ 1 and m ^ n. 

4 New proofs of some theorems from [7] and [8] 

In [7] the authors proved that for each n > 1 and / € C[0, 1], 

lim U£f = B n f, uniformly on [0, 1]. (28) 

Thus, for n fixed and g G [l,oo), the operators U% constitute a link between 
the genuine Bernstein-Durrmeyer operators U n and the Bernstein operators B n . 
The authors of [8] proved that for n > 1 and / <E C[0, 1], 

lim U%f = B 1 f, uniformly on [0, 1]. (29) 
Moreover, they proved 

Theorem 6 For U%, < g < oo, n > 1, we have 



\u°f(x) B 1 f{x)\ < \u 2 (/; y - *) 



G 
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In what follows, we give a different proof of (29). First of all, we have 



, _ kg(kg + 1) • ... • (kg + j - 1) 



= ng(n g+ l).:.. (n g +}-!) ' ^ °' ° " * " 
and consequently, 

lil ? + i? n%( e 0) = 1 ( 30 ) 

and 

lim F" (ej )=* , 7 = 1,2,.... (31) 

e^o+ n 

Now let p € n,p = a e + aiei + ... + a m e m for some oo, ai, a m G R. Then, 
according to (30) and (31), 

^FlM = oo + («i + .» + =P(0) + (p(l) -p(0))£. 

This leads to 

" / fc\ 
lim U°p = V p(0) + (p(l) -p(0))- P n,fc =p(0)e o + (p(l) -p(0))ei, 
fc=0 V 

and so 

lim U°p = B lP , pell. (32) 

Since II is dense in C[0, 1], and ||J7^|| = ||Si|| = 1, (29) is a consequence on 
(32). 

In the sequel we shall be concerned with shape preserving properties of the 
operators U%. In [7], Theorem 4.1, the authors proved that for n > 1 and 
g > 0, the operators U% transform fc-convex functions into fc-convex functions. 
Basically this means that if > 0, then (U^ k \f > 0, k > 0; see [7] for 
the complete terminology. Here we shall present briefly another proof of this 
theorem. 

First, let a > —1, /? > —1 be real numbers. For r > consider the kernel 

(*,„) e M*lMh>*yW) :- B| „» + , + 1 ,.;_, ) + s + , ) , 

and the operator 

l 

B^f(x) := y K^(x,y)f(y)dy, f G C[0,1], z G [0,1]. 
o 

In particular, B^ 1 ^ 1 is the operator B r discussed in Section 2. Let us remark 
that the kernel K"'@ can be represented also as 



K' p (x,y) 



B(rx + a + 1, r(l - x) + 13 + 1) 
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According to [11], Theorem 1.1, part (a), p. 99, and (1.5), p. 100, K"' 13 is a 
totally positive kernel. Moreover, a direct computation yields 

a p . . _ {rx + a + l)(rx + a + 2) • ... • (rx + a + k) 
r ' ek[X > ~ (r + a + P + 2)- ...-(r + a + P + k + l) ' 

Thus, for any k > 0, B^^e^ is a polynomial of degree k with leading coefficient 

a "J .= t 

r ' fc ' (r + a + /3 + 2) • ... • (r + a + fi + k + 1) ' 

By [3] Theorem 2.3 and Remark 2.5, B"'" transforms fc-convex functions into 
/c-convex functions, k > 0. Since the Bernstein operator £?„ does the same, we 
conclude that B n o B"' 13 preserves fc-convexity. In particular, U n = B n o B^ 1 '^ 1 
preserves fc-convexity, and this is the content of [7], Theorem 4.1. 

5 The behavior of U% with respect to Lipschitz 
classes 

Fix an integer m > and M > 0. We say that a function / e C[0, 1] belongs 
to the Lipschitz class Lip m (M) if 

\ATf(x)\<Mh m 

for all x e [0, 1] and h > such that a; + m/i e [0, 1]; A™/(x) stands for the 
m-th order difference of / with step h at x. According to [3], Proposition 2.1, 

M 

/ € Lip m (M) if and only if — -e m ± / are m- convex functions. 

to! 

Theorem 7 If f £ Lip m (M), then for all n > 1, g > 0, 

Mg m n(n - 1) • ... • (n - m + 1) 



m\(ng)(ng + 1) • ... • (np + m — 1) 



M 

Proof. Let / € Lip m (M). Then — -e m ± f are m-convex functions, so that 

to! 

M 



to! 

are TO-convcx functions. Since 



} U°e m ±U°f 



no i \ g m n(n - 1) • ... • (n - m + 1) 

U%e m {x) = - — — 1 — x + terms of lower degree, 

(ng)(ng + 1) • ... ■ (ng + m - 1) 



we deduce that 

M g m n(n - 1) • ... • (n - to+ 1) 



to! {ng){ng + 1) • ... • (rap + m — 1) 
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are m-convex functions. 

This means that U%f belongs to the class 



Lipr, 



Mg m n(n - 1) • ... • (n - m + 1) 
ml(ng)(ng + 1) • ... • (ng + m — 1) 



Let now M > and < 7 < 1. Define 

Lip( 7 , M) := {/ G C[0, 1] : |/(ar) - f(y)\ < M\x - y\\ x, y G [0, 1]}, 

and remark that Lip(l,M) = Lipi(M). Let oj be the usual modulus of conti- 
nuity. 

Theorem 8 For all n > 1 and p > 0, 

a) Lj(U%f, S) < 2w(/, / G C[0, 1], <5 > 0; 
6)C^(Lip(7,M))cLip(7,M). 

Proof. According to Theorem 7, U%(Lipi(M)) C Lipi(M), hence 
U%(Lip(l,M)) C Lip(l,M). Now the statements a) and b) follow from [2], 
Corollary 6 and Corollary 7. ■ 
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Abstract 

Approximation of functions by Bernstein type positive linear operators 
on L p spaces is a classical topic in approximation theory. In this paper 
we consider the approximation on an open set Q by positive linear opera- 
tors on a variable space L p ^' associated with a general exponent function 
p : — > [l,oo). The topic is motivated by applications in electrorhe- 
ological fluids and learning theory. Under an assumption of log-Holder 
continuity of the exponent function p, we provide quantitative estimates 
for the approximation when the approximated function lies in a variable 
Sobolev space. The uniform boundedness of the Kantorovich operators 
and the Durrmeyer operators on the variable spaces is proved when the 
exponent function p is Lipschitz a with < a < 1, which yields rates of 
approximation. The technical difficulty arising from the uniform bound- 
edness is overcome by the Lipschiz continuity of the exponent function 
and localization of Bernstein type positive linear operators. 

2010 AMS Subject Classification: 41A36, 42B35. 

Key Words and Phrases: Positive linear operators, variable LP^ spaces, 
exponent function, Hardy-Littlewood maximal operator, log-Holder continuity. 

1 Introduction and Motivations 

Approximation of functions by positive linear operators is a classical topic in 
the field of approximation theory [15]. It was motivated by the Weierstrass ap- 
proximation theorem verifying the denseness of polynomials in the space C[0, 1] 
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of continuous functions on the interval [0, 1] and started with the investigation 
of approximation of continuous functions by the classical Bernstein operators 
defined [4] as 

B n (f,x) = J2f[-)bnAx), xG [0,1], /eC[0,l], (1.1) 
k=o 

where {b n ,k}k=o ^ s tne Bernstein basis given by 

b n , k (x)=(j^x k (l-x) n - k . (1.2) 

To approximate discontinuous functions, one often replaces the point evaluation 
functional in (1.1) by some integrals and considers the corresponding Bernstein 
type positive linear operators on L p [0, 1] spaces with 1 < p < oo where L p [0, 1] 
is the Banach space consisting of all integrable functions / on [0, 1] with the 
L p -norm 

ll/IU, :=(^ I/WPW) (1.3) 

finite. Examples of such positive linear operators on L p [0, 1] include the Kan- 
torovich operators [13] defined by 

n „(fe+i)/( n+ i) 

K n (f,x)=y2(n+1) f(t)dtb n . k {x), are [0,1] (1.4) 

fe=0 Jk/(n+\) 

and the Durrmeyer operators [11] by 

n „i 

D n (f,x) = Y t (n+l) b ntk (t)f(t)dtb n , k (x), xe[0,l}. (1.5) 
k=o Jo 

Quantitative behaviors of the approximation by the above mentioned positive 
linear operators have been well understood due to a large literature (e.g. [6, 5]), 
which can be found in the book [10] and references therein. 

In this paper we study the approximation of functions by positive linear 
operators on variable L p spaces. Note that (1.4) and (1.5) may be regarded as 
operators on the space L p (0, 1). So the functions for approximation considered 
in this paper are defined on a connected open subset Q of R such as O = 
(0, 1),(0, oo) and (—00,00). The variable L p space, L p ^'\ is associated with a 
measurable function p : fl — >• [l,oo) called the exponent function. The space 
L p ^ consists of all measurable function / on f2 such that J Q (\f(x)\/X) p ^ dx < 
1 for some A > 0. Its norm cannot be defined through replacing the constant p 
in (1.3) by the exponent function p(x). It is defined by scaling as 

||/|Uo=mf [a>0: f HIMY^ dx < A . (L6) 
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With this definition, L p ^ becomes a Banach space. 

The idea of variable L p ^ spaces was introduced by Orlicz [16] who considered 
necessary and sufficient conditions on a sequence {yk}keN for the series J2 k XkUk 
to converge, given that {p k > l}fe and {xk}k are real sequences with the series 
Sfc xJ? k convergent. Mathematical analysis [14] of variable spaces L p ^ was mo- 
tivated by connections between these function spaces and variational integrals 
with non-standard growth related to modeling of electrorheological fluids, which 
can be found in [1] and references therein. Important analysis topics include 
boundcdness of various maximal operators [9, 7], continuity of translates, and 
denseness of smooth functions [14]. 

The purpose of this paper is to raise the issue of approximation on the 
variable spaces L p ^ by positive linear operators. 

Definition 1 We say that a linear operator L n on L p ^ is positive if it maps 
(i p ('') + into itself, where (L p (')) + denotes the positive cone of L p ^ consisting 
of all functions f in L p ^ such that f(x) > almost everywhere. 

We aim at providing some quantitative estimates for the approximation, 
and then demonstrating that the uniform boundcdness of the linear operators 
including (1.4) and (1.5) is essentially different from that in the classical L p 
spaces. 

To illustrate the technical difficulty arising from the variety of the exponent 
function p(-), we choose the Durrmeyer operator (1.5) and consider the standard 
trick [12] for bounding 

/ \D n {f,x)\ p{x) dx< 5> + l)/ b n , k (t)\f(t)\ p{x) dtb n . k {x)dx. 
Jo Jo fe=0 Jo 

From this expression, we see that the term |/(t)| p ^ appears and is different 
from \ f{t)\ p ^\ a quantity in the definition of the norm H/H^po- This difference 
is essential, which motivates the introduction of various regularity concepts for 
the exponent function towards approximation analysis stated in the next section. 

Our investigation of approximation on variable spaces L p ^ is also motivated 
by its applications in learning theory [8] . In [20] a Durrmeyer operator associated 
with a general probability measure px on ft = (0, 1) was introduced as 

™ i r 

Dn(f, X) = J I k (t)d Px (t) J n X E ^ 

and was applied to error analysis of support vector machine algorithms for clas- 
sification. Further mathematical analysis can be found in the literature (e.g., 
[3]). In learning theory, the least squares loss J nxY (f(x) — y) 2 dp with an output 
space FCR and a probability measure p on ft x Y is the most commonly used 
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tool to measure errors, which leads to learning algorithms for predicting condi- 
tional means [17, 18] affected by outliers. To reduce the affect of outliers, the I 1 
loss J QxY \ f( x ) — y\dp is often used to produce learning algorithms predicting 
conditional medians [19]. One may use the variable loss J nxY \f( x ) ~ y\ p ^dp 
to learn conditional means for some events and conditional medians for some 
others. To this end, a variable space involving a general probability measure px 

f\f( \\\^ x ^ 

on Q, might be defined by means of scaled integrals of type J n ( IJ J dpx ■ 
Further discussion on this point is out of the scope of this paper. 

2 Main Results 

The first main result of this paper is error analysis for the approximation by pos- 
itive linear operators on the variable space L p ('\ Here regularity of the approx- 
imated functions is needed. We use the variable Sobolev space, W 1 ^, defined 
to be the subspace of L p ^ consisting of functions / such that its distributional 
gradient or derivative V/ exists almost everywhere and satisfies V/ € L p ('\ Its 
norm is given by 

ll/lli,p(.) = ll/ll^<-) + l|V/|| iP (.,. (2.1) 

To give quantitative estimates for the approximation on the variable space 
we need to assume that the exponent function p is log-Holder continuous 

[9, 7]. 

Definition 2 We say that the exponent function p : SI — > [l,oo) is log-Holder 
continuous if there exists a positive constant C p > such that 

\p(x)-p(y)\< ^^3^ ' x,ytn,\x-y\< 1 -. (2.2) 

We say that p is log-Holder continuous at infinity (when SI is unbounded) if 
there holds 

\p(x)-p(y)\ < Cp , x,yen,\y\>\x\. (2.3) 
log(e + \x\) 

Note that the condition (2.3) for the log-Holder continuity at infinity is 
automatically satisfied if SI is bounded. When SI is unbounded, (2.3) tells us 
that the limit lmx E _j. 00 p(x) exists. 

Denote 

p_ = infp(a;), p+ = supp(x). 

Our quantitative estimate for the approximation on the variable space L p ^ 
of Sobolev functions by positive linear operators can be stated as follows. It 
will be proved in Section 3. 

4 
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Theorem 3 Assume that the exponent function p : — > [l,oo) satisfies 1 < 
P- < p + < oo. If p is log-Holder continuous satisfying (2.2) and (2.3), then for 
any positive linear operator L n on LP(') and f e W 1 ^, we have 

\\L n (f) - /||l,(o < (A P + 1) ||/||i, p( .)A n , (2.4) 
where with the constant 1 function 1, A„ is the quantity defined by 

A„ = sup{L„(| • -x\,x) + \L n (l,x) - 1|}, (2.5) 

sen 

and A p is a constant depending only on p. 

For general functions, we can measure the regularity by the K-functional 
K{ f, t) p{ .) between Lp(0 and WMO defined for / e ) as 

K(/,t) p( . ) =inf{||/-. 9 || iP( . ) +t||. 9 || l!p( . ) : je^J, t>0. (2.6) 

Then the following corollary is a standard consequence of Theorem 3, though 
getting reasonable bounds for the operator norm ||L n || is non-trivial. 

Corollary 4 Under the assumption of Theorem 3, there holds 
\\L n {f) /|Uo < (||L W || +l)K (j, j|^p^ A n ) V/eP» (2.7) 

At a first glance, one might expect that the approximation theorems on 
the variable space can be stated in a straight forward way from those on 
the classical L p spaces. However, this is not trivial at all. Even the uniform 
boundedness of the linear operators (1.4) and (1.5) is not clear and the operator 
norm ||L n || is hard to obtain when a general exponent function p is involved. 

The second main result of this paper, to be proved in Section 4, is a uniform 
bound for the Kantorovich operator (1.4) and the Durrmeyer operator (1.5) 
when the general exponent function p is Lipschitz a with < a < 1. 

Theorem 5 Let O = (0,1) and < a < 1. If p~ > 1, and the exponent 
function J):fl4[l, oo) is Lipschitz a satisfying 

\p{x)-p(y)\<C a \x-y\ a , x,yefl (2.8) 

for some positive constant C a , then there exists a positive constant A atP depend- 
ing only on a and p such that for L n — K n or D n , we have 

\\L n \\ < A a , p , Vn e N. (2.9) 



5 
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It would be interesting to obtain the uniform boundcdncss of the Kantorovich 
operator or the Durrmeyer operator on LP^ associated with a general exponent 
function p. In particular, we conjecture that the uniform boundcdness holds 
true when p is log-Holder continuous satisfying (2.2). 

Theorem 5 can be extended to positive linear operators on LP^ defined on 
unbounded domains such as integral versions of the Szasz-Mirakjan operators 
and the Baskakov operators [2] on VL = (0, oo). Some of our analysis can be 
extended to the multidimensional case where SI is an open domain in R d with 
d > 1. 



3 Proof of Approximation Estimates 

We need the boundedness of the Hardy-Littlewood maximal operator on vari- 
able spaces Lf(') which can be found in [9, 7]. The Hardy-Littlewood maximal 
operator M is defined for locally integrable functions / on SI as 

M(f)(x) = sup -^r / \f(y)\dy, x e SI, (3.1) 

where the supremum is taken over all balls B which contains x and for which 
\B fl 0| > 0. Here \E\ denotes the Lebesgue measure of a subset E of SI. It was 
shown in [9, 7] that when the exponent function p is log-Holder continuous, the 
Hardy-Littlewood maximal operator M is bounded on the variable space L p ( '\ 

Lemma 6 // the exponent function p : SI — > [1, oo) satisfies 1 < p_ < p + < oo 
and the log-Holder continuity conditions (2.2) and (2.3), then there exists a 
constant A p depending only on p such that 

\\M(f)\\ LP( .) <A p \\f\\ LP , h V/eP<'). (3.2) 

Now we can prove our first main result on quantitative estimates for the 
approximation by positive linear operators on the variable space L p ^ when the 
approximated function lies in the Sobolev space W 1 '^ K 

Proof of Theorem 3. Let / e W x ' p ^ . Express the difference function 
L n {f,x) - f(x) as 

L n (f, x) - f(x) = L n (f(-) - f(x),x) + L n (f(x),x) - f(x), xen. 

By the linearity, L n (f(x),x) = f(x)L n (l,x). 
For x,t Gil, we have 



\f(t)-f(x)\ 



Vf{u)du 



< M{Vf){x)\t-x\. 



G 
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Since L n is a positive linear operator, the trivial relation — \f(t) — f(x)\ < 
f(t) - f(x) < \f(t) - f(x)\ yields -L n (\f(-) - f(x)\,x) < L n (/(-) - f(x),x) < 
Ml/0) - f(x)\,x). It follows that 

IM/0) - f(x),x)\ < L n (\f(.) - f(x)\,x) < L n (M(Vf)(x)\ ■ -x\,x) 
<M(Vf)(x)L n (\--x\,x). 

Therefore, for any x € f2, there holds 

|L n (/,z) - f(x)\ < M(Vf)(x)L n (\ ■ -x\,x) + \f(x)\ \L n (l,x) - 1| 
< A„ (M(V/)(x) + |/(x)|). 

The above bound gives 

\\L n (f) - f\\ LP ^ < A n (||M(V/)|| LP( ., + ||/|| L p(.)) • 
Now we apply Lemma 6 and find ||M(V/)|j LP (.) < A p \\ V/ \\ LP ( -> . Hence 
\\L n (f) - /HiP(-) < A„ (A P ||V/|L P( .) + ||/|| LP() ) < A„ (A p + 1) H/lli^.). 

The proof of Theorem 3 is complete. 

The proof for the approximation estimates for general functions on the vari- 
able space L p (') is standard. 

Proof of Corollary 4. The triangle inequality tells us that for any g <G W 1,ply '\ 
there holds 

\\ L n(f) - f\\ L p( ) < \\L„(f - g)\\ L v<.) + \\L n (g) - g\\ L p( ) + lis- /ILp<->- 

Then we apply Theorem 3 and see from the definition of the operator norm 
||L„|| that 

\\L n (.f) - /lUo < (||L„|| + 1) 11/ - flllipco + (A p + 1) ||.g||i, p( .)A„. 
Taking the infimum over g G W 1,p ^ in the above bound yields 

IIM/)-/IU. H <<IIM + l)A-(/,^A,,) p() . 
The proof of Corollary 4 is complete. 

4 Uniform Boundedness on Variable Spaces 

In this section, we prove our second main result. The technical difficulty arising 
from the uniform boundedness is overcome by the Lipschiz continuity of the 

7 
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exponent function and localization of Bernstein type positive linear operators. 
Here the Lipschitz continuity condition (2.8) and the lower bound p_ > 1 play 
a crucial role, and they imply the finiteness of the upper bound p + . Note that 
here Q = (0,1). 

Proof of Theorem 5. To give the proof in a unified way for both the Kan- 
torovich operator and Durrmeyer operator, we use the notation xe for the 
characteristic function of a set E and define kernels {q n ,k} k= o as 

n (A - / ( n + 1 )X(fe/(r l +i),(fe+i)/(™+i))(^), for L n = K n , 

Qn ' kW \(n + l)b n , k (t), iovL n = D n . {4A) 

Note that < q n ,k(t) < n + 1 and J Q q n ^(t)dt = 1. Then 

n „ 

L n (f,x) = V / qnAtffiWtbnAx), xeil = (0,1). 
k=o Jn 

Let / e L p ^ have norm 1. That means J n \f(x)\ p ^dx < 1. 

Let x e f2, n e N, and (3 = - 2 _ 1 > 0. Define a subset fi„ of as 

0„ = {ieQ:|/(i)|>r/}, 

and 

n ,. 

L* n {f,x) =J2 q n ,k(t)f(t)dtb n , k (x). 

By the definition of we have p(t) > p_ > 1 and \f(t)\ > mP for every 
t € fl n , which implies 

\f(t)\ < \f(t)\*W K) 1_p(t) < l/WI^Wn^ 1 -"-) =n- 2 |/(t)|fW. 
It follows that 

n „ 

\L* n (f,x)\<n- 2 Y< / qnMt)\f(t)\ p(t) dtb n , k (x) 

n „ 

<n 2 Y.\ (n+l)\f(t)\ p ^dtb n , k (x) 
k=0 Jn n 

= n- 2 f (n + l)\f(t)\P^dt< 



n 



Here we have used the assumption that J Q \f(x)\ p ^dx < 1. 
Define 

L* n *(f,x)= ]T f q n .k(t)f(t)dtb n , k (x 



k£J n 



386 



ZHOU: APPROXIMATION BY POSITIVE LINEAR OPERATORS 



where J n>x is the index set defined by 

J n ,x = jfc S {0, . . . , n} : \k - nx\ < j = jfc e {0, . . . , n} : 

We use the bound < n' 3 for i e \ fi„ and 

i k 



— x 



< n * 

(4.2) 



> 1, for k J n 



and see that 



|i;*(/,a:)|< V / (n + l)n^tft6„,fc(x) 

k£J n , x 



< (n + l)n fi ^ 

k£Jn a 



/ I 


fc 




1 n 4 


X 


) 




n 





where r is the integer part of 2(3 + 5. Then 2(3 + 4 < r < 2(3 + 5. 

It is well known in the classical approximation theory (see e.g., [15, 10]) that 
there exists a positive constant M r depending only on r G N such that 



B n ((• -x) 2r ,x) < M r n- r , Vxe(0,l). 
Applying this bound to continue our estimates gives 



(4.3) 



2M r 



\K*(f,x)\ <(n+ l)nf j ni 2 b nM (x) 

= (n + l)n n^B n ((--x) 2r ,x) 

<(n+ l)n li n^M r n' r < 2M r n 1+ ^5 < 

n 

Let us turn to the key part defined by 

In := [ \L n (f,x) - L* n (f,x) - L* n *(f,x)\ p{x) dx 



/ 2 / qn.k(t)f(t)dtb„ tk (x) 



p{x) 



dx. 



Applying the Holder inequality and the relation X)fc=o b n ,k(x) = 1 yields 
In< I V (f q n .k(t)\f{t)\dt\ b n , k {x)dx. 
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Since q n .k(t) > and J Q q n .k(t)dt = 1, we apply the Holder inequality again and 
find 

4<f V / qn.k(t)\.f(t)\ p(x) dt\b n , k (x)dx 



ke.J n 



< { \f(t)\ p ^I n , x , t dt\dx, (4.4) 

Jn [Jn\n„ J 

where I n ,x.t is the quantity defined by 

I n ,x,t= E qnAt)\f(t)\ Pix) ~ Pit) bn,k(x), tefl\n n . (4.5) 

Recall the index set (4.2). It tells us that for k e J n ,x, we have |£ — x\ < 

For the Kantorovich operator L n — K ni we have q n ,k(t) ^ only when 
t e (fc/(n + 1), (fc + l)/(n + 1)). In this case there hold |x - t| < 2ra~i for 
k € J n ,a;, and — p(i)| < 2C Q n~T by the Lipschitz condition (2.8). It 

follows that 



In,x,t — 



£ <?»,fc(*) (^ 2C °" _f + \f(t)\- p V) b n . k {x) 

n 

< (M P , Q + |/(*)|- p(t) ) J2^,k(t)bn,k(x), (4.6) 



fe=0 

where the number M PiQ defined by 

is finite because taking logarithms tells us that 

log (nf^c a n-f^ = ^2C Q n~T logrw (n -> oo). 
The argument for the Durrmeyer operator is more complicated. Recall 



r n , t = ^fce{0,l,...,n}: 



k 




1 


<n * | 


n 





We need to separate the summation X)fee,/„ x m t° Z^feeJ n ^nj,, f + SfceJ„ x \j n t - 
For fc <G J n , x ("I J n ,t we have again |a; — t| < 2n~i and |p(.t) — p(i)| < 2C a n~T . 
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Hence 



£ qnAt)\f(t)\ P{x) - p(t) bnAx) 

fee 4,inJ„, t 



< E ^,feW(^ 2Ca ^ f + i/wr p(t) )^feW 

keJ n , x nJ n , t 

n 

< (M p , Q + |/(i)r P(t) ) 5>n,fe(*)&n,fe(z). 

fe=0 

For the second summation term, we apply the moment estimate (4.3) to the 
integer part r' of the positive number 3 + 2/3p + and get from the upper bound 
P+ = sup xen p(x) of p that 

E 9n,fc(t)|/(t)| p(x) - ,,(t) & ni fc(a;) 

k£J n ,x\Jn,t 

keJ„, x \J„,t \ n / 
<Ti7M r m V (u + l) + |/(t)| _p(t) ) 

< 2M r /n 1 "T (> p + + |/(t)T p(t) ) < 2M r - + 2M r >\f{t)\- p{ - t) . 
Putting the above bounds for the two terms into (4.5), we know that 

n 

I n , x ,t < (M P , Q + |/(*)|- p(t) ) E 9n,fc(*)6r»,fc(a:) + 2M r' + 2M r ,\f {t)\~^ . 



fe=0 



Combining this with the bound (4.6) for the Kantorovich operator and (4.4), 
we see by j Q b n ^{t)dt = ^ and YJl=o Vfe(*) = 1 that 

In< I I / \f(t)\ p[t) (M p . a y] q n , k (t)b n , k (x) + 2M r 
Jn [Jn\n n \ k=0 

+ ^q n A t ) b n.k( x ) + 2M r >dt >dx 

fc=0 J 

< (M p>a + 2M r /) / |/(t)| p Wdi + 1 + 2M r , < M p . a + 1 + AM r ,. 
Jn 

Based on the above estimates for the three terms L* , L** and L n — L* n — L** , 
we conclude that 

/ \L n {f^)f x) dx< [ 3^{\L* n (f,x)\^ + \L* n *(f,x)\ p ^ 
Jn Jn L 

+ \L n {f,x)- L* n (/, x) L* n * (/, x) \ p{x) ) dx 



< 3^ 



n 



2M r 



n 



2 M r 



n 



M P:a + 1 + 4M r , } . 
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Thus, from p(x) > p_, we find 

/ n (™) pW ,x<(i)'7 o | i „(/,, ) r«, I < 1 , 

if we choose 

A = A atP := 3 1+c ° {2 + 2 1+c ° + 2M r + (2M r ) 1+c « + M PiCt + 1 + AM r , } , 

since the Lipschitz condition (2.8) gives \p(x) — p(y)\ < C a \x — y\ a < C a , and 
thereby the relations p+ < P- + C a and ^^I + ^^I + Cq. Therefore, we 
have ||i„(/)|| iP (o < A a ^ p . This bound is true for any / € L p ^ with |j/|| iP < > = 
1. So ||L„|| < A aiP . This completes the proof of Theorem 5. 
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1 Background 

Let v > 0; the operator denned for / e L\ [(a, b)] is given by 



for a < x < b, is called the left Riemann-Liouville fractional integral operator 
of order v. For v = 0, we set J° + := I, the identity operator, see [1], p. 392, 
also [7]. 

Let v > 0, n := \v\ (["•] ceiling of the number), / e AC n ([a, b]) (it means 

g A(j ([a, 6]), absolutely continuous functions). 
Then the left Caputo fractional derivative is given by 




(1) 



D:j (x) = r(n 1 — J* (x if-"- 1 /(») (t) dt = (/»- "/ (n) ) (x) , (2) 



and it exists almost everywhere for x € [a, b] . 

Let / <E Li ([a, 6]), a > 0. The right Riemann-Liouville fractional operator 
([2], [8], [9]) of order a is denoted by 




(3) 
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We set Iff_ := I, the identity operator. 

Let now / e AC m ([a, &]), meff, with to := \a] . 

We define the right Caputo fractional derivative of order a > 0, by 

!>?_/(*) := (-ir/--«/(H (x), 

we set D®_f := /, that is 

(-1) 



(*) - r ; " , / (z x)" 1 — 1 /(-) (z) dz. 

r (m - a) 



(4) 



(5) 



We need 



Proposition 1 p. Let a > 0, to = \a\ , f G C"" 1 " 1 ([a, 6]), e 

Loo ([ a i^])/ a;, G [a, 6] : x > Xo- T/ien D" Xo f (x) is continuous in xq. 

Proposition 2 (7^/, p. Let a > 0, to = \a] , f e C*" 1 " 1 ([a, b]), ft m ~> e 

Loo ([ a , &])/ a;, € K &] : x < x . TTien D XQ _f (x) is continuous in x . 

We also mention 

Theorem 3 ([4], p. 362) Let f e C m ([a, 6]) , to = \a] , a > 0, x, x e [a, 6] . 
Tften D" f(x), D^ g _f (x) are jointly continuous functions in (x,x ) /rom 
[a, 6] 2 into R. 



Convention 4 (7^/, p. 300,) We suppose that 

D * Xo f( x ) = °> forx< x , 

and 

D" o -f(x) = 0, forx> x , 

for all x, x € [a, b] . 



(6) 
(7) 



2 Motivation 

We mention some Caputo fractional mixed Ostrowski type inequalities involving 
several functions. 

Theorem 5 ([6]) Let x e [a, b] C R, a > 0, to = \a], ft e AC™ ([a,b]), 
i = 1, r G N — {1}, with (xq) = 0, k = 1, m — 1, i — 1, r. Assume 
that \\D" _ft\\ , \\D"fi\\ , < oo, i = l,...,r. Denote by 

II -co — •> 1 II oo,[a,xoj H * x o J H oo, [x a ,b\ ' " 



(ft, ft) (x ) := r f ( f[ f k (x)) dx-J2 
Ja \fe=i / i=i 



/< (*o) 









da; 


i=i i 





(8) 
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Then 



\e{h,...,f r ){x )\<^2 



I n a f II ja+l 

I^o-J'lloojo.xo] a + 

( 



( r 

f[\fj {xo)\ 



\ j=1 



/ 



(9) 



I r> a f II jct+i 

\ ly *xoJi\\oc,[x ,b] 1 b- 



n 1/^(^)1 



\ 3=1 



Inequality (9) is sharp, infact it is attained. 



Theorem 6 ([6]) Let a > 1, m = \a], and f, G AC m ([a,b}), i = l,...,r E 
N — {1}. Suppose that f- k ^ (x ) = 0, k = 1, m — 1; x G [a, b] and D" o _fi e 
Li ([a,x ]), Df x Ji G ^1 ([zo,&]), /or aZH = l,...,r. T/ien 



|0(/i,...,/ r )(*o)| 



\ 



\n a f-\\ T a 

\ xo- Jl \\Li([a,xo]) a + 



+ 



/ 



I F) a f-\\ T° 

\^*xoJ 1 \\L 1 ([x ,b]) 1 b 



n \f>( x °)\ 

7 = 
\ 



(10) 



Theorem 7 (7#/J Let p, q > 1 : 1 + ^ = 1, a > 1, m = \a\, a > 0, and /; e 
AC" 1 ([a, 6]), i = l,...,r G N-{1}. Suppose that f\ k) (x ) = 0, k = l,...,m-l, 
x e [a, 6]; i = 1, ...,r. Assume £>" _/ 4 e L g ([a,a; ]), and D*^/; G L 9 ([zo,&]) , 
i = 1, r. T/ien 

|fl(/i,...,/ P )(a:o)| < 



E 



(p(a-l) + l)sr(a)Si 



/ 



x -J l \\L q ([a,xo]) a + 



I D a f 



\ 3=1 



(ii) 



+ 



I D a f 



*xaJi\\L q {[x ,b\) b ~ 



( r 

infill 



\ 



7 = 1 



/ 



Next we mention some Caputo fractional Griiss type inequalities for several 
functions. 
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Theorem 8 ([6]) Let x € [a, b] C R, < a < I, e AC ([a, 6]), i = l,..,r€ 
N- {1}. Assume tfiat sup ||£>xo-/iL, [a ,x ]> sup ||£>?x /i|loo,[x ,6] < °°> 
i = 1, r. Denote by 



A (/i, f r ) :=r(b- a) j" (j[ f k (x) j dor- (12) 



Then 



E 













^j' fi(x)<tej 


(/• 










■/ a 

V 









|A(/i,...,/ r )| <(b-a) 



E 

»=i 



sup LD"_/i , , sup 1° 

f || x -J lloo, a,x . , , a 

x e[a,b] x G[a,6] 



a+1 



/ 



/ 



™P lil F?x /i|loo,[xo,6] S T,/ 6 
x Gla,o] x G[a,f>] 



a+1 



\ 



n i/i^i 



(13) 



Theorem 9 ([6]) Let p, q > 1 : ^ + \ = I, ^ < a < 1, and ft € AC ([a, 6]), 



i = l,...,r e N - {1}, ,x e [a, 6]. Asswme t/iaf sup ||-D£ _/i|| L (fa D 
sup Jl^xo/ill^Qxo.b]) <oo,i = l,..., r. Then 

x e[a,b] 



, and 



|A(/!,...,/ r )| < 



E 



(&-a)r(a+j) 
(p(a-l) + l)*r(a) 



su P ii^./.n sup 



SU P Il-D^xn/' 
x e[a,fc] 



*xo^llL 3 ([xo,6]) S " P ,/ b - 
x a e[a,b] 



n i/j (^o)i 



/ 



(14) 
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3 Main Results 

We make 

Remark 10 Let g e C ([a, b]), a > 0, x e [a, b] C R. Notice that 

1 f x ° 

(.9) (*o) = J a (xo - z) a g (z) dz. 



Hence 



Kt 1 (9) (xo)\ < 



r(a + i)7 a 



(x - z) a \g {z)\dz < 



y 

r(a + i) A 



oo,[a,a:o] 



(xq — z) a dz — 



11.911 

oo,[a,a;o 



+i 



r(a + l) (a + 1) 



TTiai is 



IMIoo,[a,x ] / \a + l 

(x - ft) 

(x - a)" +1 



T(a + 2) 
|/ Q + +1 (5)(^o)|< ""' ^ 



T (a + 2) 



Similarly we have 

C +1 (5) (so) = jr^y £ (* - ^o)" 9 (z) dz, 



and 



Nloojxoj] (b-x ) a+1 _ \\g\\ 



That is 



r(a + l) (a + 1) "" T(a + 2) 

■ (b - s ) 



(6 - x ) 



a+l 



/ b a _ +1 (5)(s )| < llffllooM «• ~ 



T (a + 2) 



Consequently we derive 



4T 



n i/^i 



(17) 

< 



T(a + 2) 



(s - a) 
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and 



( 



C +1 



n 1/^(^)1 



(20) 
< 



r(a + 2) 



°°' [a:o ' bl (6-a;o)" +1 



Therefore it holds 



(9) 



!#(/!,...,/,) (X )| < £ 



a+1 



\n a f T"" -1 " 

l^o-- /l llcx),[a,a:o] a + 



n i/iWi 



I n a f II ja+l 
\ 1J *xoJ^\\ 00l [ XO! b] 



( r \ 

ni/i^o)! 



1 r 
T(a + 2) E 



I D Q f 



((21),(22)) 
< 



(x - a)" +1 + 



CJO,[a,a:o]' 



\D a f-\\ 

I *a:o- /l lloo,[x 0> 6] 



r 










(&-^o)" +1 










CJO,[a:o,&]- 





Call 



Mi 



TTiera 



(/i,-,/r)W - max \\\D° 



oo,[a,xo] ' II 



Ml 1 

• /J lloo,[a;o,b] J 



Mi (/l,-,/ r ) (Xp) >^ 

V y 1 = 1 



n* 



(zq - a) a+1 + 



CJO,[a,xo] 



i=i 



(6- x ) 



a+l 



C30,[xq,6] 



r 


r 




r 


> 


<E 




>E 


n/, 


> 






oo,[o,xq] 




oo,[xo,b] > 
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So that 



(&)< 



Ml (fl, fr) (gg) V>1 (fl, fr) (x ) 

T (a + 2) 



(6 - x )" +1 + (x - a)" +1 



Ml (/l,...,/ r ) (Xo)^l (/l,-,/r) (So) \a+l 

i> + 2) (& aj 



< 

(28) 



We have proved simpler interpretations of Caputo fractional mixed Os- 
trowski type inequalities involving several functions. 

Theorem 11 Here all as in Theorem 5, Mi (fi, f r ) (xo) as in (25) and 
V'l (/i> ■••) fr) (xo) as in (27). Then 

\0(fl,..,fr)(x O )\ < 



Ml (fl,—, f r ) (Xq) Ipi (fl,..;fr)(x ) 



(b - x ) a+1 + (x - a) a+1 < (29) 



ct+l 



T(a + 2) 

Ml (fl, f r ) (z )V>l (fl,...,f r ) (X ) 



(b-a 



,a+l 



T (a + 2) 
We make 

Remark 12 Let g e C ([a, b]), a > 1, x € [a, &] C R. FFe have that 

\ ra I \ / \\ ^ 1 1 5 1 loo, [a, xo] / \o 

K+ (9) ( x o)\ < ^ (xo ~ a) , 



and 



Iff- (g) (so) I < '^l 00 -^ 1 (6-»o) a - 



T(a+1) 



Consequently we derive 



(30) 



(31) 



(32) 



1 a+ 



n 



(31) 
< 



r(a + l) 



,[a,x ] 



(x - a)" , 



(33) 



J 6- 



ni/i^i 



(32) 
< 



r(a + l) 



3,[xo,6] 



(6-.x r. 



(34) 
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Therefore it holds 



(10) 



\6(f u ...,f r )(x )\ < 



i=l 



TOL 
1 ,, 



x -J % \\L 1 {[a,x ]) a + 



n i/i ( 



Xq 



\ j=1 



D Q f 



*KoJ«llLi([x ,6]) 



n i/i^i 



((33), (34)) 
< 



r(a + l) ^ 



I D a fll 

l^o--'*lll, 1 ([a,xo]) 



CJO,[a,a:o]' 



(.t - a)" + 



r 












(6 - x ) Q 


=:(»,). (35) 




CJO,[xo,6]- 







Id" fll 

|-^*^o-'»lll, 1 ([xo,6]) 



Call 

M 2 (/i, ...,/„) (t ) := . max r _/,|| Li([o ,,„]) > ll^-o/*IL l([ » ,6])} " ( 36 ) 



(»?)< 



M 2 (f 1 ,...,f r ) (X ) 



T(a + 1) 



£ 

»=i 



(x - a)" 



j'=i 



< 



oo,[a,xo] 

M 2 {fl, /r) (So) Vl (/l, -, /r) (^O) 



(37) 



r(a + l) 

M 2 (/i, / r ) (gg) V>i (/i, / r ) (gg) 
r(a + l) 

We have proved 



oo,[cco>&] 

[(6 - t ) q + (.T - a) Q ] (38) 



< 



(b-a) a . 



(39) 



Theorem 13 Let all as in Theorem 6, M 2 (fi,—,f r ) ( x o) a s in (36) andtp 1 (fi, 
...,f r ) (x ) as in (27). Then 

|0(/i,...,/ r ) (t )| < r(o; + 1) [(b-xo) +(x -a) } 

(40) 

M 2 (fl, -,/r) (S ) Vl {fl, - ,/r) (So) ^ _ ^ Q ^ 



< 



r(a + l) 



399 



ANASTASSIOU: FRACTIONAL OSTROWSKI AND GRUSS INEQUALITIES 



Similarly we obtain 
Theorem 14 Let all as in Theorem 7. Call 

^3 (A A) (*o) == ^E?^, {ll^,-/*IL«a-^o]) « H^-o-^H^a-o,*])} ■ (42) 

Here ip 1 (/i, f r ) (x ) as in (27). Then 

\6(f u ...,f r )(x )\ < 

M 3 (/i, f r ) (X ) V>1 (A, fr) (X ) 



(a+±)(p(a-l) + l)*I» 



(b-x ) a+ p +( Xo -a) a+ * < (43) 



M 3 (/l, / r ) (X ) V>1 (/l, /r) (X ) l}) _ ^a+i 



(a+i) (p(a-l) + l)*I» 



(44) 



Finally we give a simpler interpretation of Caputo fractional Griiss type 
inequalities (13), (14). 

Theorem 15 All as in Theorem 8. We define 



M 4 (/l> ...,/„) := |^p 6] \\D^_ fi \\^ aM , ^sup^ II^^L,^ 



(45) 



and 



1p2 (A,-, A) {X ) : = 



max < 



2 sup 

i=l 









> 


r 


r 

sup 

oo,[a,xo] 


r 


> 

oo,[xq,6] ' 



|A .... / r )| < ^(A /,)^ (A,. ..,/,) (ft _ a)a+2 _ 



T(a + 2) 

Theorem 16 All as in Theorem 9. We define 



} ■ (46) 



(47) 



M 5 (A,... ,/ r ) := max { sup ||l£ _/i 

^x e[a,b] 

Here ip 2 * 5 as * n (^J- r/ien 



> sup \\D? x Ji 

x e[a,b] 



(48) 



|A (/l, .... fr)\ < f M ^U-Jr)^{h, T fr) (ft _ a)Q+ | +1 ^ 

(a+±)(p(a-l) + l)*r(a) 
We finish with applications. 
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4 Applications 



We apply above theory for r = 2. In that case 

rb r b 



(>0 />0 />0 

(/l, fi) (xa) = 2 / /i (a;) f 2 (x) dx-fi (x ) / f 2 (x) dx-f 2 (x ) / fx (x) dx, 

J a J a J a 

(50) 

xq e [a, b] , 

M 1 (f 1 ,f 2 )(x ) = 

max|||D a . o _/i|| o0j j 0ja;o j , ||Ac -/ 2 lloo,[a,xo] ' ll^^o^lloo.^o.b] ' II D **of 2 II oo,[x ,6] } ' 

(51) 

1>1 Ul,f2) (x ) = max{||/l|loo,[a,xo] + H/2lloo,[o,xo] ' H/llloo,[xo,6] + H/2|loo,[x ,6] } ' 

(52) 

M 2 (/ l5 / 2 ) (*())= max {|| 

Dxo-f 1 lli 1 ([ a ,a;o]) ' 
ll-^so-^lliido.xo]) ' ll-^^o/ilLidxo.b]) ' ll^^o^lL^^^t])} ! ( 53 ) 

M 3 (/i,/ 2 ) (x ) := max {H^.All^^ ^ , 

II^xo-^IIl^Io.xo]) ' 1 1 ^"aro ^ 1 1 Z, g ( [a:o ,6] ) ' H D **of 2 II L q {[x ,b\) } ' ( 54 ) 



A(/!,/ 2 ) = 2 



(b - a) f h (x) f 2 (x) dx-( f fi (x) dx] ( f h (x) dx 



(55) 

M 4 (/i,/ 2 ) - max J sup ||^ _/i || ( , , sup ||^xo-/2L, [a , Xo] , 

^a;oG[o,b] x £[a,b] 

SUP ||^xo/lL,[x ,6] ' S T„ ll £> *xo/2L,[xo,6] ' ( 56 ) 
x e[a,b] x £[a,b] J 

^ 2 (/i>/2)=max sup + sup H^IL,^ , 

lx e[a,6] x e[a,b] 



SU P ll/l|loo,[xo,6] + SU P H/2|loo,[xo,6] \ > ( 57 ) 



and 



M5 (A ' /2) = H^L] 'xoT.] I|D -- /2|I ^(I-]) . 



xoT.] H^ 11 ^) 'xoT. ll^ /a ll^«-.«)J ' (58) 

above p, g > 1 : ± + ± = 1. 

10 
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Proposition 17 Let x £ [a, b] C R, a > 0, m = \a], f l7 f 2 € AC m ([a,b}), 
with f[ k) (x ) = / 2 (fe) (x ) = 0, k = 1, ...,m- 1. Assume that ||-D" -/i IL,[a,x ] ' 
ll-Dxn-^ll , , , ll-D?x„/i|l r w - ll^xn/211 r u <oo. Then 

II II oo,[a,x ] ' II *x J J- lloo,[xo,o] ' II *x J * lloo,[xo,o] 



l^(/i,/2) (so) I < r(a + 2) [{b-xo) + {x - a) 



M 1 (f 1 J 2 )(x )^ 1 (f 1 J 2 )(x ) +1 



(59) 



< iwi '^ / ^;y i, ^ /vu; (6 - «r +i • (so) 

Proof. By Theorem 11. ■ 

Proposition 18 Let a > 1, m = \a], and /i,/ 2 € AC m ([a, b]). Suppose that 
A (fe) (so) = jf } (s ) - 0, fc = l,...,m - 1; x e [a, 6] and D a XQ _h,D* a _f 2 e 
Li ([a, so]), D« Xo h,D<} x J 2 e £1 ([s , 6]). Tften 

1/3 /, #w M / M 2 (/l,/2) (s ) V'l (/l,/2) (s ) r ,, <a , v a , , > 

|f /i,/ 2 )(s )| < 6-x ) +(i -o) (61) 

1 (a + 1) 

. M 2 (/ 1 ,/ 2 )(x )^ 1 (hJ 2 )(x Q ) 

- r(a + l) 1 J ' 1 j 

Proof. By Theorem 13. ■ 

Proposition 19 Le£ p, q>l: ^ + ^ = 1, a>^,m = \a] , a > 0, and /1, / 2 G 

AC" 1 ([a, 6]) . Suppose that f[ k) (x ) = / 2 (fc) (x ) = 0, k = l,...,m-l, £0 G [a, 6] . 
Assume D^ o _h,D^ o _f 2 e MMo]), and D« X J U D<£ X J 2 eL q ([x ,b]). Then 

19 (fuh) (S0)| < f3(/l, / 2 )(xo)^(/l,/2)(x ) r (ft _ Xo)Q+ , + _ o)a+ l 



(a+±)(p(a-l) + l)*r(a) 



M 3 (/i,/ 2 )(so)Vi(/i,/2)(so) „ 



(63) 



< I ° wiw^v-uyriwi.^v-w (b- a )^P , (64) 

( Q + })(p(a-l) + ipr( tt ) 



Proof. By Theorem 14. 



Proposition 20 Lei x e [a, 6] C R, < a < 1, /i,/ 2 e AC ([a, 6]). Assume 

ICXD,[XQ,6] ' 



t/iat sup LD°_/i . ,, sup -D~„_/ 2 , ,, sup LD° /1 
sup ||£>* Q x /2L )[x0i6] <°o. Then 

x e[a,b] 

I A lf f Ni 2M 4 (/l,/ 2 ) ^2 (/l, /2) ,o+2 / cc -n 

|A(/i,/ 2 )|< r(a + 2) (& -a) . (65) 

Proof. By Theorem 15. ■ 

11 
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Proposition 21 Let p, q > 1 : ± + ^ = 1, ^ < a < 1, and /i, / 2 e AC ([a, b}), 
x e [a, 61. Assume that sup ||D°_/i|| r n , sup ||D? Tn /i|L , r , n < 

U L ' 1 >,i 11 Mi «( °> x ) ' ,-r .I 11 * x O Jl UL q ( [x a ,b ) 

a; e[a,6] 4 aj G [a,b] 

oo, i = 1, 2. TTien 

|A (/i,/ 2 )| < 2 ^5 U^fchh (h,h) {b a)aH+1 (66) 
(a+ij (p(a-l) + l)5r(a) 

Proof. By Theorem 16. ■ 



References 

[1] G.A. Anastassiou, Fractional Differentiation Inequalities, Research Mono- 
graph, Springer, New York, 2009. 

[2] G.A. Anastassiou, On Right fractional calculus, Chaos, Solitons and Fractals, 
42 (2009), 365-376. 

[3] G.A. Anastassiou, Advances on Fractional Inequalities, Research Mono- 
graph, Springer, New York, 2011. 

[4] G.A. Anastassiou, Intelligent Mathematics: Computational Analysis, Re- 
search Monograph, Springer, Berlin, Heidelberg, 2011. 

[5] G.A. Anastassiou, Fractional Representation Formulae and right fractional 
inequalities, Mathematical and Computer Modelling, 54 (2011), (11-12), 
3098-3115. 

[6] G.A. Anastassiou, Fractional Ostrowski and Griiss Type Inequalities Involv- 
ing Several Functions, submitted 2013. 

[7] Kai Dicthelm, The Analysis of Fractional Differential Equations, Lecture 
Notes in Mathematics, Vol. 2004, 1 st edition, Springer, New York, Heidel- 
berg, 2010. 

[8] A.M. A. El-Sayed and M. Gaber, On the finite Caputo and finite Riesz deriva- 
tives, Electronic Journal of Theoretical Physics, Vol. 3, No. 12 (2006), 81-95. 

[9] R. Gorcnflo and F. Mainardi, Essentials of Fractional Calculus, 2000, Ma- 
physto Center, http://www.maphysto.dk/oldpages/events/LevyCAC2000/ 
MainardiNotes/fm2k0a.ps. 



12 



403 



TABLE OF CONTENTS, JOURNAL OF APPLIED FUNCTIONAL 
ANALYSIS, VOL. 9, NO/S 3-4, 2014 

On the 65th Birthday of Prof. Dr. dr.h.c. Heiner Gonska, Daniela Kacso, and Jorg Wenz,. . .213 

Improvement and Generalization of some Ostrowski-type Inequalities, Ana Maria Acu, and 
Maria-Daniela Rusu, 216 

Balanced Canavati type Fractional Opial Inequalities, George A. Anastassiou, 230 

K-spectral Sets: an Asymptotic Viewpoint, Catalin Badea, 239 

Sampling Theorems Associated with Stone-regular Eigenvalue Problems, S.A. Buterin, and 
G. Freiling, 251 

Volume of Support for Multivariate Continuous Refinable Functions, Li Cheng, H.-B Knoop, 
and Xinlong Zhou, 262 

On Copositive Approximation by Bivariate Polynomials on Rectangular Grids, Lucian Coroianu, 
and Sorin G. Gal, 272 

From Bernstein Polynomials to Bernstein Copulas, Claudia Cottin, and Dietmar Pfeifer, 277 

Blended Fejer-type Approximation, Franz-J. Delvos, 289 

An Answer to a Conjecture on Positive Linear Operators, loan Gavrea, and Mircea Ivan, 300 

Approximation by Szasz-Mirakyan-Baskakov Operators, Vijay Gupta, and Gancho Tachev,.308 

k-th Order Kantorovich Type Modification of the Operators U%, Margareta Heilmann, and loan 
Rasa, 320 

On the Class of Operators Linking the Bernstein and the Genuine Bernstein-Durrmeyer 
Operators, Daniela Kacso, and Elena Stanila, 335 

On Zermelo's Navigation Problem with Mathematica, Marian Muresan, 349 

Simultaneous Approximation by a Class of Szasz-Mirakjan Operators, Radu Paltanea, 356 

On Some Operators Linking the Bernstein and the Genuine Bernstein-Durrmeyer Operators, loan 
Rasa, and Elena Stanila, 369 

Approximation by Positive Linear Operators on Variable L p( ' ) Spaces, Ding-Xuan Zhou, 379 

Further Interpretation of Some Fractional Ostrowski and Griiss Type Inequalities, George A. 
Anastassiou, 392 



